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A REPRESENTATION FOR BOOLEAN ALGEBRAS.* 


By FRANKLIN Haro. 


1. The content. The success of Stone [5] in representing Boolean 
algebras by fields of sets leads one to search for other representations. (See 
also [2, p. 159], [4].) Using splitting endomorphisms on a type of Abelian 
group with an order relation, we are led to a faithful representation of a given 
Boolean algebra @. The group employed will be called a Boolean group. 
A special case of a Boolean group is a Boolean ring, and we shall show that 
B can be represented by a set of endomorphisms on its corresponding Boolean 
ring. If @ is complete the group on which it operates will be lower complete 
and upper conditionally complete. The Boolean groups are themselves special 
cases of a wider class of groups with an order relation, the vector ordered 
groups. Vector ordered groups generalize direct sums of Abelian groups, 
and their splitting endomorphisms form Boolean algebras. 

A simpie example illustrates virtually the entire theory: Let 3, be the 
ring of integers modulo 2, and let & be the Cartesian product of some infinite 
collection of copies of 3. © can be made into the strong direct sum of 
the 32 by introducing component-wise addition and multiplication. Then & 
becomes a Boolean ring with a unity. It is also a Boolean algebra [2, p. 154] 
if one writes c = y whenever each component of y e & equals the corresponding 
component of ze @ or is zero. Let P(G) be the set of all endomorphisms V 
of the group structure of © for which V? = V and V(x) Sz for every re &. 
If an order relation is defined in ? in the obvious way, P becomes a Boolean 
algebra isomorphic to the Boolean algebra ©, so that the algebra & is repre- 
sented by a set of operators on the group &. If we replace each summand 2 
by 3, the group of integers, the corresponding strong direct sum group § 
can be ordered component-wise as was done for @. Then ?($) = ?(G). 
In fact, we can reconstruct both § and @ from ? by assigning coefficients 
from & (respectively, from $2.) to the atoms of ?. The groups © and § 
are examples of Boolean groups, to be defined below. If the members of a 
proper subcollection of the summands %. are replaced by Qs and if the 
remaining summands are unaltered, the resulting strong direct sum group &, 
ordered as above, has the property P(R) =P(G). SK is an example of a 
vector ordered group of a type which we shall designate as “strong.” The 


* Received November 15, 1949; revised March 9, 1951. 
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use of the atoms of ? is inessential, as we shall see below. For instance, 
had we reduced the group © modulo the subgroup &”, the weak direct sum 
of the same summands, we would have been led to an atomless example of 
the same theory. Part I of this paper will be concerned with the (strong) 
vector ordered groups. In Part II we shall prove the representation theorems, 


using results from Part I when needed. 


2. Notation. Groups, subgroups and “ complexes ” will be denoted by 
Gothic capitals; their elements, however, will be given by small Latin letters, 
their endomorphisms by Latin capitals. Although early Greek small letters 
are used in Part I for indexing, in Part II they usually denote elements of 
Boolean algebras. These latter algebras and some other partly ordered sets 
will often be given by Latin script capitals. Exceptions to the above con- 
ventions and additional notation will be clear from the context. The basic 
terminology is essentially that of G. Birkhoff [2]. 


Part I. 


3. The concepts | and ||. Let 3 be a partly ordered set with uni- 
versal infimum 0. If z,yed, we say that xLy (zx is perpendicular to y) 
if (1) ze d,zS2,z2Sy imply z= 0, and (2) there exists we 3 such that 
Sw. It is clear that | is a symmetric relation on 3 and that 012 
for every red. xz if, and only if, 0. For subsets @ and B of 3, 
we say that 218 if ace Q,beB imply ab. 

We say that z || y (a is parallel to y) if (1) za, zLy imply z=—90, 
and (2) wlLz,w Sy imply w=0. || is a reflexive and symmetric relation 
on 3. (|| @ is defined in the obvious way. 


4. Vector ordered groups. Let & be an additive Abelian group, partly 
ordered by a relation =, (where v= y may be written y = 2), subject to the 


following axioms: 


(1) 

(2) x=y implies y1 (x— y). 

(3) implies y. 

(4) imply that y, the least upper bound 
(l.u.b.) of and y. 

(5) For fixed ae the sets = and = [2|reG; 
zLa imply z=—0] are subgroups of ©. 

(6) (a) To each xe there exists at least one maximal element m 
of © with z=m. (b) Given a,be, there exists ce © such that c=a4, 


«= 0, for every xe (where 0 is the additive identity of &). 
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c16, and such thatd=a,dibimplyd<c. We writec—al». (c) Given 
a, be &. there exists ce © such that c= a, c b, and such thatdSa,d=b 
imply dc. We write c—ab. 


Abelian groups satisfying (1) through (6) are called vector ordered 
groups (v.o. groups). For instance, let © be the direct sum of a finite 
number of additive Abelian groups ©, 1 —1,2,---,n. If a,beG, we say 
that a = b if b can be obtained from a by replacing some (or no) non-zero 
components of a by zeros, leaving the other components fixed. It is clear 


that this ordering make © a v.o. group. 

Axiom (6)(c) will seldom be used and is given mainly for completeness. 
We shall often replace (6) by: 

(6’) Every chain in © has a l.u.b. in @. 

Abelian groups satisfying (1) through (5) and (6’) are called strong 
v.0. groups. We shall show that (6’) and the other axioms imply (6) so 
that a strong v. 0. group is a v.o. group. If one orders a strong direct sum 
®& of a set of additive Abelian groups Gq in the same fashion as direct sums 
were ordered above, then © becomes a strong v.o. group. Proofs will be 
carried through for v.o. groups rather than for strong v.o. groups except 
where the contrary is indicated. 


5. Elementary results. The following have completely trivial proofs. 
Often these results will be used without explicit reference. Those, the proofs 
of which employ (6), are starred. (a) is equivalent tor +y=y. 
(b) A non-zero, non-maximal element of & is | to some other non-zero, non- 
maximal element. (c) The following are equivalent: y, = — y and 
t=a—y. (d) implies tly. (e) TLy, y=z imply 
(f) c+y=—2, 712 imply y=z (g) and vSz imply 
wiv. (h) imply (i) w2=r+y, imply 
w=2,y. (j) (k) tly 
implyz+y2z+w. (1) c2>y=z imply (m) The prin- 
cipal of limited homogeneity: if a= 6b, then a+2=b6+2 if, and only if, 
t1(b—a). (n) For every integer n, x= y implies nx= ny. (n’) Let 
be the subgroup of those elements of © which are zero or have finite order, 
the torsion subgroup of G. Then % is convex in &. That is, ce G, fe, 
imply rey. (0) For given ace Ry and Hq are convex, and 
8.) Sa= (0), the subgroup of © consisting of the element 0 alone. 
(p) [e¢]|reG;x2za]—a+8,, the addition being that of complexes. 
(q), If y S z, there exist y’, such that y’ 12,2’ Ly and 
(r) For a0, &, contains no maximal element of ©. (s*) If a subset of R, 
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has a l.u.b. in @, then this l.u.b. is in Ry. (t) c=a,b and v maximal 
with respect to the property v = a,b imply a—v1b andb—via. (v) If 
v is maximal with respect to the property v a,b, then (a—v) 16) if, and 
only if, there exists ce 6, c=>a—v,c=b. (u*) to each non-zero, non- 
maximal element ze @ there exists at least one zx’ ¢ G, non-zero and non- 
maximal with 2’ | 2 and 2 maximal with respect to this property. (Taking 
an m from (6) (a), let —=m—vz.) (u’™*) In (u*), imply 
wee. (u’*) If nis an integer, nz implies nz + z. 

We can define a new binary operation +’ on some of the pairs of 
elements of as follows: if let r+’ y—=a2+y. -+’ is an associative 
operation where it is applicable. Under +’, © becomes an ordered (cf. (j), 
(m) above) groupoid, similar, in some respects, to the groupoid of Brandt 
[3]. The properties of this groupoid will be discussed elsewhere. 

We shall use the axiom of choice in the form of Zorn’s Lemma [2, p. 42] 
whenever it is needed. 


Lemma 1. The first five axioms and (6’) imply (6) and a stronger 
form of (6)(c): 


(6)(c’) Strong vector ordered & is lower complete. 


Proof. (6)(a) is immediate from Zorn’s Lemma. As for (6) (b), 
suppose that a,be@. By Zorn’s Lemma and (6’), there exists se ©, s Sa, 
sib, and s is maximal (see (s*) above) with respect to this property. If 
d =a, d1b, Zorn’s Lemma supplies w= d, s with w maximal with respect 
to this property. By (t) above, sijd—w, and s+d—w=s. Since 
s,d,weR®y, s—dtwlb wSsSa imply a=s—w. But a= d, and, 
by (t), dis—w. Hence a=s-+d—vw. By the maximal character of s, 
s=s+d—vw, and w=d,dSs, proving the maximum property of s. 


To prove (6) (c’), let © be a non-void class of elements of G. The class 
2 of lower bounds for all the elements of © is non-void sinve 0eX. For a 
given chain DCX, (6’) provides a 1. u. b. which is seen to be in 2. By Zorn’s 
Lemma, to each je &, there exists c(j) ¢ &, where c(j) = j, and where c(j) 
is maximal in &. If ¢ and d are two such maximal elements of &, then it is 
easy to show that c|| d. By an argument similar to the one on © we can 
construct an element v where v<c,d and is maximal with respect to this 
property. c and d have at least one common upper bound. Applying (t) 
above, c—vid. But c=v implies c=c—v. Since c|| d, c—v—0 and 
Hencec<d. Similarly, d=candc=—d. This establishes c as the 
g.l.b. of the elements of ©, and G is thus lower complete. 
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6. Endomorphisms and projections. Let © be av.o. group. Consider 
the following five properties of endomorphisms V. (a) V(x) <a for every 
ze®. (8) V?=V (VV is splitting on G). (y) Let the kernel of V be 
denoted by R(V) and set = =z]. Then the sub- 
groups §(V) and R(V) are elementwise |. (8) z= y implies V(r) = V(y). 
(c) implies 1 V(y). It is immediate that (8) and (e) are equi- 
valent, that (a) implies (y) and (8) and that (8) and (y) as a pair imply 
(a). Likewise, («) implies (8); for, V(x) = V?(zx) so that V(r) = V(z) 
—V*(x), and implies V(x) Therefore, V(z) 
But Sx—V(z). This shows that 
V(x) — V?(x) =0 for every re 6. 

An endomorphism V of © with property (a) is called a projection, and 
every projection is a splitting endomorphism. Also G=§(V)@R(V), 
a direct sum of | summands. Let 6b be a fixed element of @. Define a 
a mapping P, on & into © by P(x) =x—z1». For brevity, we set 
—0 if, and only if, that is, if, and only 
Hence R(P,) =Ry. and Thus, (2) and 
P?, =P». Also if, and only if, z1,—0. This shows that 
$(P.) =H». Now Hence Thus, Py is an 
endomorphism and therefore a projection. It is onto §», its invariant set. 
There is a companion projection P’, defined by P’,(x) = 21». §(P’r) 
and R(P’y) = 

The following eight conditions are equivalent. The proofs are elementary. 
(1) (2) (38) Ra—Ry. (4) a is maximal in (5) is 
maximal in (6) Pa=P». (7) ae Sp and be Ga. (8) a—be Gal) Sp. 

The convexity of shows that xe if, and only if, there exists 
with =z, || b. In fact, for re Sp, «+ P’2(b) is an appropriate 2*. 
is maximum with respect to being in [y|ye Note that 
ais maximal in §,, and that , is the cross-cut of all R, wherex La. xLa,a||b 
imply x 1b. It follows immediately that || is an equivalence relation ©. Under 
||, all maximal elements of © form an equivalence class. The following are also 
elementary: (a) ba, doe Gal) (b) a || ba. (c) |la+b—aM, 
(a+ P4(b)||b6+ P%(a)). (d) a+b da, ais + dia, and the latter 
two sums are |. In fact, SoL Ra +8, (in the sense of addition of 
complexes), and the + and [) can be exchanged in this statement. (e) a || }, 
aSa,b=0d’ implya+bSa +0’. (f) If G is free of elements of order 2, 
then c=a,b,a+ 6 imply aLb. (g) a)— 0a if, and only if, there exists 


1 For similar notions in Hilbert space, see Béla v. Sz. Nagy, “ Spektraldarstellung 
linearer Transformationen,” Berlin, 1942. 
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c=a,b. Thusc=a,b anda||bimplya—b.  (h) If a subset of has a 
l. u. b. in G, then this 1. u. b. lies in Sq. (Cf. section 5, (s*).) (i) a] (L)b if, and 
only if a, ||( 1 for every ce (j)a+b=—cimpliesc—a,+ (k) If 
y is maximal in ©, then yz || x for every re &. 


THEOREM 1. Let P be a projection of a v.o. group ©. Then P=P, 
if, and only if, a is maximal in $(P) ; and for each projection P, there exists 
ae such that P = Py. 


Proof. Suppose that a is maximal in §(P), that y1a and that h is 
the component of yin §©(P). Thenhia,andh+a=a. Buth+ae$(P) 
so that h = 0 by the maximal character of a. Hence, ye R(P), and Ra CR(P). 
R(P)1LH(P), and ae $(P) imply R(P) so that —R(P). For 
ze P(r) + P(x), where P’(x) R(P) Therefore, = Pa(z) 
= P,P(x), P(x). But PP,(x) = P(4q) = P(x) — P(#1a) = P(2), 
since Thus P(r) S Pa(x) and P(x) for 
every xe Thus P=—P, if a is maximal in §(P). If P= then 
§(P) =. Since a is maximal in §,, a is maximal in §(P). 


Let 6 be maximal in & and let a be its component in §(P). If a is not 
maximal in §(P), then there exist ce $(P), cAa,cZza. b—aeR(P), 
and R(P)1$(P). Hence c—aib—a. Also c—ala. Thus c—a 
1(b—a) +a, or c—alb; and c—a+b=b. Since c—a+0, this 
contradicts the maximal character of b. This shows that a is maximal in 
§(P) so that P = P,, completing the proof. 

Now the projections have been put into one-to-one correspondence with 
the equivalence classes of © under ||, we shall have little difficulty in exhibiting 
the structure of the set P(@G) of projections. We can say that Pa < P, if 
P,(z) = P,(x) for every xe @. This partly orders #?(G). For instance, 
if a= b, then P, = Py. More generally, if S and T are endomorphisms of @, 
we can say that if S(x) = T(z) for every re Py is a universal 
infimum, which we can denote by 0 without confusion ; and J = P,, maximal 
in G, is the identity mapping on & and is the universal supremum of ? (@). 
0 = P, carries all elements of © onto 0. In the ordered system #(@G) the 
concepts | and || are meaningful and will be used. Products of projections 
are again projections and are written to the left. That is, P,P )(z) 
= P,[P,(x)]. Though P, + P, is an endomorphism, it need not be a pro- 
jection. 1» 71». Applying P’, to both sides, 1p S (710) Lo 
This leads to P’,P’, = P’,P’o. If P, is a projection then there exists te & 
such that Hence P,P, = 

The following are equivalent: (1)’ Pai P, in P(G). 


hh 


A REPRESENTATION FOR BOOLEAN ALGEBRAS. 731 


(3)’ Pa(x) 1 Py(x) for every re G. (4)’ Sal (0). (5)’ = 0. 
From any one of these it follows that =P, + P»= Pa. U the 1. u.b. 
of P, and Py. If & has no elements of order 2, then the following can be 
added to the equivalence list: (6)’ Pa + Py, is a splitting endomorphism of ©. 
(7) Po + Py SI. 

We give another set of equivalent conditions: (1)” Pa=P». (2)” 
Py =PoPs. be Ga (4)” SoC Ha (5)” Ry DRa. (6)” There exists 
ce @, cil b,c a. (7)” There exists de G, a, d= b. 

Immediate are (1) Pa SP, and cS imply (m) If § 
and & are subgroups, if 61K and if G=—=H@R, a direct sum, then there 
exists a projection P, of & such that 6. = § and R = &. 


THEOREM 2. Let © be av.o. group. Then the §q and &, are v.o. 
groups, strong if & is strong, under the order relation hereditary from ©. 


Proof. Verifying the axioms one by one, we see that axiom (1) is trivial. 
(2) For z,ye Oa, y, we have yl x—y in &. Sincexr=y, x—y, with 
te Hq x—y in Sq. (3) If in Gq, the convexity of §, shows that 
tly in & so thatx+y=—~z2z,y in &, and the latter also hold in Sq. (4) If 
t+y=z,y in then the same relations hold in so 
in®. Sa. (5) Force let 
in $a]. Since the relation 1 in §q implies the relation | in @, axiom (5) 
shows that D is a subgroup of Let € in Ga 
imply z= 0]. It turns out that € = so that € is a subgroup of Ga. 
(6)(a) For xe Gq, there exists ye G, y maximal, y=z. Pa(y) =2, and 
P,(y) is maximal in §q. (6)(b) and (c). If b,ce Sq, the elements b1, 
and bc are in Sq. (6’) If & is strong, so is Sa, by (h) above. The same 
statements are true for Ry, since every R, is an §», by (m) above. 


7. P(G) as a Boolean algebra. Let us order the projections as above. 
Since bg 1 big, Py = + Pe where ¢ = bg, = big. PaPy = PoP, + PaPo 
=P,P.+0=—P,, by “(2)” and (3)” of section 6. Since c’ = ay || ba, by 
(b) of section 6, PpP» = P, = P. by (1) and (6) of section 6. P. =P. SP, 
P, by (1)” and (3)” of section 6. If P,<Pua, Py, then re Gall Go. By 
(6)”, ¢ where Then 2 || tS a,—c”. Since re §, implies 
t=2,, —P,. This establishes P, as Pa Ps, the greatest lower 
bound (g.1.b.) of P, and Py. Note that on , the mappings P, and P, 
coincide, if c = 

If we let or if we let 
= b + a1», (2)’ and (c) of section 6 show that P, = Py = Pa + Pa, 
where r= 1, and sda». It is easy to prove that P, =P, 
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? (G) now appears to be a lattice with universal supremum and infimum 
under its order relation <. Ready results are Pp UW Pa=I, Pal) Pa=0, 
so that the lattice is complemented. Moreover, (Pa U Po) (1) (Pa U Pe) 
= (P,+ Pi)(Pi where and j,. This product reduces 
to Pa-+ P;, where f = P,.(d), using (2)’ and (5)’ of section 6. Let g = b,, 
h=gia Then (Pol) Pe) =PaU Py =PatPr. Now g =P,(b), 
b=b,+d and c—p-+e, where pie. Then g=—P,(bq).+f, 
after appropriate decomposition, distribution and reduction. It follows that 

= Jia = fia=f, so that the distributive law Pg U (Ps = (Pa U Ps) 
(1) (Pa U P-) is established. This proves 


THEOREM 3. Let G be av.o. group. Under the ordering relation S 
(as described above), P (®), the set of projections of &, is a Boolean algebra. 


8. The complete algebra. In this section, we shall prove that strong 
@ leads to complete ?(G). Even if G is not strong, projections preserve 
l. u. b.’s of subsets of G, whenever these exist. For, if b is the l. u. b. of the 
elements of a subset 8 of G, if Pa, is a projection and if c is any upper 
bound for the elements of the set P,(®), then ca + 61, is an upper bound for 
the elements of 8, by (k) of section 5. Since c= c, and since (+ big= bd, | 
Co= bg It follows that b, —Pa(b) is the required 1. u. b. 


of P,(%). 


THeorEM 4. Let & be a v.o. group, and let P be the l.u.b. in P(G) 
of a class & of projections. (a) If, for fixed x and z, all R(x) Sz, Re R, 
then P(x) e§,;. (b) For each xe G&, P(x) is minimal with respect to being 
an upper bound for all R(x). (c) If, for fixed x, l.u.b. R(x) exists, then 
it equals P(x). 


Proof. (a) If z=2z(y) =R(y) for every Re R, y fixed in G, then 
y=P(y) =d=R(y) for every R, where d=P,P(y). Form an endo- 
morphism = + P—PPy,. S(y)=d. SSP, and § is a projection. 
S(t1y) = P(t1iy) = R(x1,y) for every R. S(x,y) Let B* denote 
the projection B restricted to §,. Let g = R*(y) for some fixed Re & ; and 
let h = P,(c) where c is a maximal element of §(F). g,he Sy. R* = P*h, 
by a remark in the proof of Theorem 3. By (k) of section 6, g ||h in §, 
so that P*, P*,. Since g <d, P*, S and P*,(z,) S P*4(xy) = S*(ay). 
But P*,(z,) = P*,R*(x,) = R*(z,). Hence R(z,) = S(zy). Now r1y1 
and § is a projection, so that S(r1y) 1 S(z,). By (k) of section 5, S(r) = R(x) 
for every xe &. This shows that S= R for every Re R; and S=P. Since 
we have S=P. S(y)=—d implies P(y) =d=—P,P(y), and 
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P(y) © §z, proving (a). The proof of (b) is immediate, and (c) follows 
from (b). 

A similar result states that if c is the l.u.b. of a class © of elements 
of &, a v. o. group, then the class P (©) of projections Pz, xe ©, has 1. u. b. Pe. 
To prove this, we show that P, is minimal with respect to being an upper 
bound for P(€). Since P(G) is a lattice, P. is the l.u.b. for P(C). 

We shall use the statement (e) of section 6 to prove some of the 
following results. Two subsets 2% and 8 of an ordered system & are said 
to be order isomorphic if there is a one-to-one map f on & onto % such 
that both f and f preserve order. 


Lemma 2. Let U and B be order isomorphic chains of a v.0. group &. 
Let © be the set of all ay + dq where ae WA, be B and a and b correspond 
under the order isomorphism f. Then © ts a chain, and there exists a (many- 
one) order preserving map g on XI onto © (an order homomorphism). If U 
and 8 have upper bounds a* and b*, respectively, then © has an upper bound 
a* + b*, 

Proof. Since ay || ba, (e) of section 6 shows that a, <a’, bs =D’ imply 
0d’. Suppose that aSr,a,reM. By hypothesis, f(a) 
<f(r). Denote f(r) by s. aSa,S7r,. Let Ss,. Taking a’ —b,, 
b’ =s,, we have a, + ba Define the mapping g by g(a) =a, + da 
where f(a) —b. The above shows that ar implies g(a) =g(b). The 
remaining statements of the lemma follow directly. 


Lemma 3. Let YM and B be order isomorphic chains of a v.o. group ©. 
Let © be the set of all a,» where ae WM, be B and a and b correspond under 
the isomorphism: b = f(a). Then © is a chain and ts an order homomorph 
of XM under a mapping g. Let a* and b* be the respective 1. u. b.’s of UL and B. 
If w is any upper bound for ©, then a*yE Hw. a*oe 1s an upper bound 
for © and is its l.u.b. if © has al.u.b. c*. 


Proof. That © is a chain, that g exists with g(a) =a», b =f (a), and 
that a*,+ is an upper bound for © are all evident. Suppose that w is an 
upper bound for all a,e@. Since a*—l.u.b. a, ae WM, and since pro- 
jections preserve 1. u. b.’s, a*, = 1. u.b. a», b fixed in 8. Hence w= a*, for 
all be B. Now, =1l.u.b. b, be B implies Pye —1.u.b. Py. By Theorem 
4(a), Pys(a*) =a* Sy. If © has 1. u. b. c*, then = c* and a* pe Hoe. 
Thus, (a*p+) = c* = a* pe. 


Lemma 4. (a) Let XL and B be subsets of ©, a v.0. group, and let U 
and & be in one-to-one correspondance via a mapping f. Suppose that a || f(a) 
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for every ae YX and that a, f(a) € Ha, where d=a-+f(a@),d—d(a). If all 
three quantities exist, l.u.b. a+ f(a) =Lu.b. d(a). (b) For 
z,ye®& suppose that x || y | «+ y and that is a set of projections on &. 
If the three quantities exist, l.u.b. P(x) +l.u.b. P(y) =Lu.b. P(x+y), 
where the l.u.b. are taken over all Pe ®. (c) Let U and B be subsets of 
v.o. G, where 11 B. Let © be U+ B, the addition being that of complezes, 
Let U, B and © have the respective |. u.b.’s a*, b* and c*. Then a* 1 b*, 
and c*==a*-+b*. (d) Suppose that x.y in © and that @ 1s a chain of 
projections on ©. Suppose that |. u. b. P(x), l.u.b. P(y) and 1. u. b. P(a + y) 
exist, where the l.u.b. are taken over all Pe @. Then l.u.b. P(x+y) 
=l.u.b. P(x) +1Lu.b. P(y), and P(x) P(y). 


Proof. (b) is a corollary of (a) and (d) is a corollary of (c). (a) and 
(c) have uncomplicated proofs. 


THEOREM 5. The set P(G) of projections of a strong vector ordered 
group & forms, under its natural order, a complete Boolean algebra. 


Proof. We have already proved that P(G) is a Boolean algebra. Let @ 
be a subset of P(G). P, is a lower bound for the elements of @. Let 8 
be the non-empty set of lower bounds of @ in #(G). If every chain in 
?(@G) were to have a l.u.b. in P(G), then Zorn’s Lemma would provide a 
maximal element P* of @. It is easy to see that P* would then be the 


required g.1.b. for @, and we could complete the proof by complementation. 


Hence let @ be a chain of projections. For re @ define P*(zx) as 
lu. b. P(x), the l.u.b. taken over all Pe @. We shall prove that P* is a 
projection of © and that P* —l.u.b. P, Pe.@. It is clear that P*(0) —0 
and that P*(— xz) =— P*(zx). For z,ye ©, set yy =t. The three 
quantities yi; and s+ ¢ are mutually |. By Lemma 4(d), P*(x+ y) 
= P*(rj,y) + P*(yic) + P*(s +t). But ¢ and || Peit(t), where 
the sum of the two latter quantities is s+¢. By Lemma 4(b), P*(s + ¢) 
= P*P,.:(s) + P*Ps(t). The triad Psiz(s) and P’s.4(s) consists of 
mutually | elements; likewise for Psi¢(t) and P’s:(t). Now r—c1y 
+ + and y= + Poit(t) + P’sit(t). By Lemma 4(d) 


P*(xz) + P*¥(y) = P*(t1y) + P* + P*Pot(s) 
4+ P*P,.4(t) + P*P’gt(8) + P*P’sut(t). 


But + = +t) =0. Since P*(—z) =—P*(z), 
P*P’,.4(s) + P*P’,,:(t) = 0. Combining results, + y) = P*(x) + P*(y), 
and P* is established as an.endomorphism. That P* —1.u.b. P and that 


in 
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P* =] are quite trivial. Hence P* is a projection with the required property, 
and the proof of the theorem is complete. 


THEOREM 6. A strong v.0. group & is upper conditionally complete and 
lower complete. 


Proof. ‘The lower completeness is the statement of 6(c’) of Lemma 1. 
Let @ be a set of projections of &. These have a l. u.b. P*, by Theorem 5. 
By Theorem 4(b), P*(x) is a minimal upper bound for the P(x), Pe G, 
x fixed in G. The set M of such minimal upper bounds is non-empty and 
has a g.l.b. ¢ which is a upper bound for the P(x). By the minimal 
character of P*(x), t= P*(x) so that P*(x) =l.u.b. P(x). Now let © 
be a class of elements of &, and let c* be an upper bound for the elements 
of © Let P*=—l.u.b. P,, ce. In the above, let s—c*. Then 
P*(c#) =1.u.b. P.(c*). But P.(c*) =c, so that Lu.b. c, ce€ exists 
and equals P*(c*). 

We have two immediate corollaries. 


Corottary 1. [«|c@eG;xSal], (where a is fixed in strong v.o. &), 
is, under the order relation hereditary from ©, a complete Boolean algebra 
isomorphic to [P,|xe@;P2S Pa], where the order relation in the latter 
set is hereditary from P(@). 


CoroLuary 2. Let K be any set covering of strong v.o. G, and let 3 
be any subset of G. Let g.1.b. 3 have the obvious meaning. Then g.1.b. 3 
=g.l.b.(g.1.b. 3d [1] U) where the Uare the sets of K. 


Part II. 


9. Boolean groups. Let @ be a Boolean algebra with ordering relation 
< and universal supremum J. A partition II of J is a collection of elements 
of such that (1) «, Be ll, «AP imply a1 8B, and (2) l.u.b. the 
l.u. b. taken over all ae II. We exclude repetitions from a partition and also 
the element 0, the universal infimum of @. I’ is said to be a refinement 
of TI, (Il’<II), if to each well’ there exists B(a)e with a= B(a). 
Given two partitions of 7, II and II’, there exists a common refinement 
= as the infinite distributive law for Boolean 
algebras shows [2, p. 165]. Call this the intersection refinement of II and II’. 

Let = be a fixed, non-trivial additive Abelian group (not necessarily 
ordered in any way). This will be called the group of coefficients. To each 
Bell, a partition, attach a coefficient s(8)e%. Designate the new object 
thus formed by (II,s), where s is the function B—s(8). (II,s) is to be 
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called a valued partion (of J in 8). We can say that (II’,s’) is a refinement 
of (<) (Il, s) if (1) I’< Mand (2) ae Tl, Be 1, a= imply s(B) 
We can define (II, s) ~ (Il’, s’) if these two valued partitions have a common 
refinement. If (Il,s) ~ (Il,s’), then s—s’. Given and I’ 
there exists s’ with (IIl,s) ~ (Il’,s’). The relation ~ is an equivalence 
relation on the set of valued partitions of J of 8. Symmetry and reflexivity 
are trivial. As for transitivity, suppose that (Il,,s,) ~ (Ils, 82), (Is, s2) 
(IIs, s3;) with respective common refinements (IIj2,S:2) and (Iles, S23). 
Let II be the intersection refinement of Ij, and Il.3. A given aeII equals 
Bi) Bs, The, Bs Also there exist i—1,2, and ys;e 
j = 2, 3, with Bi yur, and Bs S yse,yss» Hence y12 ys2, so that 
the latter is not 0. Hence y:2 = -ys2 since Il, can have no repetitions and no 
overlapping elements. Define a mapping s on II into & by s(@) = 82(y12) 
(= S2(ys2)). Then (Ti, s:), (Is,83) and the transitivity is 
established. 

We denote the set of equivalence classes under ~ by @(@, =) or simply 
by @, if no confusion arises. Each equivalence class ge ® can be denoted 
by {(II,s)}, and we say that (II,s) eg, or that g is represented by a valued 
partition (II,s) (and by all equivalent valued partitions). We can introduce 
an addition in quite simply. If (Tl, ©g, (Ik, s2) eh,.let be the 
intersection refinement of II, and and define on into by s,2(@ 8) 
«eT, Bell. Suppose that (I, { (Mh, s:)} 
From (Ip, so) and (Ilz,s2) form (IIs, 82) by the above addition process. 
Construct a common refinement (II,s) of (To, and (Il,,s,). Apply the 
above addition process to (II,s) and (Iz, s.), obtaining (II’,s’). It is easily 
seen that (II’, s’) is a common refinement of (Ilj2, 8:2) and (Toe, So2), so that 
addition is independent of the members of the equivalence classes which are 
used as summands. The associativity of addition in © follows from that 
in =; and the 0 and the additive inverses can be defined in the obvious way. 
No confusion will arise if we still denote by © the set © with this definition 
of addition. We have proved that & is a group, in fact, an Abelian group. 
We shall call such groups Boolean groups. 

@, a Boolean group, can be partly ordered as follows. For g, he, 
if there exist (II,s:) eg, (Il,s2) eh, with or s.(a) for 
every ae II. We call (Il,s,) and (Il,s.) representatives. If II’ is a 
refinement of II, it follows readily that there exist s’, and s’, such that 
s’1) < (Tl,s:), s’2) < (I, s2) and (I’,s’;) and (II’,;s’2) are gSh 
representatives. The following likewise has an immediate proof. If @ is a 
complete Boolean algebra, if (Ii, s,) ~ s2) and if oe 3, then l.u.b. 2, 
a@eTl,, =o, equals l.u.b. 8, s2(8) =o. 
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THEOREM 7%. Under the relation S, every Boolean group ©& is vector 


ordered. 


Proof. (a) gg, for every ge (b) If we can, by 
the above remarks, choose x = y and y Sz representatives so that the repre- 
sentation (II,s) for y is the same in both cases. It follows at once that 
(c) represent y by (Il, s) in both inequalities. This 
gives two representations, (II, s,) ev, where x= y, and (Il, s.) ex, where 
yu. Hence, s; But s,(«) or s(a), and s(«) or s2(@). 
Since s=s, and This establishes © as a partly 
ordered system. 


We verify the axioms for v. 0. groups in order. (1) is trivial. (2) Let 
y representatives be (II, s.) ez, (Il, s,) ey. Then y = — 
Since — s,)(«) =0ors.(a), IizSy,r—y, 
we can redefine II and find s’; and s* such that (Il, s3) ez, (Il, ey, 
(II,s*) ex—vy. Also, there are the obvious relations between s; and s’, and 
between ss and s*. s3(a) 540 implies —s*(a) —s3(a). With the 
redefinition of II,s;—s’,, and s*—s,—s,. Hence s,(«) andr=y 
implies —s,(«). This makes s*(a) —0, a contradiction. It follows 
that for every II, and z—0. We have proved that if t= y, 
then yl — y. 

(3) Suppose that (II,s:) ea, (Il,s2) ey, (Il, s3) and that w=z,y 
where | y. The standard relations are to hold between s, and s; and between 
s,and s;. Ifs,(8) and s.(8) are both non-zero, then s,(B) = s2(8) = 83(8). 
Let = 0 if we Tl, and let s(B) —s3(8). z= {(I,s)} and 
Since z= 0, a contradiction, and not both s,(8) and s2(B) 
can be non-zero. x+y = {(II,s, + 52)}; but (s, + =s,(a) if the 
latter is non-zero, s2(«) otherwise. This is enough to show that 7,ySa2+y 
if 

(4) Represent x,y and w as in (3) where, this time, 7+ y, w=—2@, y. 
As in (3), not both s,(a) and s.(«) can be non-zero, and we can arrange 
things so that s,(a@) and s.(a) are 0 or s:(a) +52(a). If s.(a) ~0, 
+ = s8.(a) —=s83(a). If —0,5,(%) + 8.(a) which 
is 0 or s3(a). This shows Therefore, if r+ y= =z, y, then 
et+y—2Uy. 

(5) (a) If (Il, s,) ea, (Il,s) ea, La, then s,;(«) and s(a) cannot both 
be non-zero, as in (3) above. (IIl,—s,) e—z, where —s, is defined in the 
obvious way. (Il,s—s,)ea—z. But (s—s,)(«) —s(a) if the latter is 
non-zero, —s:(«) otherwise. Thereforea=a—vz. By (2) above, a1—z. 


FRANKLIN HAIMO. 


If x,y 1a, a similar procedure shows that aSa+a-+y. Applying (2), 
alx+y. Hence is a subgroup of &. 

(5)(b) We can use (2), (5)(a) and (3) to show that ze, implies 
—zeH,. Write, now, (Il,s,) ez, (II, s2.) ey, (Il,s) ea, (Il,s’) eu where 
where z,ye As above, s(a) and s’(«) cannot both 
be non-zero. If s’(8) ~0 for some Be I, then s(8) —0 and not both s,(£) 
and s.(f8) are 0, say, s,(8) #0. Define ¢ by t(a) =0 if ae Tl, a 8, and 
=3,(8). Let w—{(0,t)}. waz, —s,(8) +), 
while s(8) =0. ¢ and s never assume non-zero values together over II. 
Hence u’ + a=—w’,a, so that, by (2), w’La. Since re Gq, u’ = 0, a contra- 
diction. Thus s’(8) —0 for every Bell, and u—0. This proves that §, 
is a subgroup of ©. 

(6)(a) If «= {(Il,s)} and if z is not maximal, there exists at least 
one ee Il for which Fix ce 3,00. Define by 
if s(B) #0, t(8) =o otherwise. Let m= {(II,t)}. ‘Then m is maximal 
in © and m=z. 

(6)(b) If {(Tl,s,:)}, y= s2)}, define s by s(a) —s,(a) if 
0, and s(«) —0 otherwise. If we take z = {(II,s)}, a direct proof 
shows that z= 

(6)(c) For z, y as in (6) (b), define ¢ by —s,(a) if s,(«) s2(a), 
and otherwise. Let w= {(II,¢)}. Then a simple check shows 
that w = ry, the g.1.b. of x and y. 


10. Cardinal restrictions on partitions. In section 9, no restrictions 
were placed on the number of elements. However, if we demand that the 
power of the class of elements in a given partition II is < 8 (or =38), a fixed 
cardinal, none of the proofs of section 9 is materially altered. In particular, 
we can restrict partions to have only a finite collection of elements. 

If = is a ring, 6(@, >) will also be a ring if we introduce multiplication 
into © in the same manner as addition was introduced. Since the term 
Boolean ring is well established for another sort of ring, we shall call the 
present ring a Boolean type ring. It will turn out that every Boolean ring 
with a unity is also a Boolean type ring. We return to these rings later. 


THeoreM 8. If B is a complete Boolean algebra, then G©(B,%) is a 
strong v.0. group. 


Proof. We make no restriction on the cardinals of the partitions II. 
Let @ be a chain of elements of &. For each non-zero o € &, construct B(c), 
the union (l.u.b.) of all elements which are valued with o in all partitions 


Bow 
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II which are used to represent the elements of @. Let 8(0) be the comple- 
ment in @ of the union of all the B(a). 8(0) [| B(c) =0 for every ce 3, 
Suppose that B(c) [| #0, where o and are distinct, non-zero 
elements of =. Then there exist two distinct members of the chain @, say, 
{(Tl,s:)}, y= s2)}, and there exists ae II with s,(«) =a, 
But and s,(«) 0 imply —s,(a) or that 
+=, a contradiction. Thus B(c) {| B(r) =0 for every pair of unequal 
o and +. On the other hand, the 1. u. b. of all the B(o) is J, the supremum 
of B, and the B(c) form a partition of J. Call this partition Q. Define ¢ 
by t(B(c) ) =o, a mapping on Q into &, and let c* = {(0,¢)}. It is clear 
that z* is the l.u.b. of the elements of @. 


11. The representation theorems. Let @ be a Boolean algebra and 
let 3, the coefficient group, be non-trivial. Fix Be @ and agree to use only 
those partitions of J which (1) have only a finite number of elements and 
(2) are refinements of the partition {8, B’}, where ~’ is the complement of 8 
in 8. For c= {(U,s)}, let x(B) {(Ul, s’)}, where s’(a) =s(a) ifa=8 
and s’(a) if It follows readily that the mapping Pg: 
zt—x(B) is a projection of (8,3). Define a mapping ® on @ into 
(G(B,>)) by If Pa= Pg, then = for every re 
If then z(y) Since 1 7(B), x(y) =0 for 
every ce @. But this is impossible unless y0. Therefore p’ —0, 
a= and similarly Ba. This shows that # is one-to-one. If Pe?, 
thn P=—=P,, Let Here, by (1), M has only a 
finite number of elements. If c—0, P—=P,—Pgs, where Be B, B=—0O, 
the infinum of If let B=l.u.b. a, aell, ~0. Then 
P=P,—Ps. We have proved that is onto P. Now B= (af) B) 
U (af B’) U (#1) B), the l.u.b. of three disjoint quantities. As endo- 
morphisms of ©, 

B) = B) + O(a!) + 1) B) 

= U #(8). 
For, the @’s are elements of P, and in ?, PLQ implies P+Q—PU Q. 
Moreover, «= (a 8B) U (af) and B= (al) B) U 8). As for 
1, ®(a’) = Pa =P’, as defined in section 6, and P’, is the complement 
of P, in P, by section Thus 2) UP’)’) =Pa ye 
= [Pa U Pe)’ = Pal) Pp = We have proved 


THEOREM 9. A Boolean algebra B has a faithful (lattice isomorphic) 
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representation as the set of all projections on a Boolean group (therefore on 
a vector ordered group) ©(B8,%). 


Now let = be a ring so that G is a Boolean type ring. A projection P of the 
group structure of & will preserve products so that it is a ring endomorphism. 
In Theorem 9, we can replace the words “ Boolean group ” by “ Boolean type 
ring.” In particular, let = be the ring %. of integers modulo 2. Let us 
define a map @ on @ into ©(@,%.) such that 0(a) = {(Il,s)}, where 1 
is the partition {a,a’} and s(«) —1.,, s(@’) Note that the product 
in © (componentwise multiplication) coincides with the product of axiom 
(6)(c). We restrict all partitions to those with only a finite number of 
elements. Then 6 turns out to be one-to-one onto G. = 6(«)6(B), 
where the product on the right is the ring product in ©. Let +. denote 
the symmetric difference in @. Then 6(a +28) U B)) 
= 6(« B’) + O(a’ B) since « B’ 1 B. We can add in 0 = (7 
on the right hand side. Then we see that 6(% +28) =0(a) +6(B). We 
thus have 


THEOREM 10. Every Boolean algebra has a fatthful representation as 
a set of splitting endomorphisms on a Boolean ring with a unity, namely on 
itself as a Boolean ring, and every Boolean ring with a unity is a Boolean 
type ring. 


Finally, if @ is a complete Boolean algebra, we can drop the restriction 
that each partition II have only a finite number of elements. Then 6 will 
be faithfully represented by the set of projections on a strong v.o0. group. 
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DIRECT DECOMPOSITIONS IN LATTICES.* 


By L. ArLEEN HOstTINsKyY. 


1. Introduction. A comprehensive refinement theorem for direct 
decompositions of operator loops is proved in [1]. In this paper we give 
a generalization of that theorem by using the results of a previous paper 
(see [4]) to translate into lattice theory Fitting’s method of investigating 
the refinement theorems. Thus we define direct decompositions by their 
decomposition endomorphisms and use products of these decomposition endo- 
morphisms as a principal tool. The definition of endomorphism and the 
postulates imposed upon the lattice considered are those of [4]. 

Although previously it had been possible to state assertions in the refine- 
ment theorems in terms of the lattice only, the hypotheses of many theorems 
dealt also with other terminology. This fact is true particularly in those 
cases where it was attempted to use Fitting’s method exclusively. Because 
of the results in [4], this method can now be used in the lattice also. There 
are, however, major differences in the proofs since no use can be made here 
of the elements (in the sense of [1]) and since pairs of complementary 
decomposition endomorphisms 38, « do not have the property that $+-«e—1, 
which was much used previously. 

Except for a slight modification of the Splitting Hypothesis, our refine- 
ment theorems are exactly analogous to those of [1]. 


Spiittine Hyporuesis. If 1s a pair of complementary decom- 
position endomorphisms of p/0 and if a ts a decomposition endomorphism 
of p/0, then adaex is a uniformly splitting endomorphism of p/0. 


SpeciAL REFINEMENT THEOREM. If the Splitting Hypothesis 1s satisfied 
by p and if p=a@®b—dQ@e, then there exist direct decompositions 


a=a Ba’, d=a Od’, and Pe’ 


such that 
and 


DEFINITION. The permutation 1—i* of the integers from 1 to n its 


* Received March 31, 1950. 
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said to effect an exchange isomorphism of the direct decomposition 
upon the direct decomposition 
@ b(n) if for every i 

p—a(1)@- - Bali— 1) @ b(i*) Bali + 1) Pa(n). 


GENERAL REFINEMENT THEOREM. If the splitting hypothesis is satisfied 
by p, then any two direct decompositions of p possess exchange-tsomorphic 


refinements. 


The last section of the paper is devoted to showing the relationship 
between our results and those of Ore and Kurosch, who previously have dealt 
with the problem of direct decompositions in Dedekind structures. Through 
translation into terms of homomorphism and decomposition endomorphism, 
concepts and statements of [7] are made more concise, and essentially his 
main theorem is seen to be contained in ours. 

The problem of this paper was suggested by Professor Reinhold Baer, 
whose valuable suggestions the author gratefully acknowledges. 

For the convenience of the reader the remaining part of this section 
consists of a statement of the postulates and those definitions and theorems 
of [4] which are used here. 

The algebraic system considered is a complete modular lattice P upon 
which is imposed one additional postulate. The elements of P are denoted 
by lower-case italic letters and the partial ordering by =. If p and q are 
elements in P, there exist (uniquely determined) elements pq, the product 
of p and q, and p+q, the sum of p and q, such that pg pSp+4q, 
pg Sq Sp+qand such that b= pa and <a together imply that 
b= pq and p+q<a. In addition to Dedekind’s modular law, we assume 
also the existence of an element 0 in P such that 0 S p for every p in P and 
the following additional property : 


PostuLaTE (*). If a and {p,}, where v ranges over a set of ordinals, 
are elements in P and if the p, form an ascending chain, then a > py = > apy. 
v v 


A single-valued transformation » is a homomorphism of p/p’ in P upon 
q/¢ in Q (a system satisfying the same postulates as P, or P itself) if 
maps x/p’ for every x satisfying p’ [xp upon where San 
so that the following requirements hold: 


1) (additivity). 


2) If q’ =z2zS72n, then there exists an element 2’ with p’ S 2 =z such 


that 2’n =z (exhaustiveness). 


‘ 
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3) If xy = yy, then there exist elements 2’ and y’ (p’ S2’ Sp and 
psy Sp) such and yn 


The kernel k(n) of a mapping » of p/p’ on q/q/’ is the sum of all elements 
which 7 maps upon q’. If » is a homomorphism of p/p’ upon q/q and if 
p p, then 


1) if and only if r= k(n). 
2) = yy if and only if =y + k(n). 


An isomorphism of p/p’ upon q/q’ is a one-to-one, exhaustive, and addi- 
tive mapping of p/p’ upon qg/q’. An isomorphism y of p/0 upon qg/0' has 
the property py gq. An automorphism of p/p’ is an isomorphism of p/p’ 
upon itself. A homomorphism 7 of p/p’ upon g/q is an isomorphism if and 
only if k(7) =p’. Moreover, products of homomorphisms (isomorphisms) 
are homomorphisms (isomorphisms). 

The mapping 7 is an endomorphism of p/0 if py S p and if y is a homo- 
morphism of p/0 upon py/0. The kernels k(n‘), for 11, 2,---, of the 
endomorphism of p/0 form an ascending chain Sp, 
and the radical of the endomorphism 7, denoted by r(7), is defined to be 


the sum > k(n‘). 


THEOREM A. If 7» is an endomorphism of p/0, then 
1) tf and only tf ry=r(n). 
2) x» induces an endomorphism of r(n)/0. 


If » is an endomorphism of p/0 and if «<p satisfies zy = 72, @ is 
n-admissible. If » is an endomorphism of p/0 and if x is y-admissible, then 
7 induces in z/0 an endomorphism of kernel zk(n) and of radical zr(n). 

The element c is a complement. of the endomorphism y of p/0 if 
p=r(n) +, er(m) =0, and cy=c. These first two conditions state that 
p is equal to the direct sum r(n)@®c. If there exists a complement of the 
endomorphism y, then 7 is said to be a splitting endomorphism of p/0 or to 
split p; and if » induces a splitting endomorphism of z/0 for every 7-admissible 
Z,n is a uniform splitting endomorphism of p/0. 

Throughout the remainer of these statements from [4] 7 denotes an 
endomorphism of p/0 for an arbitrary element p in P. 

The element z is said to be y-automorphic if zySxrSp and if 
Yn Sy Sz implies yn = y. 
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THEOREM B. If the endomorphism y of p/0 splits p umformly, then 
the complement of » is uniquely determined, yn-automorphic, and equal to the 
sum of all n-automorphic elements. 


B. If splits p uniformly with complement c(n) and if 
is an n-admissible element, then xc(n) is the umquely determined complement 
of the endomorphism which induces in «7/0. 


THEOREM C. If 7 1s an endomorphism of p/0 and if for every y-admis- 
sible x there exists a positive integer h such that -- 
and such that k(n") = k(n?) =- --—r(n), then x—ar(n) 
a complement of the endomorphism induced in 2/0, and n is uniformly 


splitting. 


2. Direct decompositions and decomposition endomorphisms. The 
element p is the direct sum of aand b (p=a@b) ifa+b—p and ab =0. 
(Throughout the paper p represents an arbitrary element in P.) 

If p=a@b and if x= p, there exist uniquely determined mappings 


and 8 which we define by the following equations: 
and z8B=(a+z)b. 
It follows from these equations that, if ya, yey and y8=0. Similarly, 


if and 28 =z. 

Upon the basis of these definitions and Dedekind’s modular law it can 
be shown without difficulty that the following properties are possessed by « 
and B: 

1) and are endomorphisms of p/0. 

2) and =B8, 

3) aB=Ba—0. 

4) k(a)=—pB—b, = pa —a, and thus 

b= pa® pB = k(8) Ok (a). 


The pair of endomorphisms a, is termed a pair of complementary 
decomposition endomorphisms. Hither member of the pair is called a decom- 
position endomorphism. Constant use is made of these facts on decomposition 
endomorphisms without reference. Likewise, whenever a and B are given as 
decomposition endomorphisms, the notations just used are to be understood. 
Similarly, for pairs of decomposition endomorphisms 4, « and p, o the following 


notations are used: 
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p=d@Pe—=rOs 
d = p8 = k(c) = pe = (3) 


r—=pp=k(c) s=—po—k(p) 
and for r=p 
= (e+ 2)d ve = (d+z)e 


tp= (s+2)r to= (r+ 7)s. 


The element p is the direct sum of s(1),s(2),---+,s(n) (p=s(1) 
Os(2)@---@s(n)) if, for every i,p is the direct sum of s(t) and of 
the sum of the s(j) for 74%. The following property of direct sums (See, 
for example, [1], p. 66.) is useful: 


s(1) B s(2) B- - Hs(n) = [s1) B- - +) - Ps(n)]. 


3. Preparatory lemmas. In preparation for the proof of the refine- 
ment theorems, we deduce the following lemmas. 


Lemma 1. If p=a@b and if then s=aQsb. 
Proof. a(sb) = (ab)s = 0s —0, and s—s(a+ 6) =a-+sb, by Dede- 
kind’s law. 


LemMA 2. If a, 8 and p,o are pairs of complementary decomposition 
endomorphisms of p/0 and if apa induces an automorphism of pa/0, then 
p= pap © 

Proof. From the definitions of the decomposition endomorphisms, it 
follows that aapx—[b-+ (a+s)r]a. Since apa induces an automorphism 
of pa/O=a/0, Thus a—[b+ (a+s)r]ja, and a=b 
+(a+s)r. Hence p=a+bS(a+s)r+b)<p, and thus 


p= (a+s)r+ b=ap-+ pp = pap + pp. 


Moreover, (pap) (pB)S pap and p is an endomorphism of p/0, mapping 
(pap) upon pap/0 pp). Hence there exists an element 
tS pa such that = ra and rp(= rap) = (pap)(pB). Since (pap)(pB)S pB, 


0 = [ (pap) (pB) ]a = rapa. 


Since apa induces an automorphism of pa/0 for pa = 2, the equality rapa = 0 
implies that Hence and p= pap@® pp. 


Lemma 3. If a,B is a pair of complementary decomposition endo- 
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morphisms of p/0 and if the decomposition endomorphism p of p/0 satisfies 
the conditions pp pa and pB=k(p), then p= pa = ap. 


Proof. Since zp S pp S pa for any p, (rp)% — Zp, or p= p%. 


It is to be shown next that k(%p) —k(p). Since a, B and p are decom- 
position endomorphisms, p =aQb = pa@ pB =rQ@s— By hypo- 
thesis, pB =b=k(p) =s, and hence sa (b+s)a]r—[s-+sa]r 
=sr=0(. Thus k(p) =k(ap). Moreover, b—=k(a) = k(ap). Hence 


k(ap) — k(ap) [a +B] 
=b-+ak(ap) (by Dedekind’s law). 


Since 0 = [ak(ap) ]ap = [ak(ap) |p, it follows that ak(ap) =k(p). Thus, 
by hypothesis, k(ap) ak(ap) =k(p). Hence k(ap) —k(p). 

Since a? =a, for any r= p, rap = (xa)ap. It follows then from the 
fact that the product ap of the endomorphisms @ and p of p/0 is an endo- 
morphism of p/0 that r+ k(ap) =2za+k(ap). Hence, by the preceding 
paragraph, «+ k(p) =xza-+k(p). Asa result of applying p to this equality, 
tp k(p) |p —2rap, or p= ap, as required. 


Corotuary 1. If a, B and 8,¢ are pairs of complementary decomposition 
endomorphisms of p/0, if px —=uQv, and tf ada induces an automorphism 


of u/0, then p= pB. 


Proof. Since p= pB = u@(v@ pB), there exist complementary 
decomposition endomorphisms p and o such that pp =u and po=v@ pf. 
Furthermore, pp =u pa and pB=v-+ pB=—k(p). Hence, by Lemma 3, 
p=pa=—a. If ru, rade and thus and (rada)p 
= rade. Hence rada = rpadap = xpdp, and thus ada and pdp induce the same 
automorphism of u/0. Hence by Lemma 2, p= ppd po = ud8@Q v@ po. 


LemMaA 4. If a, B and 8,¢ are pairs of complementary decomposition 
endomorphisms of p/0, then 


1) (ada) (wex) (ada), due — 5Be, and adB aeB. 
and for pa 

3) ar(adecx) = rr(aex). 


4) An automorphism is induced in xr(ada)/0 by aex and in zr(aex) /0 
by ada. 


h 
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Proof. The proofs of 1) and (with the use of 2)) 3) follow directly 
from the proofs of lemmas 1 to 8 of [6] by a change of notation. 

Proof of 2). 

b+ a{b + + d)e]} + afb + [(z + e)d]} 
={b+[(@ + {a+ 6} + (6 +[ (4 + e)d]} {a + 8} 
(by Dedekind’s law) 

=b+(¢+d)[e+ {(x+e)d}] (by Dedekind’s law and (x + e)d= 2+ d) 
d)] (by Dedekind’s law and + e =e) 
=b+(2+4)(z+e) 
=b+2+ (r+ d)e (by Dedekind’s law and z-+d=z) 
—[b+a+(c+d)e][a +] 
=b+alb+2+(r¢+ d)je] (by Dedekind’s law) 
d)e] (by Dedekind’s law and «= a) 
(by hypothesis). 
Hence a[b + racx + rada] —al[b-+-]. From this equality, Dedekind’s law, 
za, and raex + rade =a, it follows that raea + 

Proof of 4). Since {rk[ (ada) *]}(aex)* 0, 

{xk[ (ada) *]} (aex) (ada) * {xk[ (ada) *]} (ada) 0, 
by 1), and hence {rk[(ada)*]}(aex)= k[(ada)*]. Also {xk[ (ada) *]} (aex) 
< raex = z, and thus, for all 1, 
{xk[ (a8a)*]} rk[ (ada) *] S rr(ada). 


Hence 


(1) SL (ada) ]}aca] — [ 


= > k[ (a8a)*]]aex (by Postulate (*)) 
= [rr(ada) zr(ada). 


It is clear that {xk[ (a8a)*]}(a8a)* —0 S [ar(ada) ]aex. As induction 
hypothesis, assume that (ada)*]}(ada)/ S[ar(ada)]aex for 0< St. 
Let t = {rk[(ada)*]}. Then, since t= tada + taeq, 


t(ada)i-* = t(ada)5 + t(aex) (ada) — + t(ada)4* 
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By the induction hypothesis, ¢(a5«)/ [ar(ada)]aex. Since ¢ S k[ (ada) ‘], 
t (ada) S k[ (ada) *] S r(ada), 
and 
t(ada)i* S (by 2)). 


Hence [ar(ada) ]aex, and thus [ar(ada) 
Hence by complete induction ¢ = xk[ (ada)*] S [ar(ada) ]aex. This state- 
ment is true for all 1, and hence 


(aba) = S [ar (ada) 


This fact together with (1) shows that [zr(ada) ]aea — ar( ada). 


Moreover, k(aex)xr(ada) S —0, by 3). Hence 
induces an automorphism of ar(ada)/0. That aa induces an automorphism 
of xr(aea)/0 can be proved in a like manner. 


Lemma 5. If and are pairs of complementary decomposition 
endomorphisms of p/0 and if adaea is a uniformly splitting endomorphism 
of p/0 with complement c, then there exists a direct decomposition pa =u ® »v, 
where u=cQ par(ada) and v = par(aa«), and this direct decomposition is 
uniquely determined by the properties: 

1) vSr(aa) and 


2) an automorphism is induced in u/0 by wea and in v/0 by ada. 


Proof. It is to be shown first that w—=c@ par(ada) and v = par(aex) 
constitute a direct decomposition of pe —a, satisfying 1) and 2). Since 
k(«) Sr(adeex) and since p—a®k(a), it is a consequence of Lemma 1 
that r(adaec) = Since <a, it follows from Lemma 
4 that ar(adaea) Thus 


r(adcex) = k(a) Bar(ada) @ar(aex). 
Because of the hypothesis of splitting, p = r(adae«) cc, and hence 
p =k(a) Par(ada) Bar(ax) Pe. 


Since c= cadaea =a, the last three summands and hence their sum are 
part of a. Lemma 1 and ak(a) = 0 then imply that 


pa =c@ar(ada) ar(acx) = w@v. 


Since v= ar(aa) Sr(aex), 1) is satisfied. By Lemma 4, an auto- 
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morphism is induced in ar(aex)/0 = v/0 by ada. The next step is to prove 
that aa induces an automorphism of u/0. 

In this regard it is to be shown first that caear(adaex) 0. Let 
Since aa maps c/0 upon and since ¢ = caea, there 
exists sc such that svea—t. Thus sadacx — saeada (by 1) of Lemma 4) 
= tada = [ar(adaex) ]ada. By Lemma 4, 


[ar (adaex) Jada —= [ar(ada) Bar (aca) Jada. 


Moreover, [ar(aSa) ]a8a < ar(ada) and, by Lemma 4, [ar(aex) ]ada ar(aec). 
Thus 
[ar (adaex) ada ar(adacx) S r(adaea). 


Hence, by 1) of Theorem A, s=r(adaex). Consequently, since sc, 
sScr(adaex) 0. Hence saca t = cuear(adaex) Similarly, 


cadar(adaex) 0. 
Since c is a complement of adaea, 
C(aex) (adaex) c(aex) (ada) (wen) —c(adaex) (wen) == caren. 
Thus, caex is adaex-admissible, and since adaea is uniformly splitting, 


by Corollary B. Hence caea=c and c= (caex)ada cada. Similarly 
cada = cand Hence c= (and c= cada). Since, by Lemma 4, 
aea induces an automorphism of ar(ada)/0, [ar(ada) ]aex —ar(ada). Hence 


== [c+ ar(ada) ar(ada) =u. 


From uk(aa) S ar(%a) =v it follows that uk(a«) Suv —0. Thus 
aa induces an automorphism of u/0, and the proof of the existence is 
completed. 

Consider a direct decomposition pa =u’ @v’ satisfying conditions 1) 
and 2). By 1), v Sar(ae«) =v. Hence, by Lemma 1, 


(2) v=v Ow’. 


By 2), aa induces an automorphism of u’/0. Thus (aea)* induces an auto- 
morphism of u’/0, and w’k[ (aea)*] for all 7. Hence w’r(aex) —0 and 
thus w’v =0. From (2) it now follows that v =v’. 

Since a=uQar(aea) and, by 2), 
and w’%ea =u’. Hence wu and wu’ are both complements of the endomorphism 
which aa induces in a/0 (a= aaex). Consider any such that and 
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By 2) of Lemma 4, radia = Hence radauca (rada) S race 
Thus, since adeea is uniformly splitting, by 
Corollary B. By 3) of Lemma 4, zr(adaeax) = xr(ada) rr(aex), and hence 
= [xc @ ar(ada)] ar(aex). 


It is known that (xc) ada radacadaS xe and (xc) S racacaen = ze, 


Moreover, since zc Is a complement, 
re = (xc) aduex = [ (rc) ada] = (xc) wea. 
Thus (rc)a%ea—ac. By 4) of Lemma 4, [ar(ada) Jaca = rr(ada), and thus 
[xc ar (ada) = ar(ada). 


Hence aex splits z. Thus the endomorphism which aa induces in a/0 splits 
a unformily. Hence, by Theorem B, its complement is unique, and u’ = u, 
Thus the uniqueness of the direct decomposition of pa has been shown. 


Lemma 6. If a,B and are pairs of complementary decomposition 
endomorphisms of p/0 and if the direct decompositions 


pa=a Ba’, ad and po—e Pe” 


have the properties that 
a induces an isomorphism of d’/0 upon a’/0 and of e’”/0 upon a’”/0, 
B induces an isomorphism of e’/0 upon b’/0 and of d”/0 upon b”/0, 
8 induces an isomorphism of a’/0 upon d’/0 and of 6”’/0 upon d”/0, and 


« induces an isomorphism of b’/0 upon e’/0 and of a”/0 upon e”/0 


then the following equations are satisfied: 


b’ = b” = pa® d” 
PBDa = pBD a” pp Oe” 
= ps Od’ e” = ps Pa” 
peDd’ = peQa’ pe d” = b”. 


Proof. Since Be8 induces an automorphism of b’/0, 


Db" D pa =e’ Ob" pa, 


by Corollary 1. Furthermore, b’ = e’B =(e’ + a)bSe’ +a=—paQ@e’, and 


thus pa@b’ pa@e’. 
Since Be8 induces an automorphism of b”/0, it follows from the same 
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corollary that p= pa@b’@ = pa Pb’ Hd”. Hence, by Lemma 1 and 
the fact that pa@Pe’, 


(3) = (pa@o’) Pd’ (pa@Pe’). 


By Dedekind’s law, (e’+d”)(a+e’)=e+d’(a+e’) and also 
(e’ +d”) (a+e’) =e’+a(ce’+d”). Thus e’+d”’(a+e’) =e’+a(e’+d”), 
and hence [e’ + d”’(a+ Thus 6’+[d’(a+ e’)]B 
=)’, and Furthermore, d’(a+e’) =d”, and thus 
[d”(a+ e’) |B (by hypothesis). Hence [d’(a-+ e’)]B S 
=0. Thus d”’(a+e’) =k(B) and hence d”’(a+ e’) = d’pa=—0. 
Hence, by (3), px@b’ = pa@e’. The other equations of the assertion can 


be proved in a like manner. 


4. Proof of the refinement theorems. To prove the Special Refine- 
ment Theorem let «8 and 8,« denote the pairs of complementary decom- 
position endomorphisms such that pa=a, pB=—b, pd=—d, and 
Lemma 5 asserts the existence of uniquely determined elements a’, a”, d’, 


and d” such that 
a=aQa’, d=d@d"’, a” =r(aa), 


and an automorphism is induced in a’/0 by ada, in a”/0 by aea, in d’/0 by 
526, and in d’”/0 by 588. 
Let the following definitions hold: 
b’=b(d’ Be), e =—e(a’@b), and —a’e. 
As in [1] (p. 78) it can be shown that 
and e=e’ Be”. 

It is to be shown next that these decompositions of a, b, d, and e satisfy 
the hypotheses of Lemma 6. The following facts can be deduced by essen- 
tially the same arguments as in [1] (p. 78): 

a) a induces an isomorphism of e”/0 upon a”/0. 

b) 8 induces an isomorphism of d”/0 upon b”/0. 

ec) & induces an isomorphism of b”/0 upon d’/0. 

d) ¢« induces an isomorphism of a’/0 upon e”/0. 


e) 


f) 8a8 induces an automorphism of a’6/0. 
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It is to be shown next that [ar(ada)]8 S r(8a8). Since {ak[(ada)*] }(ada)é 
= 0, [ and thus 


{ak[ (ada) *]}a85 {ak[ (ada) *]}8 S &[(80d)*] for all 


Hence S{ak[(a8a)*]}8 Thus, by Postulate (*) and the 
4=1 4=1 


fact that 8 is additive, 
(4) [ar(ada) ]8 r(dad). 

Moreover, 
(5) [d(a” @ b) = [d(a” Bb) (a”Ob)a—a”. 
Since a” =ar(ada), a”8S [ar(ada)]8 = r(8ad), by (4). Hence by (5), 
[d(a” b) = a”5 = r(Sa8). Thus, by 1) of Theorem A, d(a”@b) 
S 

From d(a”@b) Sdr(sa8), and Lemma 1, it 
follows that dr(8a3) = d(a” b) dr(8a8)a’s. Since $8, and thus (8a8)', 
induces an automorphism of a’8/0, a’dk[(8ad)*] for all Hence 


a’dk[ (308) *] —a’Sr(8a8) —0. Thus dr(88)—d(a”@b). By 4) of 
Lemma 4, 886 induces an automorphism of dr(8ad5)/0, and hence 
an automorphism is induced in d(a”’@b)/0 by 


The decomposition e) of d thus meets the requirements which, by Lemma 
5, determine uniquely the decomposition d= d’@d”. Hence 


(6) d’=a’S and d’=—d(a”@b). 


Likewise it is seen that 
(7) and a” =—a(d’@e). 

It is a consequence of (6), (7), and the facts that 8a5 induces an auto- 
morphism of d’/0 and that aS« induces an automorphism of a’/0 that 4 
induces an isomorphism of a’/0 upon d’/0 and @ induces an isomorphism of 
d’/0 upon a’/0. 

Moreover, &(B)e’ =ae’ —ale(a’b)] —ea’ (by Dedekind’s law). 
Furthermore, 

(8) (ea’) ada (ea’)da = —0, 


and since ada induces an automorphism of a’/0, the equality (8) implies that 
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ea =0. Thus e’k(B) =—0. Similarly, since induces an automorphism 
of d’/0, b’k(«) = 0. 

Since d’ = = = a’5. Thus, since § is an endomorphism of 
p/0, Hence b’—b(d’ +e) =b(a’+e). Moreover, by the 
modular law, 

(a’ +0) (a’ +b) —a' + b(a' +e) +0" 


and 


(a +e)(a’ +b) =a +b) =a + 2’. 


Thus (a’+ b’)B = (a’+ e’)B, and hence Since a’ da, 
it follows in a similar manner that b’e—e’. Consequently @ induces an 
isomorphism of e’/0 upon 6’/0, and e induces an isomorphism of b’/0 upon 
e’/0. 

The proof that the decompositions of a, b, d, and e satisfy the hypotheses 
of Lemma 6 is thus completed. Hence the decompositions satisfy the 
equations of the conclusion of that lemma, and we use this fact (as in [1] 
(pp. 79-80) without repeating the arguments here) to complete the proof 


of the theorem. 
With the preceding results now available, the General Refinement Theorem 


can be deduced from the Special Refinement Theorem by means of a double 
induction carried out precisely as in [1] (pp. 81-84), where only structural 
arguments are used. The following two additional lemmas are required to 


execute this proof: 
Lemma 7. If p=d@a(1)@---@a(n) =d@b, then 
1) d@a(i) —d@d(i), where b(i) —[d@a(i)]b, and 
2) 


Lemma 8. If the Splitting Hypothesis is satisfied by p, then it ts satisfied 
by every direct summand of p. 


The proofs of the analogous lemmas in [1] (p. 70 and p. 72) can be used 
to derive Lemma 7 and, with a simple modification, Lemma 8. The proof 
of the theorem is not reproduced in our notation. 


5. Relationship to theorems of Ore, Kurosch, and Grayev. Previous 
investigations relating to direct decompositions in Dedekind structures have 


been made in [3], [5], [6], and [7]. 
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By comparison with [7], it is seen that what are there termed “ reduc- 
tions” are products of decomposition endomorphisms such as #8 (in the 
previous notation) and that the “null-factors” are kernels of powers of 
products of decomposition endomorphisms. Moreover, the condition of the 
existence of “regular decompositions ” can be stated as follows in terms of 
decomposition endomorphisms: If « and 8 are decomposition endomorphisms 
such that Sz, then x(a5)"@ ek[(a5)"]. This splitting condition 
is much stronger than our splitting hypothesis. 

The main theorem of [7] (the assertion of which is that in two different 
direct decompositions into direct indecomposable summands both sides con- 
tain the same number of summands directly similar in pairs) is proved under 
the assumption of the existence of regular decompositions. It is to be noted 
here that we restrict ourselves to complete lattices, while Ore’s theorem is 
general. By means of Lemma 4, Theorem C, and a series of computations 
(here omitted) it can be shown that the Splitting Hypothesis is a consequence 
of Ore’s condition of the existence of regular decompositions. Thus for 
complete lattices the following obvious consequence of our theorem is easily 


seen to contain Ore’s results: 


If the condition of the existence of regular decompositions is satisfied, 


then two different direct decompositions into direct indecomposable summands 


are exchange isomorphic. 


The “center” in connection with a pair of direct decompositions has 
been used by Kurosch ([5], p. 190) and by Baer ([2], p. 524). The refine- 
ment theorems of Kurosch and Grayev (Theorem 1 of [6] and Theorem 1 
of [3]) are proved under the assumption that the sequence of centers of a 
pair of direct decompositions attains zero at a finite step, while we have 
proved the refinement theorems by assuming the Splitting Hypothesis for 
every pair of complementary decomposition endomorphisms. It is of interest 
to note that if the n-th center of a pair of decompositions is zero for an 
integer n, (pBpap)"** for a, 8 a pair of complementary decomposition 
endomorphisms and p a decomposition endomorphism. By comparing this 
condition with the Splitting Hypothesis, it is noted that pBpap may be 
uniformly splitting and (pBpap)"*? ~ 0. 

In regard to the relationship between the two results, it can be stated 
that the Splitting Hypothesis is a weaker hypothesis on all pairs of com- 
plementary decomposition endomorphisms, while Kurosch’s hypothesis is a 
stronger condition on a single pair of direct decompositions. Moreover, the 
conclusion of direct similarity of refinements is weaker than that of exchange 
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isomorphy. Thus for all pairs of decomposition endomorphisms our result 
is stronger than that of Kurosch. However, since our theorem is stated from 
the “universal” point of view, it is independent of the “ individualistic ” 


theorem of Kurosch. 
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A GENERALIZATION OF A THEOREM OF JACOBSON.* 
By I. N. HerstTEIn. 


In [2], Theorem 11, Jacobson proved a theorem which at the same time 
generalizes the theorem of Wedderburn that every finite division ring is 
commutative and also the result that any Boolean ring is a commutative 
ring. The theorem to which we refer is, namely: any ring in which 2"@) — z, 
n(x) an integer greater than one, for every a in the ring, is necessarily 
commutative. 

In this paper we prove a generalization of this result. In fact we prove 
the following: if in a ring 2"—vz is in the center for all ring elements z 
and a fixed integer n which is larger than 1, then the ring must be commu- 
tative. The proof is essentially composed of three parts: (1) the proof for 
semi-simple rings, (2) the location of the radical if the ring possesses one, 
(3) the proof for subdirectly irreducible rings, from which the general case 


follows. 


The case n=2.' Although the case for which n—2 need not be 
singled out in order to make the proof go through in the general case, the 
proof in this instance is so simple and elementary that we feel it would be 
of some interest to present it by itself. Moreover, this situation might be 
considered as a direct generalization of the fact that a Boolean ring is 
commutative. 

So let us assume that F is a ring with center C, and that for all ze R, 
z*—zeC. Suppose that z,yeR. Thus Since 
both «?—wz and y*—-y are in C, we immediately obtain that zy + yreC; 
so + yx) = (cy + yr)z. Thus = yz’, and so z*eC. Since x? 
is also in C we have that ze C, which is the theorem in this particular case. 


The theorem for semi-simple rings. Suppose that K is a division ring 
with center C and that there exists an integer nm greater than 1 so that for 
all z in K, 2*—wz isin C. Suppose that K ~C; that is, there is an re K, 
za¢C. Hence (1) a*—zeC. Let ¢ be any element in C; thus (2) 
(cx)"— cx = c"x"—cxreC. Combining (1) and (2) we obtain that 


* Received January 17, 1951. 
1 The case n = 2 was conjectured, in a conversation, by Dr. Irving Kaplansky. 
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(ct—c)xeC; so if c*—c=0 it would have an inverse in C, and this 
would put z in C, contrary to supposition. So we must have that for all 
ceC, c*=—c. Consequently C must be a finite field. Consider the sequence 
{c;} where c,—=«"‘—-. All these ¢’s are in C, and since C is finite, for 
some j, = This leads to = x for some appropriate integer s,s > 1. 
So for all ze K, x") =z, whence by Jacobson’s theorem K is commutative. 


+; Thus we have shown 


TuHeEorEM 1. /f K is a division ring with center C, and if x" — a ts in 
C for all x in R, and n >1, then K is commutative. 


Before proceeding to the case of primitive and semi-simple rings we 
establish several easy, but essential, lemmas. We assume that Ff is a ring 
with center C and that n is an integer larger than 1. 


Lemma 1. Jf for all ce R, a" —axeC, then all the nilpotent elements 
of R are in C. 


Proof. Suppose that Thus Since we have 
that x is in C. 


LemMaA 2. For the R of Lemma 1 all the idempotents are in the center. 


Proof. Suppose that e? =e. A simple calculation shows that for any 
ce R, (xe —exe)* (exw — exe)? Hence by Lemma 1 ze—ezeeC; 
thus 0 = e(xe — exe) = (xe — exe)e = xe — exe. That is ve = exe; similarly 
ex = exe, whence re — ex and eeC. 


We consider next the situation where F# is a primitive ring [3, p. 312] 
and where 2*—xeC. Thus RF possesses a maximal right-ideal p which 
contains no non-zero two-sided ideal of R. Let rep. Since 2*—zeV, 
(a"—z2z)R is a two-sided ideal of R and is contained in p. Hence 
(a*—z)R=(0). Since R is primitive this forces 7? Let 
A simple check verifies that e? —e, so e is in C by Lemma 2. Moreover, 
eR is then a two-sided ideal of R and is contained in p, whence eR = (0), 
soe=—0. Now —0, whence p—(0). So (0) is a maximal right 
ideal in R, which is primitive, so R is a division ring, which by Theorem 1 
is commutative; so we have 


THeEorEM 2. If R is a primitive ring with center C, and tf for all x 
in R, 2" —~2 is in C, then R is commutative. 


Any ring, semi-simple in the sense of Jacobson, is isomorphic to a sub- 
direct sum of primitive rings [3, Theorem 28]. So if R is semi-simple and 
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2" —zxeC for all xe R, then FR is isomorphic to a subdirect sum of primitive 
rings, each of which being homomorphic images of F# inherit the property 
that +” —vz is in the center. So, by Theorem 2, each of the components in 
this representation of R as a subdirect sum is commutative, hence RP is itself 


commutative. Thus 


THEOREM 3. If R is a semi-simple ring and if for all x in R, 2" —« 
is in the center, then R is commutative. 


The location of the commutators and radical. In what follows we 
assume that FR is a ring with center C and enjoying the property that 2" —z 
is in C for all x in R, with n a fixed integer larger than 1. Let WN be the 
radical of R (that is, the Jacobson radical). Since R/N is semi-simple and 
in R/N x" —z is in the center, by Theorem 3, R/N is commutative. So we 
immediately obtain 


THEOREM 4. For all z,ye R, cy—yaeN. 

Suppose that ze R, and ce C. Thus (1) (2) 
=c"r"—cxreC. Combining (1) and (2) we obtain 

Lemna 3. For all xe R, and ceC, (c*—c)reC. 

For all z,ye R and ceC, (c*—c) (ry — yr) = 0. 


Suppose that ae N {| C. Thus for all z,ye R, (a*—a) (xy — yr) =0. 
Since ae N, 1—a”" (the unit element is purely formal) is not a divisor 
of zero. Thus a-(zy—yr) =0. Let be N. Thus C, whence 
(b"— b)(xy— yr) =0. Repeating the argument as in the case of a, we 
have b(zy— yx) =0 for all z and y in R. In particular yb) —0. 
By the analogous argument, (by—yb)b—0. From these two we obtaia 
b?y = byb = yb’; that is, b®>e¢ C. Now, 6"—} is in C, so if n is even, since 
b? we would have C from which it would follow that is in C. On 
the other hand, if n is odd, 1 — b""* would be in C, and is not a divisor of 
zero. This combined with b(b"*—1) eC would put b in C. So in any case, 
beC. Thus 


THEOREM 5. NCC. 


Combining Theorems 4 and 5 we obtain 
CorotuaRy. For all 2, y in R, cy — yz is in C. 


For all x,y in R, (xy— yr)? =0. 


The theorem for general rings. We recall that a ring is said to be 
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subdirectly irreducible if the intersection of its non-zero two-sided ideals is 
not the zero ideal. [1, p. 764.] The importance of this concept is brought 
out in the theorem [1, Theorem 2]. 


THEOREM 6. Every ring is isomorphic to a subdtrect sum of subdirectly 
irreducible rings. 


Suppose that is a ring in which for all ze R. R is iso- 
morphic to a subdirect sum of subdirectly irreducible rings, each of which, 
being isomorphic images of R enjoy the property that 2” —z is in the center. 
To prove our result it is thus sufficient to prove it for subdirectly irreducible 
rings. So we suppose that R is subdirectly irreducible and that for all ze R, 
a" —ae0O, the center of R. Let § be the intersection of the non-zero two- 
sided ideals of R. S=4 (0). 


THEOREM 7. There exists a prime p so that for all xz, ye R, p(zy — yz) 
= 0. 


Proof. Since z*—aeC and (2xr)"— 2xeC, we easily obtain that for 
all re R, (2"—2)xeC, and so for all z,yeR, (2"—2) (cy— yr) —0. 
So if R is not commutative it has non-zero elements of non-zero finite additive 
order. Let x, y be such that xy — yx has minimal non-zero order p; clearly p 


isa prime. Let Rp = {xe R|pr—0}. R, is a two sided ideal of R, and is 
not (0), hence Ry, DS. If ga —0 for some x0, then R,DS. So if q is 
relatively prime to p, since mp + kq=—1 for some integers m,k, we would 
obtain that s = mps + kgs —0, for any se, contrary to hypothesis. So 
any element in # having finite additive order has order a power of p. 
But since (p"— p)xzeC, we obtain that (p*™*—1)p(zy— yr) =0; thus 
yx) = 0 for all z, ye R. 


Corottary. For all xe R, px anmhilates all commutators. 


From the first corollary to Theorem 5 we have that (ry—vyr)eC. 
Thus zy — yx = c where ce C and where pe = 0 by Theorem 7. Multiplying 
from the left by x we obtain zyx + = yx? + Continuing in 
this way we obtain that Putting 1—p, since pe—0 
we see that x?y = yz?. Thus we have shown 


THEOREM 8. For every x in R, zx? is in C. 


Since SC N we have that SCC. Since SC commutator ideal, which is 
nilpotent (as can be seen by examining the proof of Theorem 5), S? = (0). 
Let A(S) = {re R|cS —(0)}. Clearly A(S) is a two-sided ideal of R, 
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and since it coritains S, it is not the zero ideal. Two cases now present 
themself: (1) A(S) =F and (2) A(S) ~R. 

Let us first consider the case that A(S) —R. By Theorem 8, for any 
xe R, x? e C, so by the corollary to Lemma 3 we have (x"? — z?) (yz — zy) =0 
for all z,yeR. Thus 


Par (yz — zy) —= 2? (y2z— zy). 


Let T= {re R|c”*r—r}. Since T is a two-sided ideal of R. 
T does not contain S, for = (0). Thus T=—(0). Since — zy)e T, 
we get that 2?(yz— zy) =0 for all y,ze R. In particular 2?(ry — yr) —0. 
Thus 2?*1y = = yr since Thus z?**eC. Continuing in this 
way we obtain that z**eC for any non-negative k. Since 2*—vze(, 
—zeC. But since n? > p,2”eC,soreC. Thus R is commutative; so 


TuHEorEM 9. If A(S) —R, then R is commutative. 


Let us now consider the situation when A(S)~R. Let se 8, s0. 
Thus sR = Rs (since se SCC) is a two-sided ideal of R and is contained 
in §. If Rs = (0), then it would follow that RS — (0) since § is a minimal 
two-sided ideal, and we have supposed that RS (0). Hence Rs—S. 
Suppose that 2¢ A(S). Thus zs=0 for s0 in S; for if zs —0, then 


= = 0, a contradiction. Suppose zs 540. Thus Rt = S, whence 
for some ye R, s=—yt. Thus ryt in fact zys =s for all se by the 
fact that ‘R = 8S. So cy —e acts as a unit element on S. For any x# A(S) 
we now can show that we can find a y so that ry—eeA(S) by the replica 
of the argument used in finding e. Thus R/A(S) is a field. Hence 


THEOREM 10. R/A(S) 1s a field. 


Our next goal is to establish that R/A(S) is a finite field. To prove 
this we must first establish some side results. The first of these is 


THEOREM 11. If ae RP is a divisor of zero then ae A(S). 


Proof. Suppose that ar 0, 240. We maintain that we could have 
chosen xe C. For if 2? =0, then by Lemma 1, reC, and if ~0, then 
by Theorem 8 z?¢C and az? So we suppose that reC. Thus isa 
two-sided ideal of R. Rx (0) for if Rr = (0), then T= {re R| Rx = 0} 
would be a two-sided ideal of R, and not (0), so would contain §, and 
RS = (0) contrary to hypothesis. So (0), thus RrDS, thus aks 
= arR = (0)DaS8S, and ae A(8). 

This enables us to prove that R/A(S) is a finite field. For if x¢ A(S), 


A GENERALIZATION OF A THEOREM OF JACOBSON. 761 


since ?¢C by Theorem 8, we have that (2? — x?) (yz-_y) —0 for all 
y,zeR. Thus x"? — 2? is a divisor of zero and must be in A(S) by Theorem 
11. In R/A(S) we then have'for every <, 7” =z. Thus R/A(S) is a finite 
field. By the corollary to Theorem 7, for all ze R, pre A(S). So R/A(S) 
is of characteristic p, and in it *>—<Z. This gives 


THEOREM 12. R/A(S) is a finite field of characteristic p. 
COROLLARY. n= p. 
For in R/A(S), 2* =z for all z, and n>1. 


Using the fact that the multiplicative group of a finite field is cyclic 
we immediately obtain 


THEOREM 13. There exists anaeR so that for every xf A(S) we can 
find an integer t so that x—ate A(S). 


If we could prove that A(S) is in the center, this together with Theorem 
13 would lead us quickly to the result we want; consequently the direction 
we take is to establish that A(S) CC. Our first result in this regard is 


THEOREM 14. Jf xe A(S), then x? annthilates all commutators. 


Proof. Let xe A(S). Since ze C, for all y,z¢ R we get, using Lemma 
3, that — x?)(yz— zy) =0. Thus we have 2"?-Px?(yz — zy) = — zy). 
Let T= {re =r}. Since 2? eC, T is clearly a two-sided ideal of 
R. § is not in T since 2” ?S = (0) ~8. So T = (0), whence 2? (yz — zy) 
= 0, being an element of T. This proves the theorem. 


Let re 4(S). Thus 2?(ry— yr) =0. So = = since 
z? is in the center. Thus z?**e¢C. Continuing in this way we obtain that 
ake C for any non-negative integer k. Since n= p, we have that ze C, 
which, combined with z"—wzeC yields that re C. So we have 


TuHEorREM 15. A(S)CC. 


Suppose that A(S). By Theorem 13, r—ate A(S)CC; so 
commutes with a hence x commutes with a. Since a also commut¢s with all 
the elements in A(S), we see that a is in C. As a consequence of this, 
ate C, which together with e—a‘eC puts x in C. So we have established 


THeorEM 16. If A(S) ~R, then R is commutative. 


Theorems 9 and 16 cover between them the only two possibilities when 
R is subdirectly irreducible. So they yield 
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THEOREM 17. If R 1s subdirectly irreducible and, for every zx in R, 
x" —z is in the center of R, then R is commutative. 


Using Theorem 6 we obtain the generalization of Jacobson’s theorem 
which we mentioned in the introduction, namely 


THEOREM.18. If R is a ring with center C, and if 2*—zeC for all z 
in R, n a fixed integer larger than 1, then R 1s commutative. 


Remarks. Before closing we should like to point out two other possible 
generalizations of Jacobson’s theorem which should possibly be true: (1) If 
x") —zeC for all z in R, then F is commutative. (2) If R is a metric 
ring with a metric p and if for every z in FR and any e > 0 we can find an 
integer n(z,€) > 1 80 that 7) < then is commutative. 


Our original proof used the existence of a unit element. The referee 
kindly pointed out to us that to prove the theorem without the unit element 
substantially only involved the case division A(S) ~F and A(S) —R, the 
latter case not being possible, of course, in rings with unit elements. 
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A DEFINITION OF DEGREE FOR CERTAIN MAPPINGS 
IN HILBERT SPACE.* 


By JANE CRONIN. 


1. Introduction. The concept of the degree of a continuous mapping 
was first introduced by Brouwer [2,1].1. Brouwer defined degree for con- 
tinuous mappings in Euclidean space. A definition of degree for certain 
mappings in non-locally compact spaces was introduced by Leray and 
Schauder [8]. They defined a degree for mappings in Banach space of the 
form J+ F where J is the identity transformation and F is completely 
continuous. Their work left open the question of whether a degree could 
be defined for all continuous mappings in a Banach space. Leray [7] and 
Kakutani [6] showed that the answer to this question is no, even if the 
Banach space is a Hilbert space. 

The purpose of this paper is to define a degree for mappings in Hilbert 
space of the form J + C + T, where J is the identity, C is linear, self-adjoint, 
and completely continuous, and JT is a higher order transformation which 
need not be completely continuous. 

In Section 2, the definition of the degree is given and it is proved that 
this degree has the usual properties of a mapping degree. It is shown that 
this degree has the same value as the Leray-Schauder degree of 1+ C+T 
if the Leray-Schauder degree (hereafter to be termed the LS degree; the 
Leray-Schauder index [8, p. 54] will be termed the LS index) is defined for 
I+C++T.* Also a method for computing the value of the degree for a 
given mapping is described. The degree defined is essentially the same as 
the “ multiplicity ” defined in a previous paper [3]. The real content of 
Section 2 is the proof that the multiplicity defined in [3] has the properties 
of a mapping degree, especially that the degree is invariant under homotopy. 

The degree is defined only relative to “sufficiently small” sets * and in 
proving the invariance under homotopy of the degree, we assume that the di- 


* Received May 17, 1950. 

1 Numbers in brackets refer to the bibliography at the end. 

2In general, the LS degree is not defined for the mapping I+ C+ T because T 
is not, in general, completely continuous. 

* When we refer to the degree at a point p of a mapping M relative to a set 8, 
we mean the degree at p of M/S, i.e., the mapping M considered on the set 8. 
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mension of the null space of J+ C is constant during the homotopy. In Section 
3, we exhibit an example which justifies the introduction of the degree. That 
is, we describe a transformation of L.(0,1) into itself which is of the form 
I+C+T and hence can be treated by our theory but which is such that 
its higher order part is not completely continous; so that it is impossible to 
treat the mapping using the Leray-Schauder theory. 

The multiplicity introduced in [3] is actually defined for mappings in 
Banach space. We are obliged. to restrict ourselves to mappings in Hilbert 
space here in order to prove the invariance under homotopy. Precisely where 
the Hilbert space theory is used is indicated in footnote °. 


2. Definition of the mapping degree. Let X be a Hilbert space. 
Consider the mapping of X into itself J + C + T, where J is the identity trans- 
formation on %, C is a linear, self-adjoint completely continuous mapping of ¥ 
into itself and T is a mapping of a subset of X into X with the following 


properties : 
(P:) T(0)=0; 


(P:) there exist a neighborhood N of 0 and a positive constant B such that 
if € N, then || T(#:) — = + || —2 ||). 


Suppose first that J+ C is nonsingular, i.e., takes only 0 into 0. Then 
from the Riesz theory of operators of the form J+ C [10], it follows that 
(I + C)- exists. Hence the LS index of J + C at 0 is defined and is 1 or —1 
(see [8, pp. 56-58]). Now we consider the equation (J + C + T)(x) = (y). 
Applying (J + C)7 to this equation, we obtain 


(2.1) z+ = (I+ C)*(y). 


From properties P, and P, of 7, it follows that there exist «, and « such 
that if || x || < «, and || y || < e«, then the Hildebrandt-Graves implicit func- 
tion theorem [5, Theorem 2] can be applied to solve (2.1) uniquely for z 
in terms of y. This suggests that we define the mapping degree of J+ C+ T7 
at y such that || y || < «2 and relative to the sphere 8 = [2/|| x || < «,]® to be 1. 
Actually, to avoid the ambiguity of sign that results from the multiplication 
by (7+ C)-1, we define the mapping degree of J+ C+ T at y such that 
| y || < «2, and relative to S to be the LS index of J+ C at 0. (Pairs ¢’, > 0, 
> 0 such that and « may be used in place of and e,). 
Suppose now that J + C is singular, i.e., that there exists ze X, z0 
such that (I+ C)(z) =0. In [10], it is shown that X,, the null space of 
I + C, is a finite dimensional linear space. Also, we may write X = X,@ 
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(direct sum), where X, and X* are orthogonal and on #*, 7+ C is a 1-1 
transformation taking X1 onto itself. These properties follow from [10] 
and the fact that C is self-adjoint. If #,, H* are the projections of X onto 
X, and X' respectively, then it is easy to show that the transformation 
R=(I+C+#,)* has the property: R(I + C)x = E(x). Moreover, R 
is of the form J + G where J is the identity and G is linear and completely 
continuous. Since # is nonsingular and of this form, the LS index at 0 of 


R is defined. 
Now we consider the equation 


(I+C+T) (2) =y; 
multiplying by R, we obtain: 

(2. 2) E' (2) + RT (x) = R(y). 

Now we apply H, and E? respectively to (2. 2) and obtain 
(2. 3) E,RT (2, + 2") = E,R(y), 
where and denote H,(x) and respectively, and 
(2. 4) ERT (2, + 21) = E'R(y). 


It is clear that solving (2.2) (and therefore (*)) for z when y is given 


is equivalent to solving (2.3) and (2.4) simultaneously for z, and x’ when 
y is given. 

From properties P; and P, of 7, it follows that there exist e; > 0, «, > 0, 
e; > 0 such that if || 2" || < «3, || v1 || < e, || y || <¢s, then the Hildebrandt- 
Graves implicit function theorem can be applied to solve (2.4) uniquely 
for z' in terms of x, and y. That is, we have: 


(2. 5) HH (x,y), 


where H is uniformly continuous in the subspace of the product space X, X ¥ 
in which it is defined. Substituting from (2.5) into (2.3), we obtain: 


(2. 6) E,RT[2, + H(x,, y)|] — =0. 


Thus the problem of solving (2.2) for 2 when y is given is reduced to that 
of solving (2.6), an equation in the finite-dimensional space X1, for x, when y 
is given. This suggests defining the degree of the mapping J+ C+ T ata 
point y = y, such that || y || < «; and relative to the sphere [2/|| z || < «.] 
where ¢, is such that if || 2 || Se, then || z* || < ¢; and || 2, || < «4, to be the 
topological degree at 0 of the mapping in X,;: 


(2. 7) [a, + H (21, yo) |] — (yo). 
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Actually, in order to avoid the ambiguity of sign resulting from multiplying 
the original equation by R, we define the degree to be the product of the 
degree at 0 of (2.7) and the LS index at 0 of R. 

Since the Hildebrandt-Graves theorem yields only a local solution, we 
must restrict our considerations to small values of z and y. In [3], it was 
shown that there exist and e, such that if || || < and || y || < then 
the Hildebrandt-Graves theorem can be applied and the topological degree 
of (2.7) computed.* It was also shown that the degree is the same for all y 
such that || y || < «xs. We summarize this discussion in a formal definition 
of the mapping degree. Let ««;, ¢ Ses. Then we have: 


Definition 2.1. If I+ C is nonsingular, the mapping degree of J+-C+T 
at y such that || y || <<’ and relative to the sphere 8S = [2/||x || Se] is the 
LS index at 0 of 7+C. If J+C is singular, the mapping degree of 
I+C+T at y such that || y || < ¢ and relative to § is the product of the 
LS index at 0 of RF and the topological degree of mapping (2.7) at 0, relative 
to the sphere [2,/|| x: | S«)] in X:, where e) depends on « as described in [3].° 
We will denote this mapping degree by d[J + C+ T, 8, y]. 

Now we show that the mapping degree just defined has some of the 
usual properties of a mapping degree. First since the degree is defined as 
the product of the LS index of RF and the degree of the mapping 


E,RT (2, + y)] — 


at 0 and relative to the sphere [2,/|| x, || S«], then the mapping degree for 
sufficiently small y exists if for z, such that || 2, || =o, 


E,RT + H(a,,0)] 


Hence the condition that the mapping degree exists is different from the 
usual condition that the degree of the mapping at y relative to § is defined 
if no point of the boundary of 8 is taken into y by the mapping. Instead 
we have: 


THEOREM 2.1. The mapping degree d[I[+C+T,8,y] exists if and 
only if for each x) 8 such that || E,(xo)|| =o, we have (I + C+ T)(ao) €0. 


“In computing the topological degree, properties P,; and P, (stated later on just 
before Lemma 2.1) are used. We choose e, and ¢, small enough so that P; and 
can be utilized as described in [3]. 

5 From a topological viewpoint, it would be better to call this mapping degree the 
index of I+C+T at 0. However, in the application, we are interested in nearby 
points as well as 0 itself. Hence it is more convenient to think of a mapping degree 


than an index. 


| 
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Proof. Suppose first that J+ C is singular. Then if 
(2.8) =—0, 
we have, applying R: 

(a9) + + =0. 

Applying #* and F,, we obtain 
(2. 9) E* (2) + ERT (x) + =0 
and 
(2. 10) (Xo) E* (xo) ] 0. 
Solving (2.9), we have H*(2,) = H[£,(2),0]. Substituting in (2.10), 
we have 
(2. 11) E,RT{E; + (20), 0]} = 0. 


Hence the mapping degree is not defined. Reversing the steps in this proof 
shows that equation (2.11) implies equation (2.8). If Z-+ C is nonsingular, 
the condition is trivially fulfilled because #, is the zero transformation in 
that case. From the definition, it is known that if J+ C is nonsingular, the 
degree is always defined. This completes the proof of Theorem 2. 1. 


THEOREM 2.2. The mapping degree d[I+C+T,S8,y] has the following 
properties : 
(i) Ifd[l+C+T,8,y] there exists xe such that I + C+ T)(z) 
(ii) d[J1+C+ T,X, y] ts constant for all y sufficiently close to zero. 


Proof. Property (i) follows directly from the definition of 
d{[I+C+T,8S,y] and the corresponding property of the topological degree 
of the mapping in Euclidean space. If J+ C is nonsingular, property (ii) 
follows from the definition of d[J + C-+T,8S,y]. As remarked before, the 
proof for the case when J+ C is singular is contained in [3, Section 3]. 
This completes the proof of Theorem 2. 2. 


THEOREM 2.3. If T is completely continuous and if d[I + C + T, 8S, 0] 
exists, then the LS degree of I+ C+T at 0 and relative to § exists and is 
equal to d[I+C+T,S, 0]. 

Proof. See [3, Section 5]. 


Now we prove the invariance under homotopy of d[J +C+T,8,y]. 
We state first what we mean by a homotopy in this work. 


= 
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Definition 2.2%. A homotopy I(x, t) + C(z,t) + T(z, t) is a continuous 
mapping from X X &, where & is the closed unit interval (0,1) into % 
satisfying these conditions: 


(1) I(z,t) for each pair t)eX X &. 


(2) For each fixed ¢, C(x,¢) is a linear, self-adjoint, completely 
continuous transformation of X into itself. Also C(z,t) is a con- 
tinuous function of ¢ in the following sense: for arbitrary te &, 


we have lim || C;, — C;, || —0, where C;, denotes the transformation 
t}->to 


of X into X obtained by taking ¢ —¢, in C(z,t) and C;, is defined 
similarly. 


(3) T(z,t) is a continuous mapping from X X & into X with the 
property: for each fixed tj)¢ &, T(z, t) is a mapping of a subset of 
X into X with properties P,; and Pz. Moreover the neighborhood NV 
and the constant B are independent of t. 


THEOREM 2.4. If I(z,t) + C(a,t) +7 (a, t) ts a homotopy satisfying 
the conditions of Definition 2.2 and if the following additional conditions are 
satisfied : 

(4) The dimension of the null space of I(r, + C(x, t ) ts the same for 
all tue &. 


(5) For each tye & and for a sphere S which is independent of T, 
to) + C(a, to) + T(x, to), S8,y] ts defined for y such that 
| y || <<, where » is independent of t. 


Then the mapping degree d[J(z, + C(a,t.) + T(z, t))] is the same 
for all toe &. 


Proof. If I+ is nonsingular, the proof follows from the fact that 
the LS degree of J + C is invariant under homotopy [11, Theorem 2]. So 
we need only consider the case when J + C is singular. From Definition 2.1 
it follows that the mapping degree of J + C+ T is the same as the mapping 
degree of 


(2. 12) 2 — E,(c) + E,RT[x, + H(a,0)] 


except for a factor +1. For the mapping degree of (2.12) is equal to the 
topological degree at 0 of 


(2. 13) E,RT[2, + H (a, 0)] 
and d[I-+ C+ T,8S,y] for y sufficiently close to 0 is equal to the topological 


[ 
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degree of (2.13) multiplied by the LS index at 0 of R, which is 1 or —1. 
Now (2.12) may be written: 


(2. 14) —E,(«) + E,RT{E,(c) + H[E,(z), 


Since H, is finite-dimensional and hence completely continuous, it is clear 
that the LS degree of (2.14) is defined, i.e., (2.14) is a mapping of the 
form J + F where F is completely continuous. 

Now let H,* be the projection of X onto the null space of J+ C; (for 
convenience we write the homotopy parameter as a subscript, i.e., we denote 
C(x2,t) by C:(x) and T(a,t) by T(x) and let R; be the linear trans- 
formation such that + (x). We let (x), y] denote 
the function obtained by applying Hildebrandt-Graves Theorem.) We will 
show that 


(2. 15) —B,t(x) + ByYR,T (2) + 07} 


and R; are homotopies in the sense of [11, Definition 4]. Then the LS degrees 
are the same for all ¢ such that 0 ¢<1 [11]. Since for each ¢, the 
mapping (2.15) is a layer mapping [11], it LS degree is by definition the 
topological degree of #,'R,{H,'(x) + H,[E,*(x),0]}. The proof of Theorem 
2. 4 then follows from the relation of the mapping degrees of J + C+ T and 
(2.12) described above. 

Hence to complete the proof of Theorem 2.4, it suffices to prove that 
E,t, R:, and H; are continuous mappings from X X & into X and that the 
mapping 


takes any bounded set in ¥ X & into a sequentially compact set in X. (Cf. 

[11, Definition 4].) This last statement is an immediate consequence of the 

fact that any bounded set V = (y,, t,) of X K & each of whose points satisfy 

the equation — y,—C;,(yy) is sequentially compact in X X & To prove 

this: let ¢) be a limit point of the set {t,}. Then there is a subsequence y,, 

such that lim C;,(y,,) exists and is some point, say yo.- This is because C;, 


is completely continuous and {y,} is bounded. Then by (2) of Definition 2. 2, 


there exists lim C;,,(y»,) = — lim yy, = Yo. 
n—> n> 


Now we need to show that £,' is a continuous mapping from X XK & 


into X.6 More precisely, we want to show lim || #,‘— £,% || —0. This is a 
tto 


*It is for the proof of this statement that Hilbert space theory is used here. 
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direct consequence of [9, Satz 5]. By definition, Ry = (J + C;-+ H,')*; 
so R; is a continuous mapping from X X & into &. 

Finally, we must show that H; depends continuously on ¢t. H;[E£,‘(2), y] 
is the solution of the equation 


(2.17) (x) + [Ei + Be = Rt (y) 


for E;\(z) in terms of y and #,'(x) which is obtained by using the implicit 
function theorem of Hildebrandt and Graves [5, Theorem 2]. For fixed 1,, 
the initial solution of (2.17) is = =y = 0, and y] 
is the limit of the sequence: 


Hy y] = Be — 
H,, (2), y] = + y]} — Rt (y) 


In [5], it is proved that the sequence H;,™[H,%(xr),y] is a Cauchy 
sequence for each fixed pair [#,%(x), y] and that the convergence is uniform 
in [£,%(2z),y]. To prove the desired statement, we show that the convergence 
is uniform in ¢. Since || £,* ||, || Z|, and || R; || are bounded in ?¢, and 
since by (3) of Definition 2.2, the bound B of T; is independent of ¢, the 
same type of argument as is used in [5] can be used to show that the con- 
vergence is uniform in ¢. This completes the proof of Theorem 2. 4. 

Now we describe a method for computing the degree of a given mapping. 
In order to do this, we impose two more conditions on the transformation. 
We assume the transformation 7 has the following properties: 


(P;) The transformation T is split into a term of order k(= 2) and a term 
of higher order; that is, T(x) —T®(ax) + T¢*)(z) where T® and 
T+) are both continuous and: 


(1) T® is homogeneous of degree &; that is, if m is an arbitrary 
integer, then 


4=1 (b+) 


where the summation is over all sets of non-negative integers 


+, bm] such that and T),.»,, is a continuous 
4=1 


mapping from X X-- - X X (m times) into &. 
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(2) The lim | ||/|| |* =0. 


(Ps) for all x, eX, such that 7, ~0. 


Lemma 2.1. Jf I+ C is singular and if T has properties P,, P2, Ps, 
and P,, then the mapping degree of I+-C+T is equal to the topological 
degree at zero of a mapping of Euclidean n-space E" (real or complex as X 
is real or complex) given by n polynomials in n variables, the polynomials 
homogeneous of degree k in the n variables, where n ts the dimension of the 
null space of I+ C and k is the “ order” of T described by P3. 


Proof. See [3, Section 3]. 


The degree of such a mapping described by homogeneous polynomials 
can be computed. We have: 


THEOREM 2.5. The topological degree at zero of the type of polynomial 
mapping described in Lemma 2.1 is k" if E” is complex and is = k"* (mod 2) 
af E" 1s real. 

The proof of Theorem 2.5 will be given in another paper. 


38. An example. In order to justify the definition of mapping degree 
given in Section 2, we must show that it is independent of previous work. 
That is, we must show that our theory is not contained in the Leray-Schauder 
theory. So we must exhibit a mapping J+ C-+ T which satisfies our hypo- 
theses but which is not of the form J + F where F is completely continuous. 
Since C is completely continuous, we must give an example of a mapping T 
which has properties P, and P, and which is not completely continuous. 

A simple such example is the following: Let X he the Hilbert space of 
square Lebesgue integrable functions 7(¢) over the group of real numbers 
mod 1, i.e., X= L,(0,1). We define 


— 


i.e., T[a(t)] is the convolution of x with itself. It is a straightforward 
verification to show that this 7 has properties P, and P,. The transformation 
T is not completely continuous because the bounded set {e?™*"*} is taken into 
itself and it is clear that {e?**"‘} contains no convergent subsequence. 

Examples of the transformation C abound. Any linear integral trans- 
formation acting on z(t) e Z.(0,1), 
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where K(s,t) = K(t,s) and K(s,7) is continuous simultaneously in s and ¢, 
is self-adjoint and completely continuous. Hence as a simple example of a 
transformation to which our theory may be applied but to which the Leray- 
Schauder theory cannot be applied, we have the transformation 


x(s) + K(s,t)2(t)at+ 


acting on z(s) e L,(0,1). 


ANN ARBOR, MICHIGAN. 
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ON APPROXIMATION BY NON-DENSE SETS OF TRANSLATES.* 


By I. I. Hirscoman, Jr. 


We denote by L2(—,0) the Hilbert space of complex valued functions 
f(x) defined for —o<a<o and such that 


is finite. It has been shown by Laurent Schwartz [4], that if t, < t. < ts 
<: ++ is a sequence of real numbers such that 


> < oo, lim inf (tai: — tn) > 0, 
n=1 


and if f(z) lies in the closure in L2( 


combinations of the functions 


0,00) of the subspace of finite linear 


i.e., if given > 0 there is an integer N and constants such 
that 


N 
| F(z) Se, 
n=1 
then f(x) can be represented as a series of the form 


f(z) [-— eltn-a)) 
n=1 


for almost all z. In the present paper we shall establish a general theorem 
of this type. 

Let @(2z) Lo( 
of each other. 


0,00) and e be Fourier transforms 


B(x) — f (M:); 
(1 


* Received September 16, 1950. Research supported by the Office of Naval Research. 
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The symbol M, indicates that the integral in question is to be taken as the 
T 
limit in the mean of order two of the partial integrals f as T’ increases 


to infinity. Let v(t) be defined for 0=¢<oo and such that 


(0) >0, v(t) =0, (0<t<»), 
(2) 
ty’ (t)/v(t) =0(1) as toto, f [tv(t) 


We define H(t) and §(t) by the equations 


H(t) (2/n) [wr(u) }du, 
(3) 


t == uy 


It is supposed that {t,},° is an increasing sequence of real numbers. 


THEorEM. Let (xr), o(t), v(t), H(t), S(t), and {tn}.° be defined 
as above. If 


| = exp[— | |/v(| |)] for all t, 
| &(x)| Sexp[— §(zx)] for large positive x. 
lim inf (tni1— tn) nv(n) > 0, 


n> oo 


lim inf t,/H(n) > 1, 


and if f(x) lies in the closure of the subspace of L2(— ©,0) formed by the 
finite linear combinations of the functions {®(t,— 2) }1°, then f(x) may be 
represented as a series of the form 


f(z) => daPn (tn — 7) 
for almost all z. wis 


Our proof depends upon the construction of a sequence of functions 
{¥,(z)}.° such that 


(4) (2m) -% (tm — 2) dt — 


(5) Yu | = O(exp H(utn)), 


| 
1 
| 
1. 
2. 
ti 
3. t, 
© Li 
pl: 
| 2 
4 
(9 
n—>o,p<1. 


APPROXIMATION BY NON-DENSE SETS OF TRANSLATES. 775 


Suppose that we have exhibited a sequence of continuous functions An(t), 
n=1,2,---, defined for —o<t<oo and belonging to L,(—,), such 


that if An(w) — eA,,(t) dt then 
(6) An(tm) = 8n,m, 
(7) An(u) || = O(exp $(utn)), n—>0o,p<1. 


We set = (M.). It is asserted that 


the functions {¥,};° so defined satisfy conditions (4) and (5). By Parseval’s 
equality we have 


(tm = f [p(u) du 


Using Parseval’s equality again we obtain 


|| || = |] An(u)/p(u) || O(exp 


We proceed to the construction of the functions {A,(t)}.:°. By assump- 
tion 4 there exists a number r, 0 <r <1, such that for n sufficiently large 
ty = H(n)/r?. We define y(t), $*(t), R(t) and p(t) by the equations: 


H*(t) 


(8) 
R(t) =log H*(t), p(t) = ¥[H*(u) ]. 


Let 8, be the strip in the z plane, z—2-+ iy, defined by the inequality 
ly| < 2/2 for —o<a2<o, and let S, be the curvilinear strip in the w 
plane, w = u + iv, defined by the inequalities | v | < r/p(0) for —wo<u <0, 
|v| <r/p(u) for OSu<eo. Let x(w) be the function which maps Sy 
conformally upon S, and is normalized by the conditions (0) = 0, x’(0)> 0. 


We set 
d = exp (4nr)/cos (ar/2) 


(9) 
m(u) = exp {— d exp[rx(w) ]}/[4p(0)? + 


he 
ed 
he 
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Let A*(z) be analytic and | A*(z)| <1 in 8,. We define 


A(u) = m(u)A*[x(u) 
(10) 


a(t) = f —w<ct<o. 


It has been shown in [2,§ 5] that under these assumptions 
(11) | a(t)| <cexp [—| |/ro(|t|)], 


where c is a constant depending on v(¢) and r, but independent of A*(z), 
Using (2) and (8) it is easily verified that 
(d/dt) [r/p(t) ] = —(ra/2) H* (t) (t)] = 0(1), 
as t—>-+o. It follows from [3;§ 2] that 
x(t) ~ R(t) t—>+o, 
(12) 
lim x(t + —x(t) = (#/2)u, 


uniformly for |w|S1—« «>0. 

Let %,—=x(tn), N=1,2,---. By (12) we have R(tn)/r as 
n—>o. Now R(t) = log $*(t), H*(t) = (rt), tar? = H(n) for large n, 
and §(¢) is increasing. It follows that z, asymptotically exceeds log n/r. 
From this we deduce that Se-*" << oo. By assumption 4 lim inf nv(n) [tas — tn] 
>0 as We have p(tnr) Since t 2r?H(n) for 
large n and since $(t) is increasing we have p(t,) 2 r’v(n). Thus as n> 
lim inf np(tn) [tir —tn] > 0. It follows from (12) that lim inf — 2] 
> 0. Using the fact that z, asymptotically exceeds log n/r, we obtain finally 
that lim inf (%.1—Z,)e™ > 0. 

We define 


= IV +e], (man), 
Since See <oo, we have L*(z) analytic and | Z*(z)| 1 in 8; See 
[4, and § 10]. We put 
(13) Ln (w) = m(u)L*a[x(u)], 
We may now define the functions {A,}.°. We set 
(14) An(t) Ln(t)/Ln(tn); 
We must verify properties (6) and (7). Property (6) is evident. To 
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establish (7) we note that the relation lim inf[#n,, — v,]e*" > 0 implies that 


| L*,(2n)| = exp[— exp(%n —a)] for any a, provided n is sufficiently large. 
See [4, §9 and §10]. Taking a—0 we have L*,[y(tn) ] = exp[— exp tn] 
for n sufficiently large. Now R(tn)/r as R(tr) = log (tn), 
(tn) Thus log log | L*[x(tn)]|-* is asymptotically less than 
r log as n—>oo. Again m(t,) asymptotically exceeds 


tn? exp {— d exp [rx(tn) ]}, 


so that log log [1/m(tn)] is asymptotically less than log §(r7tn) as n—>0. 
Using the relation log $(r*t,) is asymptotically less than r*/? log §(r%tn) 
as n—>0o, see [2; § 2], we obtain | L,(tn)| = exp[— S(r*tn)] for n suffi- 


ciently large. Referring to (11) we see that if An(w) = (2ny% f eitua,(t)dt, 
then 
| An(w)| Se’ exp[— | u |/rv(| w |) Jexp[+ $(1*tn)]. 


Using assumption 1, we obtain (7) with »—r*. 
We can now complete our proof. Let f(x) be any function in L.(—o, «). 


We associate with f(z) the formal series S(f) -> bn(f)®(tn — where 
bn(f) — (22) (2) 
By (5) and Schwarz’s inequality we see that for x fixed 
| — 2) f || = O(exp[— — 2) + G(uta)]), no. 


Choose p’, max (p, 7?) <p’ <1. If n is sufficiently large t, p’tn, 
and hence —$(t,—z) + $(tn) S—9(w'tn) + By [25 § 2] we 
have log $(pt,) is asymptotically less than (p/y’)log $(y’tn), from which it 
follows that — $(y’tn) + S(utn) ~— as n—>oo. Finally p’t, = H(n) 
for n sufficiently large. Combining our estimates we have — §(tn—~7z) 
+ §(pt,) is asymptotically less than —n as n->oo. It follows that there 
exists a function M(z) finite almost everywhere depending only on x and 
{tn}1* and v(t), but independent of f(x) such that | S(f)| ||, 
—«o<a2<oo. We now assume that f(z) lies in the closure of the linear 
subspace of L.(—,) formed by the finite linear combinations of the 
functions {®(t,—z)},*. There will then exist a sequence {F';,(r)}*xa1 of 


functions of the form 


Nk 
Fy (2) = —2) 


) 
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such that lim || f(x) —F;(x)|| 0. It is no restriction to suppose that 
lim F(z) f(x) almost everywhere since we can certainly select a sub- 
sequence with this property, and, if necessary, replace our original sequence 
by the subsequence. We have 


| S(f) —S(Fe)| =| S(f—Fe)| SI f—Fe || M(z). 


But S(F,) = F;; thus S(f) =lim f(z) for almost all z Q.E.D. 
If we set v==1, the special case of our theorem which results may be 
applied to e*/* exp[— e?] to give Schwartz’s theorem with the conditions 


lim inf — > 0, 


n=1 n> o 


replaced by the more restrictive conditions 


lim inf ¢,/log n > 1, lim inf [tn —ta]n > 0. 
t=+ 0 


n> 
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TAUBERIAN THEOREMS FOR SUMMABILITY (R;,).* 


By SzAsz. 


nce 


1. Introduction. A series >a, is called summable (R,) to the value 
0 


s if the series 


(1. 1) san“ sin nh, Sy = > 
1 0 
converges in some interval 0 << h < ho, and if 
(1. 2) sn sin nh > s as h—>0. 
1 

It is convenient to assume a — 0. 

The method (2;) is not regular, as the regularity condition } n™ | sin nt | 
< constant is not satisfied. , 

If the series (1.1) converges in 0<h< ho, then syn sinnh—->0, 
0<h< ho, hence, by a well known theorem of G. Cantor, 
(1. 3) Sn/n — 0, 
If s,=1, then } n“ sin nh = (x —h)/2 > 2/2, so that (1.2) holds. 

1 
A related method is summability (R,1), sometimes called Lebesgue’s 
n method. If the series } a,n~ sin nh is convergent in some interval 0 << h < ho, 
1 


and if a,(nh)— sin nh > s, h > 0, then (2,1) an = Several Tauberian 
theorems can be found in the literature, that is conditions under which 
summability (P,1) implies convergence and vice versa. We give here similar 
theorems for summability (R,). Recently Hardy and Rogosinski [1] gave 
necessary and sufficient conditions for a function f(t) in order that its 
Fourier series be summable (f,). Our conditions are mainly on the terms dy 


of a series ap. 


2. Some lemmas. 


Lemma 1. If the series (1.1) converges in0<h< ho, then 


(2.1) sin nh = > anpn(h), 
1 1 


* Received August 14, 1950. Presented at the International Congress of Mathe- 
maticians, Cambridge, Massachusetts. The preparation of this paper was sponsored 
(in part) by the Office of Naval Research. 
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where 
(2. 2) pn(h) = Sv" sin vh. 
v=n 
Conversely, if n~*s,—>0, then the convergence of the right hand side 
implies (2.1). 
Partial summation yields 


m 
(2. 3) 1 sin vh Snpn SmPm+1 > Aypyy 
n n+1 


and pa(h) +1) ], where 
> sin vh (sin nh)/2 + cot(h/2)sin?(nh/2), 


It follows that | pr(h)| <n | tm. | + > [v(v-+1)]+|7,|. Now | rn(h)| 
< 1/2 + [sin(h/2)]-*, hence 


(2. 4) | pn(h)| < m*[1 + 2/sin(h/2)], 


and, in view of (1.3), Snpni:1—>0, for fixed h, as n—>o. Thus > a,p, con- 


verges, and 


(2. 5) sin vh = > Aypy(h) + Snpn(h) ; 


nm =1 yields (2.1). The converse follows similarly from (2.3) and (2.4). 
We shall call a series a, summable (R,) to s if (i) converges 
for small positive h, and if —s, h—0. It follows from 
Lemma 1 that summability ns, —>0 imply summability (2). 


Lemma 2. Suppose that 0 <8=1, 


(2.6) S(| a | a) = O(n"), 


= > a, = O(n’) ; 
0 
then v1 |a,| converges, and (see [3], p. 579) 
1 
(2. 8) v*|a,|—O(n->). 


Lemma 3. If Sa, is Abel-summable, and if 


(2.9) (a |—a) = (2), 


| 
| 
| 
( 
and 
n 
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then > a» 1s summable (C,1) (Cesdro mean of order 1), and 
(2. 10) = O(1). 
See [4], Lemmas 1 and 3. 


3. Tauberian conditions for summability (R,). 


THEOREM 1. If (2.9) holds, then Abel-swmmability of San implies 
summability (R,) to the same value. 


n 
Let } sy, = sn; by Lemma 3, n-1s’, tend to a limit s; we may assume 
1 


without loss of generality that s = 0 (otherwise replace a, by a, —s). 
We write 


(3. 1) sv sin vh = + Ba(h), say. 


Summation by parts gives 


A,(h) sin nh + #,[ (ein vh) /v—sin(v-+1)h/(v+1)]. 


But 
sin vk — sin(v + 1)h/(v+ 1) 
= sin(v + 1)h/v(v +1) — (2/7)sin(h/2)cos(2v + 1)h/2, 


hence 


| (sin vh) /v —sin(v 1)h/(v+1)| 


Given a positive « < 1/2, choose mo(e) so that | s’, | < <’n/2 for n > mo; then 
| << en, for n> m(e) > No. 
1 


To any h in the interval 0<h <1/n, choose n=1-+(eh)-1, so that 


(3. 2) n >(eh)* > m/e > 2n,, and n<1+(eh)71. 
Now 


| An(h)| + 2h < 2(1 + 2hn) 
< (1+ 2h + 2/e) < 2 + 3e*. 


Next, using (2.3) and (2.4) we get convergence of the series (3.1), and 
from (2.4) and (2.5) 


781 
n+1 
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(3.3) Ba(h) < | Snr +1)7[1 + 2/sin(h/2)] 
4 [1 + 2/sin(h/2)] > | ay| /v. 


From (2.10) and (3.2), Sni(m + 1)*[1 + 2/sin(h/2)] = O(e), and from 
(2.8) for §—1, 


(3. 4) | a, | = O(1/n). 


It follows that > s,(sin vh) /v = O(c) for h < ho(e). This proves Theorem 1. 
1 


The analogous theorem holds for summability (R, 1) ; see [4,], Theorem 
4. There is also given a Fourier power series, satisfying the assumptions, 


while a, diverges. 


THEOREM 2. If (2.9) holds and tf San converges, then (1.1) con- 
verges uniformly in0 Sha. In particular San ts summable (R,). 


We may assume that s,—>0; we shall show that B,(h) is uniformly 


small for large n. We write 


B,(h) >, where A > 1. 


n+l v>dAn 


From (3.3) and (3.4), }sw"*sinvkh =O(Anh). Given 0, choose 


y>dn 
mo(e) so that | s,| <<? for define k—=k(A) by n+k= [An], 80 
that k=(A—1)n. To any h in0 <h< a choose A=1-+ (enh). Then 


An An 
| Sswtsinvh | | < hk? (A—1)n—« 
n+1 


n+1 


and Anh=nh+1/e>1/e, hence B,(h) = O(e), for n> n(e). This 
proves Theorem 2. The analogous theorem holds for summability (2.1); 


see [4], Theorem 5. 

Note that the convergence of >'a, is not a necessary condition for the 
uniform convergence of (1.1) in the interval (0,7). This is seen from the 
example in which s, is 1 or 0 according as n is or is not a power of 2. 


4. Summability (R,) of Fourier series. The following theorem is due 


to Hardy and Rogosinski [1, Theorem 3]: 
In order that the Fourier series 


(4. 1) f(t) ~ Sa» cos nt 


( 
I 
if 
x 
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should be summable (R,) to 0 for t= 0, it is necessary and sufficient that 
the Cauchy integral 


I(h) = J (u)eot(u/2) du 


should converge for small h and tend to 0 with h. The upper limit may be 
replaced by any positive 8<m. Hardy and Rogosinski have constructed a 
class of Fourier series which are nowhere summable (R,). It is all the 
more remarkable that a Fourier series is summable (R,) at each point of 
continuity. 

For the proof we may assume that ¢ 0 is a point of continuity and 
that f(0) —0. We write 


h 
+f 


say. Now 


wdu)—o( log(h + )/(h—t)at); 


the transformation (h + ¢)/(h—t) =1+ 2, t=—h2z/(2+ 2), yields 


(4.2) Th(h) f° +2)" log(1 + 2)de)— 0(1). 
Next 


ha t+h 
of rat of log(t + h)/(t —h)dt, 
h t-h h 
and the transformation (¢-+h)/(t—h) =1+2, t=h(2+72)/2, yields 


(4. 3) + x) log(1 + = 0(1). 
2h/ha-h 
Finally 


I,(h) —0 frat 
his 


it f “| f(u)| dw 


1-2 


T h 
his 


om 
ns, 
80 
j 
his 
the 
the 
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so that 


+ + h)/[t(t — Furthermore + h)/[t(t —h) ]dt 


(t—h)~dt —O(h) —0(1), and 


+h) {[t(¢—h)]*— [(¢ + 2h) (t+) 
(2t —h)/[t(t —h) (¢ + h) (t — 2h) ]dt 


O(n f (2t—h)/[(t—h) (t +h) (!—2h) Jat) 


(2t— 3h)h/[ 3h) at) 


o( f 


= O(h/(hi— 3h)) =0(1). Thus I;(h) =0(1), h->0. Hence, the esti- 
mates (4.2)-(4.3) prove the following theorem. 


THEOREM 3. The Fourier series of a function f(t) is summable (R,) 
at each point of continuity of f(t). 


5. The Lebesgue constants. Employing well known results, Theorem 3 
also follows if we prove that the set of Lebesgue constants corresponding to 
the transform (R,) is bounded. We assume that f(t) is integrable and that 
|f(é)| S1,0StS-. Let 


Sn = 8,(0) = Ay COS VO = (1/2) an cos nO +- s,* (0). 
1 


Then s,*(8) — nt dt, where 
p(t) = (1/2) [f(@+ t) + f(@—2)]. 


Because of periodicity, we may restrict ourselves, as usual to 90. Now 


> san sin nh = (1/2) a,n sin nh + > sp*n- sin nh; 
1 1 


h 

here | sin nh | = f(t)dt |= h/2S2/2 for 0<h<-a. Next, 
1 0 

from [1], § 3.1, 


sin nh "f(t)cot(t/2) sin né sin nh dt, 
1 0 1 
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where, if O<t<27,0<h<z, 
> n- sin nt sin nh =(1/2)log[sin(1/2) (t + h) ]/[sin(1/2)| |] > 0. 
It now follows that | Ss sin nh | 
<(1/2n) cot(t/2)log[sin(1/2) (t +h) ]/[sin(1/2)| 


= (1/7) cot (¢/2) sin nt sin nh dt 
0 1 


=(1/r)> n" sin nh f " cot (¢/2)sin nt dt = > n- sin nh 
2 0 


= (xr—h)/2=7, termwise integration being legitimate, as in a similar 


case in [1], p. 178. 
This proves that the Lebesgue constants are uniformly bounded. 


6. Other conditions for summability (R,). 
THEOREM 4. If 
(6.1) Sn — 8 = 0(1/log n), 
and tf for some §>0 


(6.2) a | —a) = O(n), 


then ts summable (R,). 
Summability (#,1) under the same assumptions was proved in [3], 


p. 578. 
We may assume that s=0 and §< 1; we write 


(6. 3) > sin vh = S— + Da(h); 


say. It follows from Lemma 2 that v7 | a,| <o; from (6.1) and (2. 4) 
for fixed h, Snpnsi > 0, and from (2.3) follows the convergence of (6.3). 
We choose n = (1/h), 0<.h < 1/2, then, in view of (6.1), 


(6.4) Cn(h) =O(h =O[1/log(1/h)] =0(1), h-0. 

vhS1 
We next choose an r such that r8 > 1; to any h < 1/4 choose k, = [h] Sh. 
Now 


kn kn 
(6.5) sin vk = 0( 1/vlogv) = o(log log k, — log log n) 
n+1 n+1 


— 0(log (log kx) /(log n)) = 0 (log r log(1/h) /log (1/h) ) 


) 
J 
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=logr-o(1). Finally, employing Lemma 2 and formulas (2.4), (2.5), 
we have 


(6.6) vh = h7O (ky) = = 0(1). 
Kn 


Combining (6.3)-(6.6) yields Theorem 4. 


7. A (C,r) —(R,) theorem. 
THEOREM 5. If Sa, is summable (C,1—a) for some positive a <1 
and if 
(7.1) on => |8,*| = O(n"), 
1 


then the series is summable (Ri). 


The corresponding theorem holds for summability (R,1); see [5], 
Theorem A. For closely related theorems see [2]. 
The Cesaro sums s," are defined by 


(7. 2) Sn” = > Where yn" = ") 
1 


We have yn" — ya-1" = ya", 
n 

(7. 3) > == Sn 
1 


(7. 4) yn’ ~ n'/T(r+1), 
By asumption, s,3~*/y,!* > s, n >0o ; we may assume s = 0, so that, in view 
of (7. 4) 
(7. 5) —> 0, 
n 
From (7.3), for r=0 and e—a—1, we have > yn-»*’s,'*; hence, 
1 


from (7.4) and (7.5), Ss: == O(n'*) =o(n). Thus, by Lemma 1, we need 
only to prove summability (R,) to zero. 


n 
We have a, = > yn-»* hence 
1 


the interchange of summation is justified if the double series is absolutely 
convergent. Now, from (2.4) and (7.4), 


‘ 
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=O(v") for «<1. Furthermore 
m m-1 
Dvt | | = mon + +1) = O(m*) + +1) 
1 1 1 


=0O(1) as0<a< 1; this proves (7.6). 


Summation by parts gives 


m-1 


m-1 
= O(m?) + sin nh, < 2, hence 
n=v n=v 
Now, from (7. 6) 
(7. 7) = > sin k= + 
1 p=1 


vk=X 


= + ¢2(h), say, where >1 is fixed. 
We wish to show that ¢:(h) ~0 and ¢.(h) +0, as h->0. To this 
end we first estimate Atv sin vk for r>—1. By definition, 


sin vh = > sin nh, r>—1. 
n=v 


1 
Now sin nh = h/2 hence 
-1 


1 
einhedy, — /2 > yn-» 
1 


Ary? sin vh = (h/2)S. f 


interchange of summation and integration being legitimate. But 


n=v k=0 


== — hence 
Ary sin vh = h/2 f (1 — othe) 
It follows that f 
(7. 8) | f | 
We now assume 0 < h < 1/2, and write 
(7. 9) [Ah] =n; 


87 

7 

| 


788 OTTO SZASZ. 


thus 


n n-1 
= > sin vh = gin nh + gin 
p=1 1 


Employing (7.5) and (7.8) we get 
n—-1 
$i(h) = 0(n'*h**) + 0( *h?*) 
1 
= 0(nh)** + o(nh)?, and in view of (7.9) 


(7. 10) $:(h) = 0(A*) + = 


To estimate $2(h), consider again A~*y"' sin vh, and write 


v+n 


Ay sin vh = > sinkh + S sin kh 
k=v 


k=p+nt+1 


= §,(h) + 8.(h), say, where »—[h*]. Now 


and, summing by parts, 
= Og +) 7) + 1) 
= = O(yh-*). Thus Ay sin vh = O(v7h*). Now 


furthermore, employing (7.1), 


Tex — 0(k-*), hence 


Combining (7.7), (7.10) and (7.11), we get dnpn(h) = + O(A*) ; 
thus, letting h > 0, “i 
lim sup | anpn(h) | S O(A*). 
h-0 1 


Here « is positive, 0(1) is independent of A, and A is arbitrarily large, hence 
Qnpn(h) > 0 as This proves Theorem 5. 


TAUBERIAN THEOREMS FOR SUMMABILITY (R:). 789 
8. Connection with summability (k,1). The well known formula 


sin vt = —(t/2) + f [n +(1/2) sin(x/2) ]}dx 
yields 


n—-1 t 
> sin vt + (1/2) n sin nt = —(t/2)-+ (1/2) f sin nz cot (x/2) dz, 
1 0 

hence, for 0 << t <a, 


pn(t) = 2/2 +(1/2)n* sin nt —(1/2) ff sin nz cot (x/2) da. 


t nt 
Furthermore f z* sin nvdz = f y sin ydy = 1/2 — f y*sin ydy, 80 
0 0 nt 
that 
pn(t) = f sin ydy +(1/2)n“ sin nt + J —(1/2)cot(x/2) |sin nadx 
nt 0 


t/2 
= S81(nt)+ (1/2) sin nt +f (y sin (sin y — y cos y)sin 2nydy. 
0 


The formula (d/dy) (y*— cot y) = (sin? y~ and an integration by 
parts yield 


pn(t) = Si(nt)+ (1/2) sin nt + —(1/2) cot (t/2) )n*(1 — cos nt) 
t/2 
—(1/2) [ (sin? y)-* — (1 — cos 2ny) dy. 
We now have 
(8.1)  Saypr(t) — (vt) +(1/2) sin vt 
+ ( (t+ —(1/2)cot(t/2) ) va,(1 — cos vt) 
t/2 n 
—(1/2) ((sin? y)-? — v-a,(1 — cos 2vy)dy. 
We now suppose that both (4.1) and its conjugate 
(8. 2) > a, sin nt ~ F(t) 


are Fourier series. It then follows from [1], Theorem 7%, that Sa, is 
summable (f,) if and only if the Cauchy integral 


(8. 3) f f(t) /t dt 
exists. We give here a simpler proof, based on formula (8.1). We now have 


5 


| 
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t oo 
> sin nt = f f(x) dz, > nan (1 — cos nt) = f f(x) dz, 
1 0 1 0 


and, from (8.1), 


Here each term on the right tends to 0, as t—>0. Thus the series > a,p,(t) 
1 
and > a,Si(vt) are either both convergent or both divergent. Now from (8. 2) 


a,Si(vt) — ae, t>0, 


and the series converges for all ¢>0; hence S\a,,(t) is convergent for 
all ¢>0. Furthermore s,—o0(n), hence by Lemma 1, the series (1.1) is 
convergent. It is now clear that summability (R,) implies (8.3) and 
conversely. We call the series }}a, summable (k,1) to s if the series 
> a,Si(nt) converges in some interval 0 < t < fo, and if 2/7 ¥ a,Si(nt) > s, 
as t-—>0. We have just shown that under the assumptions (4.1) and (8. 2) 
the summability methods (R,) and (k,1) are equivalent. 


9. Gibbs phenomenon. In addition to the regularity of the corre- 
sponding Lebesgue constants, the transform (R,) presents no Gibbs phe- 


nomenon. Consider the transform of the series > n sin nt, so that 
1 


Sy, = —(t/2)+(1/2)n* sin nt + (1/72) cot(2/2)sin nx dz; 


thus the transform is 
> sin nh = —(t/r)>¥ n sin nh + 1/2 sin nt sin nh 
1 1 1 
f cot (x/2) (> sin nz sin nh) dz. 
0 1 


It is easy to see that the transform sums the series to its proper value 
(x —t)/2 for 0<t<-. We wish to determine 

lim sup 4/x? > n-'s,(t¢)sin nh =A, 

t>0,h-0 


which is called the Gibbs ratio of the transform (f,) ; it is clear that A= 1. 
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If A=1 then we say that the transform presents no Gibbs phenomenon. 
The first term on the right of (9.1) evidently tends to zero. The second 
term is in absolute value less than 


n-2(sin? nt + sin? nh) = + h(w—h)/2}, 


1 
hence tends to zero. Finally the last term is positive and less than (see 


section 5) 


f “cot) 2/2) (> n- sin nx sin nh) dz = (x —h)/2 < 2/2, 


which proves our assertion. 
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LINEAR DIFFERENTIAL EQUATIONS WITH ALMOST PERIODIC 
OR LAPLACE TRANSFORM COEFFICIENTS.* 


By Catvin R. Putnam and AvuREL WINTNER. 


1. This paper consists of two parts, dealing with an n-th order linear 
differential equation possessing coefficients all of which either are uniformly 
almost periodic functions or are Laplace transforms. The proof, given in 
part II, of the theorem dealing with Laplace transforms will be somewhat 
abbreviated owing to its similarity with the proof, which will be given in 
detail in part I, of the theorem in the almost periodic case. 


PART I. 
2. Let 


(1) fo(t), fi(t),- fna(t), (—w<t<o), 
be nm uniformly almost periodic functions of the real variable ¢, having the 
property that the frequencies A,,A2,- - - occurring in the Fourier expansion, 


k 


of any of the functions (1) have a positive lower bound; so that, without 
loss of generality, 

(3) 1, 

if the unit of length on the ¢-axis is suitably chosen. (Since the functions 
f(t) are considered on the entire ¢-axis, the choice of the minus sign in (2) 
is, at present, obviously immaterial; it is inserted, however, for the sake of 
later convenience. ) 


THEOREM I. The homogeneous, linear differential equation 


(4) 3 fa(t)d'x/dt — 0, 


where —o< ¢t<oo and the coefficients (1) are uniformly almost periodic 
on —o<t<oo with Fourier expansions (2) satisfying (3) and 


(5) fn(t) =1, 


* Received December 15, 1950. 
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must have a non-trivial (+0) solution x= 2,(t) which is bounded, as 
t—» +00, and is, to a constant factor, the only bounded solution of (4) ; 


this solution is uniformly almost periodic; 


if ¢ denotes the constant term of the Fourier expansion of z,(¢), then 
c=£0 (so that, since z,(¢) can be multiplied by any constant, c can be 
assigned as an integration constant determining 2,(t), the trivial solution 
a(t) =0 being determined by c= 0); 

if the constant term of the Fourier expansion of x,(¢) is subtracted from 
a(t), then the resulting uniformly almost periodic function, z,(¢) —c, has 
frequencies all of which are linear combinations, with positive integral 
coefficients, of the frequencies of the coefficient functions (1) (so that, in 
particular, all non-vanishing frequencies of z,(¢) must satisfy the inequality 
(3), the latter being assumed of all frequencies of the functions (1) ) ; 


the frequency 0 of 2,(¢), represented by the occurrence of the term 
c= 0 in the Fourier expansion of 2,(¢), can be thought of as being due to 
the presence of the coefficient function (5) (which is uniformly almost 
periodic with 0 as its only frequency) ; 
finally, the general solution of (4) can be described as follows: 
(4) has a system of n linearly independent solutions z = r'(t),---, a(t), 
which can be chosen so as to possess the recursive structure 
(6) a(t) 2°(t) taX(t) + t),- tot) + 24(2), 
that is, 
k-1 
(6 bis) == 1, 2,° N, 
h=0 


where x,(¢) is the uniformly almost periodic function singled out above, and 
the remaining n—1 functions -,2n,(¢) have the structure 


k-2 
(7) a(t) (t), k=2, 3,° 
h=0 


where the functions x,, are uniformly almost periodic with Fourier expansions 
satisfying (2) and (3) (and with frequencies all of which are linear com- 
binations, with positive integral coefficients, of the frequencies of the coefficient 
functions (1) ). 


Corresponding results hold when (4) is replaced by the inhomogeneous 
differential equation 


(8) — g(t), 


ar 
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if g(t) is uniformly almost periodic and satisfies (3), as do the coefficient 
functions (1). It will be clear from the results of Section 5 below that (8) 
has a particular solution which is almost periodic and has a Fourier expansion 
(2) satisfying (3) with frequencies which are linear combinations, with 
positive integral coefficients, of the frequencies of the coefficient functions (1) 
and of g(t). The general solution of (8) is obtained, of course, by adding 
to this particular solution the general solution of the linear homogeneous 
differential equation (4), as furnished by (6). 

The truth of the assertion of the part of the theorem as to the fre- 
quencies of certain functions being linear combinations, with positive integral 
coefficients, of the frequencies of the coefficient functions, will be clear from 
the proof. 

All of this parallels the results of [4], where n = 2, in the same way as 
[2] parallels [3]. 

In order to prove Theorem I, it will be convenient to transcribe the 
statement and terminology of this theorem in such a manner that the real 
line —o< t <oo is replaced by the complex closed half-plane o = 0, where 
s=o-+it. For this purpose (cf. [2], p. 860), a function f(s) will be 
called uniformly almost periodic, in the half-plane o = 0, if f(s) is regular 
and, in the usual sense (cf. [1], p. 141), is uniformly almost periodic in 
the open half-plane o > 0, is continuous on the closed half-plane o = 0, and 
f(it) (f(s) on the boundary line o —0) is uniformly almost periodic for 
—a<t<o. If the variable it is replaced by s in each of the series (2), 
it follows from the theorem of [1], pp. 150-151, that each of the new series 


(2’) > 

k 
is the Fourier expansion of a corresponding function 
(1’) Fo(s), Fi(s),° >, 


uniformly almost periodic for = 0, and such that (it) = f,(t), h =0, 1, 
-+,n—1. Define F,(s) by 
(5’) F,(s) =1. 


Let (6’), (6’ bis), (7”) denote the relations which result by replacing 
t by s in (6), (6bis), (7), respectively. Correspondingly, replace (4) by 
(4’) > F,(s)d'x/ds* = 0 
h=0 
and (8) by 


(8’) 3 F,(s)d*2/ds* = G(s), 
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where now z—<(s), the functions /,(s) are those defined above, and G(s) 
is obtained by replacing it by s in the function g(t) —G(it). If the state- 
ment of Theorem [I is altered so as to correspond to the primed relations just 
introduced, there results, for the complex half-plane o = 0, a theorem, to be 
called Theorem I’, which is similar to Theorem [I for the real line—o<t<o. 
That the assumptions of Theorem I’, where uniform almost periodicity refers 
to the half-plane o = 0, are implied by those of Theorem I, is a consequence 
of the preceding paragraph. Let s it (that is, c= 0), so that the equation 
(4’) [or (8) ], if multiplied by 7”, becomes 


[or irg(t)]. 


h 


It is clear that the functions 1”-"f,(t) and g(t) /1” have the same structure 
as the respective functions f,(¢) and g(t). Moreover, if any solution 2x* of 
(4) is multiplied by a non-vanishing constant, the essential properties of «* 
as regard to its structure and to its being a solution of (4) are unchanged. 

It is understood that all derivatives dy/ds, considered above or in the 
sequel, are to be interpreted on the boundary line o = 0 in the “ one-sided ” 
sense. Thus, (dy/ds) s-s, = lim (f(s) —f(s0))/($— So), where 8) is 
fixed and s—o+it,o=0. In addition, it is to be noted that, on the half- 
plane o = 0, the linear independence of the solutions z*(s), considered in 
Theorem I’ (corresponding to (6) for Theorem I), implies their linear inde- 
pendence on o = 0. 

The above remarks, together with an inspection of the statement of 
Theorem I’ when o 0, make it clear that Theorem I is a corollary of 
Theorem I’. The proof of Theorem I’ will be given in Sections 4, 5 and 6. 


3. Two lemmas will first be proved. 


Lemma 1. On the half-plane o = 0, let f(s) be a uniformly almost 
periodic function with a Fourier expansion 


(9) f(s) ae’, where pm =v > 0, 

k 
and let n denote an arbitrary positive integer. Then there exist a constant c 
such that | f(s)| S foro = 0, and n+ 1 functions f(s) = go(s), 91(s), 


+, 9n(s), each uniformly almost periodic for = 0 and possessing a Fourier 
expansion of the type (9) (with the same frequencies p, as for f(s)), such that 


dg;,/ds = (that ts, d*g;,/ds* =f) foro=0 and k —1,2,-+-,n. 
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Furthermore, 

(10) | 9x | S cv*e-* for = 0, 

and hence, in particular, 

(11) | | for 0, k=1,2,:--,n. 


It is easy to see that the function f*(s) defined in [2], p. 862, formula 
line (16), satisfies the equation df*/ds = f(s) (loc. cit., p. 861, formula line 
(14)) for o=0, rather than merely for o>0. This fact, and the proof 
and successive applications of the Lemma, loc. cit., p. 861, readily imply 
Lemma 1 above. 


Lemma 2. On the half-plane o = 0, let ho(s), hi(s),- -,hu(s) denote 
M +-1 uniformly almost periodic functions, each having a Fourier expansion 
of the type (9). Then, by Lemma 1 (cf. (10) for k=0), there exists a 
constant c such that | h,(s)| S ce’? foro=0 andk=0,1,---,M. Fur- 
thermore, the differential equation 


M 
(12) d"x/ds" 3 s*hy(s), 
k=0 


possesses a solution x such that 
M 

(13) d'z/ds' = 
k=0 


where the functions x, are uniformly almost pertodic for o = 0, with Fourier 
expansions satisfying (9) (with frequencies which are contained in the set 
of frequencies of the functions h;,), and are such that 


(14) | ta | S Cuvce-”’, for all & and 1—0,1,- --,n—1, 
where Cy denotes a constant depending only on M. 


The proof of Lemma 2 depends on a number of partial integrations 
and on Lemma 1. If [y]™ denotes a certain m-th primitive of a function y, 
a partial integration shows that 


(15) [s*hy]™ = s*g, — k[s**g,]%, 


where the present h; and g, are identified with the functions f and g, respec- 
tively, occurring in Lemma 1. Successive partial integrations applied to (15) 
and the use of Lemma 1 show that 


k 
[s*hy, | (1) > 
h=0 


o= 0, 
| 
| 
C 
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where the functions z,;, are uniformly almost periodic for c= 0 and of type 
(9), and satisfy 
| 2kh | = k = 0. 


Since k = M, it is readily seen that 
M M 
[ s'hy] = 3% where | | S (If + 1) 
k=0 h=0 


holds for k—0,1,---,M. (The properties of the functions 2: are 
described below.) It follows that 


M M 
n=0 h=0 


where the functions Zznm are uniformly almost periodic for o = 0, are of type 
(9), and satisfy 


| Zam | [(M +1) !] 
Relations (16) and (12) now imply (13) and (14) if @ is defined by 
M 
t= [ s*h,|]™and cy =[(M+1)!]". This completes the proof of Lemma 2. 
h=0 


4. Proof of Theorem I’. The existence of the function +—2"(s), 
corresponding to the z(t) of Theorem I, satisfying the differential equation 


(4’) = 0, o=0, 
h=0 
will first be shown. The differential equations, determining the successive 
approximations to the desired solution will be set up for c= 0 
as follows: 
n-1 
(17) msi /ds" = — & F,(s) d"ym/ds*, m=(0,1,2,°°°, 
h=0 
where 
(18) yo(s) =1. 
For m =0, (17) becomes, in virtue of (18), 
(19) d"y,/ds" = — F,(s). 


Let c denote a constant such that 


(20) | F.(s)| S ces, o= 0, k=0,1,---,n—1; 


ef. Lemma 1. An application of Lemma 1 shows that (19) has a solution y, 


e 3 
a 
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which, along with its first n—1 derivatives, is uniformly almost periodic 
for c= 0, with a Fourier expansion (2’) satisfying (3), and such that 
(21) | d'y,/ds' | S ce~, o=1,1—0,1,---,n—1. 


(The above functions y, and — F’,(s) correspond to g, and f(s) in Lemma 1.) 
Suppose that a function y» has been determined so that it and its first n —1 
derivatives are uniformly almost periodic for «20 and possess Fourier 
expansions (2’), with exponents A; = m, and are such that 


(22) | d'ym/ds' | =(nce*)™/m!, 
(These conditions are clearly satisfied for m1.) Then, by (20) and (22), 


n-1 
(s) ds" | = 
h=0 


Another application of Lemma 1 shows that (17) possesses a solution Ym 
such that it and its first m-—1 derivatives are uniformly almost periodic for 
o = 0 and satisfy 


| d"Ymsi/ds' | S(nee*)™*/(m 4+ 1)!, o = 0,1—0,1,---,n—1. 


Thus, (22) is satisfied if m is replaced by m-+-1. Consequently, by (18), 
(21) and (22) (the last being valid for m —0, 1, 2,-- -), 


(24) d'ym/ds' | CA(co), > 
m=1 


where C denotes a constant independent of J and s, and A(o)—>0 holds as 
o—o. It is seen from (24) and (17) that the inequality (24) holds also 


for 1 =n. 
The preceding results, together with (17) and (18), show that the 


function z' defined by 
(25) =1+3 ym(s) 


is a solution of (4’). Since the series of (25) is uniformly convergent for 
o = 0 and since each term is uniformly almost periodic, it follows that z*(s) 
(together with its first n derivatives, cf. (24), (4’) and (5’)) is uniformly 
almost periodic foro = 0.* That z' is bounded and #0, with 1-as its non- 


*In [2], p. 864, the matrix function W(s) should be defined (in the terminology 

occurring there) by W(s) = 3 V.(s). Since 3] V’n(8)| is uniformly convergent, W is 
0 


the solution of the differential equation under consideration for which W—Z# has no 
constant term. 
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vanishing constant term, follows from (25) and (24), for J1=0. The 
remaining properties of x*(s) concerning its non-vanishing exponents are 
clear from the above construction. 

5. Consider now the inhomogeneous equation 


(8”) 3 = 9(s), 


where g(s) is not in general uniformly almost periodic but is defined by 


M 
(26) g(s) s*hk, 
k=0 


where the functions ho(s),hi(s),- + -,hu(s) of (26) are supposed to be 
uniformly almost periodic of type (2”) and (3). It will be shown that (8”) 
has a solution x(s) such that 


M 
(27) d'z/ds* == > 
k=0 
where the functions 2, are uniformly almost periodic for o=20 and have 


Fourier expansions of type (2’) and (3). 
Consider first the equation 


(28) dry,/ds" =9(s), 


According to Lemma 2, (28) possesses a solution y, such that 
M 

(29) d'y,/ds' s"yin1, | == ‘,n—1, 
h=0 


where the functions y,,; are uniformly almost periodic for c= 0 and are of 
the type (2’) and (3). Consider the equation 


n-1 
(30) A" Yms1/ds" = — & Fi (s)d'Ym/ds*, m= 1,2,° 
1=0 
where the functions F;,(s) are given by (1’). Tf m1, (30) becomes 
n-1 
(31) d"y2/ds" = — F;(s)d'y;/ds", 
1=0 


where y; is defined by (29) for 1/0. By (29) and the properties of the 
functions (1’), (31) can be written as 


M 


(32) d"y2/ds" = 
h=0 
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(33) 


(cf. (14)). 


(37) 


of type (2’) and (3). 


| Your | Cuce-**/2, 


Suppose that ym, where m = 2, has been determined such that 


6. Consider finally the equation (4’). 
sponding to the function 2*(t) of Section 1) has already been determined 
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| gx | S for 0. 


M 
d'y,/ds' = "yon, 
=0 


M 
(34) d'ym/ds' 
=0 


n-1 
| Fi(s) | 1, 


— 3 yn(s) 


== 0,1,- 


(35) | | (Cync)™*e-™?/m 
Then 
n-1 M n-1 


where the functions g;, are uniformly almost periodic for o=0 and are of 
type (9) for y—2. Hence, by Lemma 1, there exists a constant c satisfying 


It follows from Lemma 2 that (32) possesses a solution y, such that 


where the functions y2,; are uniformly almost periodic for o= 0 and satisfy 


o =0,1=0,1,- -,n—1, 


where the Ymj; are uniformly almost periodic for o= 0 with Fourier expan- 
sions of type (9) for y= m and are such that 


o=1,!—0,1,: --,2—1. 


where, by the properties of the functions (1’) and the functions yma, the 
functions [: - -] of (36), where h —0,- - -, M, are uniformly almost periodic 
for o = 0, are of type (9) for ym - 1, and satisfy 


o= 0. 


An application of Lemma 2 shows that (30) possesses a solution Ym, such 
that (34) and (35) remain valid if m is replaced by m+ 1. The preceding 
results, together with (28) and (30), show that the function z(s) defined by 


satisfies (8”), where g(s) is defined by (26). It is clear from the properties 
of the function that z(s) and its first n—1 derivatives have 
representations of the form (27), where the z,; are uniformly almost periodic 


Its solution (corre- 
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(Section 4). Suppose that N functions z'(s),---,2%(s), where N =1, 
have been determined such that z*(s) is a solution of (4’) satisfying 


(38) —2(s) 
or, in case 2 =k = N, the equations 


(39) a(s) = sa**(s) + 


and 

k-2 
(40) — 3 | = * 1, 
where the functions wj; are uniformly almost periodic for c= 0 and of type 
(2’) and (3). The existence of an 7%, in the case N —1, has been proved 
in Section 4. In line with the assertions represented by (6’), define the 


function 7*1(s), in case n= N +1, by 
(41) aN+1(g) == sxN(s) + 
(Actually, if n = 1, so that n= N + 1 cannot hold, the proof of Theorem I’ 


is already complete.) As is readily verified, in order that z%**(s) be a 
solution of (4’), ry,1(s) must satisfy the equation, 


(42) Fi (s) d'ty.1/ds' = g(s), 
1=0 
where 


g(s) =— 3 /ds, 


Hence, properties (2’) and (3) of the functions (1’), together with the 
properties of the functions 21,- - -,2%, as given by (38), (39) and (40), 
imply that the present function g(s), defined above, may be identified with 
that defined by (26), where M = N—1. The only conceivable trouble might 
arise from the term nd"*¢"/ds"-* of the last summation. However, since 
n—1= N, it follows from (38)-(40) that this function alone is of type (26) 
as are also the remaining terms (hence the whole) of the summation. Thus, 
} as was shown in Section 5, (42) possesses a solution ty,,, where 


N-1 
(43) d'ty.,/ds" 
=0 


and the functions z,; are uniformly almost periodic for o20 and of type 
(2’) and (3). It follows from (38), (41) and (43) that (38), (39) and (40) 
remain valid if NV is replaced by N-+ 1. It is clear that if the functions 
w*(s) are defined by (41) for k 2,3,---,N (the function being that 
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determined in Section 4), then one obtains n solutions z',- - -,2" of (4’) 
possessing the structures (6’), (7’) described in Theorem I’; cf. Section 2. 
That these n functions are independent is clear. In fact, if s is real, it is 
easily verified that z*(s)/s**—>1 as s—>oo. In particular, z1(s) is the only 
bounded solution of (4’). The assertions regarding the exponents of the 
functions 2;,(s) of (7’) are clear from the proof. 


PART II. 


7. Results analogous to those obtained in Part I holds in case the 
functions (1) are absolutely convergent Laplace integrals. In fact, the 
following theorems will be proved: 

THEOREM II. On the real half line 0 St <0, let each of the functions 
(1) be a Laplace integral of the type 
(44) f(t) — edax(u), 


1 
where 


(45) f | dax(u)| 


and define f(t) by (5). Then (4) possesses n linearly independent solutions 
x=—=wz'(t),---+,a"(t) which can be chosen so as to possess the recursive 


structure (6), where x'(t) =2,(t) is defined by 
(46) —1+ eap,(u), 
1 


the remaining functions z(t) have the structure 


1 
and the functions Bi, Bxx satisfy the relations 


1 


finally, the spectra of the functions B, and Bin are contained in the closure 


1 
|: 
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i 
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of the set of those t-valwes representable as mt, -+---+-—+mtm, where 
M,1,° ° *,%m are positive integers and t,,---,tm are points belonging to 


the spectra of the functions ao, a1,° * *,an1; cf. [4], p. 443. 


Similar results hold for the homogeneous equation (8) if g is of the 
same type as the functions, f,, k —0,1,---,n—1. 

The proof of Theorem II proceeds along the same lines as that of 
Theorem I’, the multiplication of two uniformly almost periodic functions 
in the latter case being now replaced by the convolution of two Laplace 
integrals. The rdle played by the above mentioned multiplication, in being 
responsible for the successive increases by one of the lower bound for the 
exponents involved in the successive approximations, is now taken over by 
the “additive rule” for spectra in the case of convolutions; cf. [3], p. 335. 


8. Proof of Theorem II. The existence of the function z1(¢) will first 
be shown. It is easily verified that the function 


(49) (u), 


where y,(w) is defined by 
(50) (— u)"dy:(u) = — dao(u), 


satisfies, for 0 = ¢t <oo, the differential equation 


n-1 
(51) mii /dt" = fi(t)d'ym/dt',  yo(t) =1, 


in which m = 0, so that 
(52) d"y,/dt" = — f,(t), 0OSt<o. 


Suppose that y(t), where m = 1, has been determined so that 


(58) Yn(t) 


1 
where the spectrum of ym(t) does not extend below m, and where (cf. (45) ) 


(54) bn = f | dym(u)| <<. 


1 
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That (53) and (54) hold for m1 follows from (49), (50), and (45). 
By (51) and (54), 


n-1 n-1 
3 fi(t)d'ym/dt!— ed ami) (wu), 
1=0 1=0 

1 


where 


dam (U) = (— u)'dym(u), Q,1,---,n—1, 


and the asterisk is the symbol of convolution. If ym.i(w) is any function f 
satisfying 


n-1 
=— d 3 a; * am, 
1=0 


(so that, except for a normalization constant ymii(1), any function ymi(u) f 
is uniquely defined at its continuity points, only ymii(w—0) and ymi(u + 0) § 
being relevant; cf. [3], p. 334), it is seen that the function ym,1(s) defined 
by (53), if m is replaced by m + 1, satisfies (51) for 0 ¢ <o and, since 
the spectrum of ym:(w) does not extend below m + 1, that 


u" | dymss(u) | nC8m/(m + 1), 
0 
where C = max([ao], [a:],---,[an+.]). (Use is made here of the con- 
volution inequalities [a; * dim] = [a:][@m]; cf. [4], p. 446.) Thus 
(55) 8m = O(a"/m!), 


where a denotes some positive constant independent of m (cf. [4], p. 446). f 
If B:(u) is defined by 


(56) Bs(u) — 3 ym(u), 


it is clear that the spectrum of 8,(¢) has the properties described in Section 7, 

and that the function 2'(¢) defined by (46) is a non-trivial solution of (4) 
(in fact, > 1 as That 

b 


follows from (55) and (56). If ¢> 0, it is seen from (4) and (46) that t) 


© 


1 


| 


(45). 


con- 


(4) 
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where B,’ = (— u)'dBi, 1=0,1,---,n—1. Hence 


: and relations (45) and (57) imply, via (57) and the relation [a;* B,'] 
< [a)][:"], the first inequality of (48). 


The remainder of the proof will hinge upon the following lemma, 


| corresponding to Lemma 2 of Section 3: 


Lemma 3. On the half-line OSt<o, let ho(t),hi(t),- ha (t) 


denote M +1 Laplace integrals of the type 


v 
| where w= +, [ou])<0. Then the differential equation 
M 
dx/dt" = t*h,(t), 0<t<a, 
k=0 


possesses, for 0 = t <<, a solution such that 


M 
k=0 


and the functions x, are such that 
Lx1(t) = f == 0, M and |= 0, i, 


vp 
and 


[ax] S Cup", k=0,1,---,M and |=0,1,---,n—1 
where Cy denotes a constant depending only on M. 


The proof of Lemma 3 is similar to that of Lemma 2 and can therefore 
be omitted. 

The remainder of the proof of Theorem II will now be sketched. By 
use of Lemma 3 and a method similar to that used in Section 5, one shows 
that the inhomogeneous differential equation 


n M 
= 3 thy, 0<t<o, 
h=0 k=0 
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where the functions h;,(¢) are Laplace integrals of the type (44) and (45), 
has a solution z(t) such that 


M 
== 
k=0 


and the functions z,; are Laplace integrals of the type (44) and (45). The 
application of the above results in that portion of the proof of Theorem II, 
corresponding to Section 6 for Theorem I’, is clear. 

That Theorem II can be generalized to the complex case by replacing 
the real variable t, t by s=o-+ tt, whereo= 0 and —w< t <a, 
is seen from the remark of [4], p. 447. 
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GENERALIZATION OF A THEOREM OF MANDELBROJT.* 


By James A. JENKINS. 


1. Some years ago S. Mandelbrojt [6] initiated the study of quasi- 
analytic classes of functions integrable over a finite interval. This work was 
continued and extended by Levin and Lifschitz [5] who considered the 
relationship between the admissible integral orders of zeros of such a func- 
tion and the gaps occurring in its Fourier series. Let f(t) be a function 
summable over the interval (—7,7) and have the associated Fourier series 


f(t)~ 4a + (a, cos nt + 6, sin nt). 


Let y(a) be a continuous, non-negative, non-decreasing function defined for 
0Sa=27. Then we say that f(t) has a left-hand zero of integral order 


at if 


= dt (0<a<2r). 


Alternatively one could consider right-hand zeros of this type or such zeros 
situated at other points. In terms of a function derived from y(@) and a 
function measuring the density of the indices of non-vanishing terms of the 
Fourier series, Levin and Lifschitz gave a condition implying that f(t) 
vanishes almost everywhere on the interval (—z,7). I. I. Hirschman and 
the author gave a simple proof of a refinement of this result [2]. 

The question arises whether something of a similar nature can be done 
for functions defined on the infinite interval (—, oo) and it seems there 
is a rather natural connection with the general principle of Wiener that a 
function and its Fourier transform cannot both be too small at infinity. We 
may suppose that f(t) and ¢(zx) are in L?(—o, o) and are transforms of 
one another in the sense of Plancherel’s Theorem. G. H. Hardy [1] and 
G. W. Morgan [7] proved results of this type where bounds were given for 
the modulus of each function for |¢| and || large. Ingham [4] gave a 
related result, assuming that f vanished outside a finite interval and that an 


integral related to diverged. 
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Recently I. I. Hirschman [3] proved a result of this type, giving a § 
bound for the modulus of f as t—» +o and assuming a certain rate of diver. 
gence of an integral associated with ¢. This result is significant chiefly when 
f tends to zero very rapidly as t—>o and ¢ tends to zero rather slowly, 


Thus it appears that his result is most closely related to Ingham’s and indeed F yw 


does not include the results of Hardy and Morgan in any form. 

The object of the present paper is to give a generalization of the pre- § 
ceding results. First of all the bounds for the modulus are replaced by 
bounds on certain integrals. Secondly the rather special assumptions placed F 
on ¢ by Hirschman are removed so that the result obtained includes the 
main part of the results of Hardy and Morgan and a more general result 
than Ingham’s in his special case. Indeed when f vanishes say for ¢ greater 
than a certain value our result reduces to one direction of the fundamental § 
result of Paley and Wiener [8], p. 16. The principal method used, as inf 
[2] and [3], is the principle of subordination for the logarithm of the modulus FF 
of an analytic function. 


2. THEOREM 1. Let f(t) and $(2) be in L?(—o, ~) and be trans- 
forms of each other in the sense of Plancherel’s Theorem, i. e., f 


where equality is to be understood in the sense of the mean square limit. Let : 
(1) U(r) — "(1 + log | 6(2)| dz 


tend to —w asr—>ow. Let there exist a function V(y), non-decreasing for 
y > 0 such that 


(2) | f(t)| dt = asyoow. 
Then if 
(3) lim inf (V(r) + U(r))—=—oo, 


f and ¢ are both almost everywhere zero. 


We observe first that the condition (2) implies that 


F(z) = f 
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represents a function regular for y > 0. It is easily deduced that 


(4) lim || F(a + iy) — $(2) 0, 


y>0+ 


where || g(x) ||2 denotes the L? norm f | g(x) |?dax)4 of a function g(x) in 
[?(—«, ©). Moreover, for y > 0 


= Cf + O(e¥W), 


Hence | F(z)| S Ayer", y < 1 and | F(z)| S Aer", y= I for an appro- 
priate constant A. 

Now let us consider a circle, centre the origin, of radius r>1. Let it 
cut off on the line y <¢«<1) a chord S(e). Above the chord lies an 
are C(e) of the circle. Together S(e) and C(e) bound a domain D(e) which 
contains the point zi and in which F(z) is bounded. (The bound may 


“fE depend on «.) Hence we can use the principle of majorization : 


log | F(+)| S f e)log | F(a + te)| da 
S(e) 


y)log | F(x + iy)| ds 


| where K.(z,y) is the kernel giving the value of a harmonic function at the 
f point zi in terms of its values on the boundary of D(e). 


In the customary notation, we write 
log | F(x + ie)| = log* | F(a + ie)| + log- | F(x + 


| As e— 0, logt | F(x + ie)| tends in the Z? norm to log* | $(x)!, each of these 
clearly belonging to L?(—0o, 0). Thus the corresponding part of the integral 
| over S(e) tends to a finite quantity which has a uniform bound for all r. 
Moreover by the principle of extension of domain, replacing the circular 
; segment D(e) by a half plane bounded by y —«, we have 


f log- | F(x + ie)| Ke(a, «) da 
S(€) 


< f log- | F(a + te) | (1—e) (a? + (1—e)?) “dz. 
S(e) 
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Using the same argument as is used to prove Fatou’s Theorem [9], p. 346, 
we find 
lim sup | F(x + te)| — e) (a? + (1— 


Sot "(1 log: | ae. 


On the other hand, for the integral over C(e) we regard the two bounds 
for | F(z)| according as y <1 or y=11 and obtain the majorant expression 


(€)-C(1) 


C(e) 


Since V(y) is increasing we can, in the first integral, replace V(y) by V(r) 
and obtain a still larger result. The new expression then tends, as e— 0, to 
V(r) plus a constant independent of r. The second integral converges to a 
quantity readily seen to be o(r). Thus we have log | F(i)| = V(r) + U(r) 
+ 0O(1). Hence the condition (3) implies F(t) =0. If we did not have 
F(z) =0 there would be an integer m such that F(z) had a zero of exactly 
order m at z—1. However the same argument applied to F(z) (z—i)™ 
= (z) would imply, since log | z—i| is uniformly bounded below on our 
contours as e—> 0, that ®(1) = 0. Hence F(z) =0 from which the conclu- 
sion of our theorem follows. 

We observe in addition that for ¢(x) to vanish over an interval or to 
behave otherwise so that the integral in (1) diverges to —co when taken for 
finite r already implies that f and ¢ are both almost everywhere zero. 


3. In the paper cited, Hirschman applied his result to certain classes 
of quasi-analytic functions. In order to do this it was necessary to restrict 
consideration to those classes which contain the analytic class. We will now 
show that this restriction is susbtantially inessential. 

First we recall a few definitions concerning quasi-analytic functions. 
Let C{M,,} denote the class of functions g(t), defined and infinitely differ- 
entiable for —o < t <oo and such that 


| g™(t)| S -) 


with A, k constants which may depend on g(t). The convex regularization 
{M,,°} of the sequence {M,} is given by 


T(r) = Max (r"/M,), M,° = Max (r"/T(r)). 
n=0 r=0 


| 
t 
| 
( 
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THEOREM 2. Let g(t) belong to the class C{M,} and satisfy 


Vy) 


with V(y) non-decreasing for y>0. Let 


W(r, h) = (2/m) fia 4+ log T(a/h)de 
satisfy for some h>k 
(5) lim inf (V(r) — W(r,h)) =—oo. 


roo 


Finally, let lim (M,°)/" =o. Then g(t) =0. 


Indeed, let f(¢) = g(t) (sin ¢)/t and let ¢(x) be the transform of f(t) 
in the sense of Parseval’s Theorem. Then Hirschman showed that, under 
the given hypotheses, for every k’ > k, T(| x|/k’) (a) is in L? (—o, 
Let us denote this function by y(¢) and take k’ to have the value h in (5) 


above. Now 
log | 6(2)| de 
= hog | y(a)| de— f "(1 log |/h)de 


and we easily verify that (1 + log | y(x)| dx < M, independently 
of r. Thus 


hog | $(@)| <— f (1 + Nog P(| + 


Clearly f(¢) satisfies the condition (2) in Theorem 1 and the assumption 
(5) of the present theorem implies condition (3) of Theorem 1. Hence 


both f(t) and g(t) are identically zero since continuous. 
We observe that in addition to the generalization indicated above we 


have replaced the assumption on the asymptotic behavior of g(t) used by 
Hirschman by an average assumption. 
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THE THEOREM OF RIEMANN-ROCH ON COMPACT ANALYTIC 
SURFACES.* 


By Kuninixo Koparra. 


The main purpose of the present paper is to prove the theorem of 
Riemann-Roch on compact complex analytic manifolds of complex dimension 
2 with Kihlerian metrics’ by means of the theory of harmonic integrals. 
Suppose such a manifold Mt? as given and denote for an arbitrary divisor D 
on Xt the space consisting of all meromorphic functions F on Mt which are 
multiples of — D by §(D). The problem concerning the theorem of Riemann- 
Roch consists in expressing the dimension of the linear space %(D) in terms 
of the “characters” of D such as the topological intersection-number of D 
with itself, the virtual genus of D, etc. In this paper, we shall mainly 
consider the case that D is an arbitrary (reducible or irreducible) curve I. 
In Section 1, we shall first summarize the theory of harmonic currents due 
to G. de Rham * and several results of W. V. D. Hodge * concerning analytic 
manifolds with Kihlerian metrics; then we shall prove a theorem concerning 
the existence of analytic differentials with given singularities. In Section 2, 
we shall prove a theorem due to A. Weil and, by means of that theorem, 
introduce the notion of the characteristic divisor class {)} on I which 
corresponds to the characteristic series of Italian geometers. In Section 3, 
we first introduce the linear space f(T, 5) consisting of meromorphic func- 
tions on TI associated with an arbitrarily fixed characteristic divisor de {d} 
and show that the singularities of any meromorphic function Fe (TT) can 
be represented by a meromorphic function fef(T,d); secondly, using the 
existence theorem in Section 1, we prove that, for every fef(T,5), there 
exists on Yt at least one additive meromorphic function which is a multiple 
of —T and has the singularities represented by f on T; thirdly, calculating 
the period of this additive meromorphic function, we find a necessary and 
sufficient condition for fe f(T, ) in order that f should represent the singu- 
larities of a meromorphic function Fe %(T) and deduce an expression of 


* Received December 20, 1950. 

1 Kahler [13]. 

? Zariski [30], p. 66. 

de Rham and Kodaira [20], Part I. 
* Hodge [12]. 
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the difference dim f(T, 5) — dim %(I) in terms of the simple differentials of 
the first kind on 9%. Our method applied here is a natural generalization 
of that of H. Weyl.° The dimension of f(T, d) is given by the theorem of 
Riemann-Roch on reducible curves which will be proved in Section 4. 
Combining the result of Section 3 with that of Section 4, we shall prove, 
in the following Section 5, a formula expressing dim (IT) in terms of the 
topological intersection number of IT with itself, the virtual genus of IT 
and two non-negative integers corresponding to the index of speciality 
appearing in the theorem of Riemann-Roch on algebraic curves. This 
formula may be called the theorem of Riemann-Roch on compact analytic 
surfaces with Kahlerian metrics, since it contains the theorem of Riemann- 
Roch for irreducible linear systems on algebraic surfaces.® In the last part 
of this Section, we shall deduce a theorem of Castelnuovo’ concerning the 
superabundance of irreducible linear systems. In the following Section 6, 
we first prove a formula expressing the number of linearly independent double 
differentials on Yt which are multiples of —T in terms of the virtual genus 
of IT, the number of connected components of I and the number of simple 
Picard integrals of the first kind which are constant on each connected 
components of T, and then we deduce from that formula a theorem of F. 
Enriques * concerning the deficiency of the series cut out on a generic curve 
of an arbitrary irreducible linear system by its adjoint system and a theorem 
of F. Severi® concerning the superabundance of the adjoint systems of 
irreducible linear systems. Applying our results to algebraic surfaces, we 
shall prove, in the final Section 7, several classical results of Italian geometers, 
e. g. a theorem of G. Castelnuovo *° concerning the deficiency of characteristic 
series. A strict algebraic proof of the theorem of Riemann-Roch for arbitrary 
divisors on algebraic surfaces was given recently by O. Goldman." In the 
last part of this Section, we shall show that the theorem of Riemann-Roch 
for arbitrary divisors on algebraic surfaces can be readily deduced from our 
results in the same manner as in the proof of O. Goldman. 

The author wishes to express his grateful thanks to A. Weil for sugges- 
tions and encouragement given during the period of preparation of this 
paper. In particular, Theorem 2.1 and the substance of its proof, the 


5 Weyl [27], pp. 108-125. 

®° See Zariski [30], pp. 66-69. 

7 Castelnuovo [4]; see also Zariski [30], p. 71. 

8 Enriques [8]; see also Zariski [30],pp. 64-66. 

® Severi [23]; ef. Zariski [30], p. 144. 

1° Castelnuovo [4]; see also Zariski [30], pp. 69-70. 
11 Goldman [9]. 
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substance of the proof of Theorem 3.2 and the notion of canonical cycles 
introduced in Section 5 are due to A. Weil. Again, the first part of Section 3 
and the first part of Section 5 were revised according to suggestions of A. Weil. 
The author’s best thanks are also due to 0. Goldman and D. Gorenstein, who 
gave him the opportunity to study their manuscripts before publication at a 
very early stage of preparation of this paper. In addition to the method oi 
deduction of the theorem of Riemann-Roch on algebraic surfaces in Section 7, 
the author is indebted to O. Goldman in many details. 


1, Currents on Kahlerian manifolds. Let 90?" be a compact analytic 
manifold of complex dimension n with a positive definite Kahlerian metric ” 


ds? =2 gape (derdz6), 
» p= 


a 1 


where z= (z',27,--+,2") denotes the local analytic coordinates on IM". 
Such a manifold is called a Kdahlerian manifold. Putting 


we introduce real coordinates x1, #?,- - -,2?"; then ds? can be written as 


ds? > Gix(daida*), = Gxi)- 


Thus 90°" is a 2n-dimensional Riemann manifold with a positive definite 
metric ds*. Moreover Mt?" is orientable. We choose the orientation of 2" 
so that the system of local coordinates introduced in (1.1) is positive with 
respect to this orientation. By a p-form on Mt?" we shall mean an exterior 
differential form 


= = (1/p!) - - 


of rank p with complex coefficients ®j,.; defined in a domain DC M2, 
® is said to be of class C”, if each coefficient ®;x..; is a function of class 0” 
of a*,2?,---,2°". We denote by d® the exterior derivative of ® and by 
*b the adjoint form of ®; again the exterior product of two forms ® and ¥ 
will be denoted by @-. The closure of the subset {x | (x) 0} will be 
called the carrier of & and be denoted by | © |. 

Now we shall introduce the notion of currents.‘* Let DC Ml?" be an 


arbitrary fixed domain and {®} be the linear space consisting of all (2n — p)- 


12 We insert here a parenthesis to designate that the product of dz* and dz# is 


ordinary product. 
18 de Rham and Kodaira [20], Chap. II; Schwartz [21]. 
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forms ® of class C* with || CD. Then, a p-current in D is, by definition, 
a linear functional T[®] defined on {®} which is continuous in the following 
sense: For an arbitrary sequence of forms &™ 
such that all | ®™ | are contained in one and the same compact subset R CD 
covered by a single system of local coordinates x1,x7,---,2?", we have 
T[®™] > 0(m—> 0) if each partial derivative - - dx" con- 
verges uniformly to zero for m—>«. We consider every continuous p-form ¥ 
defined in D as a current by identifying ¥ with the linear functional 


(1. 2) f 
> 
similarly, we consider every differentiable (2n— p)-chain T as a p-current 
defined by T'[®] -{ ©. Thus the notion of currents 1s a generalization 
T 


of both notions of differential forms and chains. We say that the p-current 
T vanishes at a point pe D and write 7 = 0 at p if there exists a neighborhood 
Uy of p such that T[@] —0 for all ® with |@| CU, By the carrier | T | 
of T will be meant the set consisting of all points peD such that JT does 
not vanish at p. We get from (1.2) the identities 


= (—1)""*W[d®] and (#*¥)[®] = 


In view of these identities, we define the exterior derivative dT and the 
adjoint *T of an arbitrary p-current 7 by 


(*2')[®] — (— 1)?7'[*9]. 


(1.3) 


Then we have ddT = 0 and **7 — (—1)?T. In case T is a (2n — p)-chain 
I, dT coincides with the boundary SF of T up to the sign (—1)?*'; 
dv = (—1)**8r. We introduce further the operators § and A defined 
respectively as 6 = — *d*, A = d§ + 8d. Again, the erterior product T-¥ of a 
p-current T and a q-form of class C® is defined as (7: ¥)[®] = T[¥- 4]. 
For an arbitrary p-current J and p-form ® of class C® defined on the whole 
manifold Yt?", we define the inner product of T and ® as (T,®) = (4,7) 
=T|[*@]. In case T—wW is a p-form of class C®, we have 


(0) — f 
Mm M 


especially (©,)>0 if ® does not vanish identically, where ® denotes the 
conjugate form (1/p!)>\ ®j..,dridx*- - -dz'. Again, we define the conjugate 
current T of T by the formula: 7[®] —7[®]. A p-current T is said to be 
regular at a point pe, if T coincides with a p-form of class C” in some 


dT[®] = (—1)"T [de], 


THE THEOREM OF RIEMANN-ROCH. 817 


neighborhood Uy of p; otherwise T is called singular at p. By the singular 
set of T will be meant the set of all singular points of JT. The singular set 
of T will be denoted by | 7’ |, Obviously | 7’ |, is a subset of the carrier | T |. 
In case 7’ is defined in the whole manifold t?", the singular set | 7 |, of T 
is compact and, for an arbitrary open set U—- | T' |,, we can find a p-form ¥ 
of class C* such that |7—W|CU. Now, the inner product (S,T) of 
arbitrary p-currents, S, T in the whole manifold 90?" can be defined, under 
the assumption that | S|, |, is empty, as follows: Choosing p-forms 
and © of class C® so that | |S—®| is empty, we put 
(S, = (®, ¥) + + (S—®, ¥). 

It can be easily verified that the value of (8,7) does not depend on the 
choice of @ and v. We have (dS,T) = (8,87), (AS, T) = (S, AT) ; also 
(#8, 7) = (—1)?(8, #7). 

By a harmonic p-form of the first kind on Mt?" we shall mean a p-form e 
of class C® satisfying de 0 and Se —0 everywhere on Yt?". The nwmber 
of linearly independent harmon p-forms of the first kind ‘* is equal to the 
p-Betti number b? of Mt?". Let - (b=?) be linearly inde- 
pendent real harmonic p-forms of the first kind such that (ej, e,) = 8x. 
By the help of these forms we associate with each p-current 7 the harmonic 


p-fform HT => (T,ex)ex, which will be called the harmonic part of T. 
k 


The operator H is self-adjoint in the sense that (HS,T) —(S,HT) for 
arbitrary S, 7. Again H satisfies +H — H*. 


THEOREM 1.1 (G. de Rham).*° There exists one (and only one) linear 
operator G mapping any p-current T (defined in the whole of Mt®") into a 
p-current GT which has the following properties: 


AGT = GAT = T — AT, HGT = GHT =—0. 


This operator satisfies Gd = dG, G8 = 4G; again is self-adjoint in 
the sense that (GS, 7) = (8S, GT) for arbitrary 8,7 such that | S|,f)|T |, 
is empty. The operators G and H are real in the sense that GT — GT, 
HT = HT. 


THEOREM 1.2 (G. deRham).*®° Let T be a p-current in a domain 


14 Hodge [12]. See also de Rham and Kodaira [20], Part I, deRham and Bidal 
[19], de Rham [18], Kodaira [14], Chap. IT. 

**deRham and Kodaira [20], pp. 63-66. 

16de Rham and Kodaira [20], p. 61. This theorem is a generalization of H. Weyl’s 
fundamental lemma in his method of orthogonal projection in potential theory. See 
Weyl [28]; cf. also Kodaira [14], Chap. III. 
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DCM. If AT is regular at a point peD, then T is also regular at p. 
Again, if dT and 8T are both regular at p, then T 1s also regular at p. 


By virtue of this theorem, it follows from the identity AGT = T — HT 

that, if T is regular at p, then GT is also regular at p. Inserting T = AGT 
+ HT into (S,T), we get 
(1. 4) (S,T) = (dS, GdT) + (8S, GT) + (S, HT). 
This formula enables us to generalize the notion of inner product (S, 7’) 
to the case that | | d7'|, and | 8S |,()| 87 |, are both empty. Let 
I, Z be arbitrary chains of dimensions p, 2n — p, respectively. Then (#T, Z) 
is defined by (1.4) if |dF|()|Z| and |dZ|f)|QT| are both empty; 
moreover, as was proved by G. deRham,’" (#I,Z) coincides with the 
topological intersection number I(T,Z) of T and Z: 


1(T,Z) = (#T,Z). 


Especially if T and Z are both cycles, then 
I(T, Z) = HZ) HZ. 


An arbitrary p-current 7’ can be represented as a formal differential form 


T= > (1/r!s!)30 * - dzBs, 


r+8=p 
where the coefficients To,...a,g*;...8*, are distributions on the space of local 
coordinates 21,---z" in the sense of L. Schwartz.'* By means of this 


expression we define operators C and A as follows: 7° 
AT = > (1/r!s!)3(—1) 1g" T - - dzhe, t 

r+e=p-2 
where g** are the quantities defined by = 9°" Gpy* = 8%g. CT is a p-current; : 
sl 


AT is a (p—2)-current (in case p—0 or p—1 we have to put AJ = 0). 
The operators C and A are commutative with A, G and H.?° Again we have ” 


(1.5) = (—1)T, 
(1.6) CT[®] = (—1)*T[Ce] an 


17 de Rham and Kodaira [20], p. 71. 
18 Schwartz [21]. 
1° These two operators were introduced by W. V. D. Hodge. See Hodge [12], p. 171. 
The definition of C and A employed here are due to A. Weil. Cf. Weil [24]. 
20 Hodge [12], pp. 165-168, Weil [24], p. 111, Eckmann and Guggenheimer [7]. 
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for an arbitrary p-current 7’; furthermore we have the important formula ** 
Ad — dA = C80. 


A p-current T of the type T = (1/r!t!)3 - - 
is called a pure p-current ** of type ¢t. Obviously every p-current 7’ can be 


decomposed uniquely into the sum 7 =>) P,T of the pure p-currents P;T 


t=0 ‘ 
of types t ({—0,1,:--+,p). As was proved by B. Eckmann and H. 
Guggenheimer,”* the “ projection operators” P; thus defined satisfy 


(1. 8) AP, = P,A, 


while we get readily 
D 
(1. 9) (T,o) => (PT, P®), 
t=0 


where © is an arbitrary p-form of class C*. As one readily infers from (1.8) 
and (1.9), the complex normalized orthogonal bases E,, H.,---,E, of 
harmonic p-forms of the first kind can be chosen so that each EH; is a pure 


p-form. Consequently we have 
(1. 10) HP, = 


and therefore 
(1. 11) GP, = P.G. 


A p-form © = (1/p!)3 - - dz” of type 0 is said to be 
holomorphic (or meromorphic) at p, if in some neighborhood of p the 
coefficients ®,,..<, are holomorphic (or meromorphic) functions of z’,- - - 2"; 
if @ is holomorphic (or meromorphic) at every point p of a subset TC M?", 
then we say that ® is holomorphic (or meromorphic) on &. A meromorphic 
p-form ® is said to be regular at p if ® is holomorphic at p; otherwise ® is 
said to be singular at p. By a p-ple differential in a domain D C PM?" we 
shall mean a meromorphic p-form ® defined in D satisfying dé =0 in D 
except for the singular points of ®. A p-ple differential is called a holo- 
morphic p-ple differential if it is a holomorphic p-form. Let ® be an arbitrary 
holomorphic p-ple differential in D. Then since this ® satisfies Cb = ib 
and Ad — 0, we get, using (1.7), 


— 1-80 (Ad — dA) =0, in ©. 


*1 Weil [24], p. 111, Eckmann and Guggenheimer [7]. 
22 See Hodge [12], pp. 188-192, Eckmann and Guggenheimer [7]. 


28 Eckmann and Guggenheimer [7]. 
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thus an arbitrary holomorphic differential ® satisfies 8 —0. A holomorphic 
p-ple differential defined in the whole of 0?" is called a p-ple differential of 
the first kind. The above result shows that every p-ple differential of the 
first kind is a harmonic p-form of the first kind. 


THEOREM 1.3. Let T be a pure p-current of type 0 in a domain 
DCM". If T satisfies dT =0 in D, then T is a holomorphic p-ple differ- 


ential in 


Proof. Since T satisfies CT = and AT = 0, we get 


= i-08CT iC (Ad —dA)T =0, in 9. 


Hence, by virtue of Theorem 1. 2, 7 is a p-form of class C®; however, since T 
is of type 0, 7 is represented as T = (1/p!) - dz”. Now the 
relation dT —C implies that 028 =0 proving 
that each ®g,a,..4, is a holomorphic function of 21,2? - - -,2", q.e. d. 


The integral F(z) = 7 ® of an arbitrary holomorphic simple differential 


® defined in D is a many valued holomorphic function in D and ® coincides 


with its differential dr’: @—dF. The integral f ® of an arbitrary simple I 
‘ 
differential @ defined in the whole of Mt is called a simple Picard integral. 

The simple Picard integral f ® is said to be of the first kind if ® is a 

differential of the first kind. In case ® has any singularities, the simple 
Picard integral fio is called of the second or the third kind according as , 

it is locally single valued or it is not.** Let A;, As, + -,Ag be a base of 
the space of all simple differentials of the first kind. Then A;, Az,- - -, Ag, p 

A,,A2,° * +,Aq are linearly independent and constitute a base of the space 

of all harmonic 1-forms of the first kind.2> Thus the number q of linearly 
independent simple differentials of the first kind is equal to a half of the of 
1-Betti number 61 of Mt": g=—4b'. This number gq will be called the cu 
irregularity of the manifold 
THEOREM 1.4. Let T be a pure (p+1)-current of type 1 defined in f 
the whole of Mt?" satisfying dT = 0 and HT =0, p being a positive integer 
<n. Then the p-current © = (dAG + #8G)T its a pure p-current of type 0 m« 
and satisfies d® iT; moreover © is a holomorphic p-ple differential in the 
poi 

24 See Zariski [30], p. 119. 

one 


25 Hodge [12], pp. 191-192; Weil [24], pp. 111-112. 
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— | 7 |. Let Q be an arbitrary p-current such that T=dQ. Then the 
integral of ® over an arbitrary p-cycle Z CM" —|T' | is given by 


(1. 12) fe =i(*2, Q) 4 (—1)iQ[HZ]. 
Proof. Since T is a pure (p+ 1)-current of type 1, GT is also a pure 
(p + 1)-current of type 1, as (1.11) shows. Hence we get, using (1.7), 
8GT = = °C (Ad — dA) GT = — °CdAGT, 
and therefore 
(1. 13) ® = (1+ 7°C)dAGT. 
AGT is a pure (p—1)-current of type 0. Consequently we have 
dAGT = P,dAGT +- P,dAGT. 


Combined with (1.13), this yields immediately © = 2P,dAGT, proving that 
® is a pure p-current of type 0. On the other hand, we have 


d® = 1Gd8T =iGAT = iT —iHT, 


proving that —iT. This implies that do —0 in M—J|T |. Hence, by 
virtue of Theorem 1.3, ® is a holomorphic differential in M{—|7T' |. The 


integral f ® = Z[®] can be evaluated as follows: We have 
Zz 


Z[O] = 1Z[8GdQ] = (—1)(Z, *8GdQ) = i(d*Z, GdQ), 
while, by (1.4), (#*2Z2,Q) = (d*Z, GdQ) + (*Z,HQ). Hence we obtain 
Z[@] = 1(*Z, Q) —i(*Z, HQ) =1(*Z,Q) + (—1)?“Q[ AZ], 


proving (1.12). 


2. Characteristic divisors. Let Yt be a compact Kahlerian manifold 
of complex dimension 2. By a curve T on Mt we shall mean a compact analytic 
curve in Mt, i.e. a compact analytic subvariety of Yt of complex dimension 1. 

As is well known, I is decomposed into the sum: Tf = S\T, of a finite number 
of irreducible curves T,. Each I, is a holomorphic image of the non-singular 
model W, of T,: The direct sum —> will be called 
p=1 
the non-singular model of T. We denote points on I by p,q,---, and 
points on Mt by p,q,-- +. The mapping gy>q—¢(q) from onto is 
one-to-one unless q is a singular point of I. For a singular point gq, the 
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inverse image ¢*(q) consists of a finite number of points and each point 
geo correspond one-to-one to an irreducible branch Ty of passing 
through q. Let 7, be a local uniformization variable on © with the center p 
and z= (z',z°) be a system of local coordinates on Yt with the origin 
p—¢(p). Then the mapping gq —¢(q) which maps the neighborhood 
U, of p onto the branch W, can be written as 21 ¢p'(tp), 2? = dp" (Tp), 
where ¢,', ¢p” are holomorphic functions of rt, defined in Up, satisfying 
dp'(0) = ¢,?(0) = 0. On the other hand, is represented at each point 
pe by a minimal local equation Ry(z', =0, where Ry(z2*, 27) is a holo- 
morphic function of z', z? defined in a neighborhood Uy of p. In case 
p = ¢(p) isa simple point of I, we can choose 21, tp so that Ry(z', 27) = 
and that z?— 7, on Ty. In what follows we write, for simplicity’s sake, 
R,(z) for Roi») (z). Again, in case it is not necessary to specify the center 
of the local uniformization variable +), we write simply + for 7, and ¢% for 
(a= 1,2). 

Now we choose for each pe FE a sufficiently small neighborhood Uy, of p 
so that the closure [¢(U,)] of ¢(U,) satisfies the following two conditions: 
i) [¢(U,) ]— $(p) contains no singular point of T (¢(p) may be a singular 
point of T) and ii) the local equation R,(z', 2?) —0 of T is useful at every 
point q on [¢(U,)]. Consider two points p,q on © such that U,{) Ug is 
not empty. Then the ratio T,(z) = Rp(z)/Rq(z) is a non-vanishing holo- 
morphic function of z = (z', 2?) defined in some neighborhood of [¢(U,{)U,)]. 
Putting = Tyq(¢'(7), we get, for each ordered pair {p, q} 
with U, {| U;~ 0, a non-vanishing holomorphic function tpg = tpg(r) defined 
in U, U,. It is clear that these functions tpg satisfy the following relations: 


(2.1) togtep = 1, in 
(2. 2) togtertrp = 1, in 0,110,110, 

THEOREM 2.1 (A. Weil). We can find a system {hp|peW} of mero- 
morphic functions hp defined respectively in Up such that 


(2. 3) tpg, in ‘a Uy. 


Proof. It is sufficient to consider one irreducible component, say W,, 
of KE. KF, is a compact Riemann surface; hence it can be decomposed into 
the sum of a finite number of 2-simplices so that I, becomes a finite simplicial 
complex We denote the vertices (0-simplices) of by pi, 
the oriented 1-simplex with the vertices pj, p, (in order) by Sj, and the 
oriented 2-simplex with the vertices p;, px, pi by Six. The simplical decom- 
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position ® of EK’, determines its dual cell decomposition R* of Fy. The 2-cell 
of R* which is dual to p; will be denoted by H;. We assume that the simplicial 
decomposition & is cosen so that i) each #; is contained in one of Up, say Up, 
and ii) each FH; is covered by the domain of the local uniformization parameter 
r; with the center p;. Now, choosing for each #; a simply connected neighbor- 
hood U; such that i) #;C U;C U,,, that ii) U; does not intersect with any 
simplex Sim not containing the vertex p; and that iii) each intersection 
U;{) U;, is simply connected (if it is not empty), we put 


(2. 4) in Up 
Then we have 


(2. 5) = in U; ‘a Ux, 
(2. 6) in U; U;, Ui. 


In order to prove our theorem, it is sufficient to show the existence of a system 
{hj} of meromorphic functions h; defined respectively in Uj; such that 
hj/hy = ty, in U;{]) Ux; indeed, the desired system {hp} can be obtained 
from {h;} by putting hp = tpp,hj, in Up [) Uj. 

Now, let us forget the definition (2.4) of tj, and consider an arbitrary 
system {t;,} of holomorphic functions fj, defined respectively in some neigh- 
borhood of [U;{]) U;] on W, satisfying the conditions (2.5) and (2.6). 
We shall say, for a moment, that two such systems {tj,} and {t’j,} are equt- 
valent if ty,/t’j, can be represented as tj,/t’ jx, hj/hy, in U; (| Ux, by means 
of a system {h;} of meromorphic functions h; defined respectively in Uj. 
Then, it is sufficient for our purpose to show that {tj} is equivalent to {1}. 
Since U;{) U;, is simply connected, the logarithmic function 


Pit = — prj = (1/2at) log tye + 
is determined uniquely in U; {| U; up to an arbitrary rational integer Cj, 
Putting 
Cikt = Pik + Pkt + Plj> in U; Ux U1, 


we get, by virtue of (2.6), rational integers cj. These integers cj, depend 
on the choice of cj,; but the sum 
I<k<l 
of ¢j,. over all simplices Sj. is independent of the choice of cj, where sgn Sjx1 
denotes the orientation of the simplex Sj. This sum J will be called the 
characteristic index of the system {t,,} and be denoted by J{tjx}. 
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First, we consider the case that J 0. In this case, we can choose cx, 
so that ¢j,.—0. In fact, the relation J —0O implies that the 2-cocycle 


> ¢xvSj is the coboundary of a 1-cochain > c’Sj, with integral co- 
efficients c’;,, so that we have Hence, replacing pj 


by pix = pix — jx, We get pix + + Thus we may assume with- 
out loss of generality that 


(2. 7) pik + pri + py = 9, in U;{) 11 


Now, assuming (2.7), we shall prove that there exists a system {n;} of holo- 
morphic functions yn; defined respectively in U; such that «jx = pjx — nj + 
is constant in U;{]) U;. To do this, we first remark that 1, can be con- 
sidered as a Kahlerian manifold. For an arbitrary function (7,7) of 
class C® on W,, 7 being the local uniformization variables on F,, we denote 
(dy/dr)dr by and d= by day. Now, by virtue of (2.7), one can 
readily construct functions y;(7,7) of class C® defined respectively in U; 
so that *° 

(2. 8) Yi (7, 7) — Yx(7,7) = pjx(7), in U;[) Ux. 


Since pj.(r) is holomorphic, we have = dy, in U;. This shows 
that Q = d,y; is a well determined 1-form of class C® on moreover, 


since dQ = (@°y;/0rdr) drdr, dQ is a pure 2-form of type 1. Putting 
© = (idAG — 8G) dQ, we get therefore a pure 1-form © of class C® of type 0 
satisfying d@® — — dQ, as Theorem 1. 4 shows. It follows from d(Q + ©) =—9 
that there exists in each U; a function a;(r,7) of class C® satisfying 


Since Q or @ is a pure 1-form of type 1 or 0, respectively, this yields d,a; = Q, 
proving that d,(y¥;—;) =0. Hence = y;— is a holomorphic function 
in U; On the other hand, (2.9) shows that d(a;—a,) —0. Hence 
— is a constant. Inserting = nj + a; in (2.8), we get therefore 


pix (7) = — (7) + 


Putting e; = exp 2zin;, t°j, == exp 2ixjx, we have therefore tj, = e;/ex jx 
Thus the system {tj} is equivalent to the system {¢°;,} consisting of the 
constants t°jx. 
Since xj, + xx + xy = 0, the sum jx i8 a 1-cocycle on R. This 


*° Using the fact that each p,;, is extended analytically on a neighborhood of the 
closure of U;,, we can construct successively that = + py 
in U,N U, for l= jsk—1. Cf. Weil [24], p. 113. 


(2. 9) da; = Q0+ 

Q 
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cocycle determines a character x of the 1-Betti group of & over the ring of 
integers defined as follows: 


X(y) = exp 2at( 
for an arbitrary integral 1-cycle y= & yjSjx. Now, let f be a multiplicative 
i<k 


meromorphic function on W, belonging to the character y(y). Then, denoting 
by f; an arbitrary branch of f in U; and putting 


fi/ fe = eXp (Anj = — Ajx), 


we get x(y) = exp 2a1( Hence =O mod1) for 
j<k 


arbitrary 1-cycles y= > yjSjx. This shows that, considered as a 1-cocycle 

i<k 

with complex coefficients modulus 1, (xj, —Ajx) Sj, is cohomologous to 

zero. Consequently there exists a system {x;} of constants x; such that 

+ (mod1). Putting h; = f;- exp 2wix;, we get therefore 

= hj/hy, in U; {| proving that the system is equivalent to {1}. 
Hence the system {tj} is also equivalent to {1}. 

Now, we consider the general case that J 540. Let {tj} be the system 

defined as = where +, is the local uniformization 


variable with the center p; and m; is arbitrary rational integers. Then we get 
(2. 10) JT jn} = JS {tin} + mM}. 
In fact, by the transformation tj, — t’j,, pj, is transformed to 
pik (7) = + (1/2art) {mj log; — mz log; te} 
where log; 7; denotes a branch of log 7; in U; {| U;. Hence we get 
J {tn} =I {tie} + (1/221) ~ mj (loge — logi 


yielding immediately (2.10). By a suitable choice of the integers mj, we get 
therefore a system {t’;,} with J{t’j,} = 0 which is equivalent to Thus 
our problem is reduced to the special case that J = 0, q.e. d. 

The system {hp} introduced in the above Theorem 2.1 is not determined 
uniquely. Firstly, it depends on the choice of the system of minimal local 
equations {Ry —0}. Let {R’p be another system of minimal local 


equations. ‘Then 
My (2', 27) = 2?) /Ry(2', 27) 


is a non-vanishing holomorphic function in a neighborhood Wy of p, and the 
meromorphic functions h’, defined by 
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(2. 11) h’p (7) = (7), Ap 


constitute a system {h’,} satisfying (2.3) with respect to {R’y}. Thus, the 


39 


system {hp} can be considered as a “ quantity” which is represented by the 


“reference frame” {Ry} and the 


“ coordinates” hp with respect to the given 
“coordinates” h’, corresponding to any other reference frame {R’y} is linked to 
hy by the transformation (2.11) associated with the transition {Ry}—>{R’p}.” 
Secondly, multiplying each h, by an arbitrary fixed meromorphic function f 
on I’, we get another system {h’,|h’, = fh p} satisfying (2.3) with respect to 
the same frame {Ry}. Conversely, for arbitrary two systems {hp} and {h’,} 
satisfying (2.3) with respect the same frame {Ry}, we have h’p/hp = h’g/hg, 
in U,{) U,, proving that f = h’,/h» is a well determined meromorphic func- 
tion on H&. Thus, for fixed {Ry}, the system {hp} satisfying (2.3) is unique 
up to the multiplication by an arbitrary meromorphic function f on ©. 
For an arbitrary meromorphic function 


f (tp) = Tp" (Ao + Aityp + (a) ~ 0) 
defined in Uy, we denote by V,(f) the exponent m appearing in the above 
expansion of f: V,(f) =m. The functional V, thus defined is called the 
valuation with the center p. In case f is a meromorphic function defined on 
the whole of W, the divisor (f) of f can be written as 


(f) —2 Vo(f) 


Corresponding to this, we define the divisor } of an arbitrary system {hy} 
satisfying (2.3) as 
d= Vo(hp) p. 


As (2.11) shows, d is independent of the choice of the reference frame {Ry}. 
By a characteristic divisor of T we shall mean the divisor } of the system 
{hy} introduced in Theorem 2.1. Let d’ be the divisor of {h’p} = {fhy}; 
then we have }’ —d=(f). Thus, the divisor class {d} of 5 on W 1s deter- 
mined uniquely by T and does not depend on the choice of the systems {hp} 
and {Ry}. The divisor class {d} will be called the characteristic divisor 
class ** of T. 


The condition (2.3) can be written as 
2. 12) hy (7) /hq(t) = (Hep (2) /Bg(Z) 


27 See Weyl [29], pp. 13-23. 
28 The characteristic divisor class corresponds to the characteristic series of Italian 
geometers. See Remark 2 at the end of this Section. 
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Denoting by we have therefore 
(2.13) = in U,[) Ug. 


THEOREM 2.2. The degree of the characteristic divisor } of T is equal 
to the topological intersection number I(T,T) of the cycle T with itself: 
deg d —JI(T,T). 


Proof. Let Uy be a sufficiently small spherical neighborhood of a point 
peT such that the local equation Ry (z', = 0 is useful in the whole of Uy; 
again, let 7’C Ul be a 2-chain of class C? whose boundary 87 does not meet 
with T. Then, as one readily infers, the intersection number J(7,T) is 


given by 

(2. 14) 1(T,T) = (1/2ni) f d log Ry 22). 
OT 

Now, let 


M+ 

k=1 k=\+1 p 
be the characteristic divisor determined by a system {hp} satisfying (2.3), 
where m, are positive integers. We choose {hp} so that no py— (px) 
(k= 4) is a singular point of Again, we denote 
by the set of all singular points of We choose 
for each p, (k =1,2,--+,A+ y+) two sufficiently small neighborhoods 
U;, UW’, such that p,eW’, CU, and that 1’; is sufficiently small compared 
with 1,. Again, for each py (4 =1,2,---,A), we choose «& >0 so that 
the neighborhood 


= {r| | hn. < ex} 


of p, satisfies U;, > (remember that hp,(7) vanishes at px). Now, 
consider the covariant vector field v(q) = (v'(q),v7(q)), qeT, defined as 
follows: 


for ge ¢(U;,) (k=—1,2,---,A), 
v*(q) = 0, for q = Px 


(2. 15) < 


where g = ¢"(q). wv(q) is a continuous vector field, as one readily infers 


by means of (2.13) (remember that U; is defined so that hop, = 2 On 
the boundary of U;,). We choose §> 0 sufficiently small and construct a 
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continuously differentiable vector field u(p) defined on the whole of Qt so 
that Nq[u(q) —v(q)] <8, for all qe where Nq[w] denotes the norm 
Jags of the vector wu. v(q) does not vanish except for q—}, 
(k=1,2,---,A+ Hence, for sufficiently small 6 > 0, u(q) does 
not vanish for qe T— UW’, — W2- -— Now, consider the differential 
equation dz*(p)/dt =u%(p), (t=0), z*(p) being the local coordinates of 
the variable point pe Mt, and, for each ae T, denote by q: the solution of this 
equation satisfying the initial condition: qg—q. Then, for fixed ¢, the 
mapping q—> q: is a continuous mapping and the image I; of the cycle T by 
this mapping q—>q: is homotopic to fT. Hence we have /(T,T) =J(T,T;). 
For sufficiently small ¢ > 0, T; does not intersect with T outside of UU’; LU W, 
U---+U W)sus Hence, in order to find the value of J(T, T;), it is sufficient 
to compute the intersection number /;,(T,T) of I and I; in each U;,, 
k=1,2,---,At+p+yv. For k=A+4pn, T consists in U;, of only one 
branch T™ (=T), while, for k > A+ yp», T consists in Uy of a finite number 
of branches - - corresponding to points px”), - (px). 
Obviously we have T; = }}T;” in U, and therefore 
r 


Let ©; be the (spherical) boundary of Then the intersection Z; = -T;” 
of S; with ©; is a 1-cycle bounding the closure [U),-T;] of the intersection 
Uu,-T:”. Hence, using (2.14), we get 


Zt 
where R(z) = Ry,(z). Let q: eZ; be an arbitrary point on Z;. Then we have 


2*(qr) = 27(q) + o(f), (q=qeT) 
and therefore 
R(qr) =t Gah (q) -u*(q) + 0(t) = t + o(t), 
where R(q:) = R(z(qt)) and « is a constant not depending on q. Inserting 
(2.15) for v%(q), we get 
+ xt8 + o(t), (1<kSa), 
R(qt) = 
t-N(q)/hp(q) + «t8 + o(t), (k >), 
where V(q) = g=¢7(q) and or py” 


according as A+ por k>A+4pn. Obviously N(q) = const. >0 uni- 
formly for q;¢ Z;. Choosing t > 0 and 6 > sufficiently small, we get therefore 
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m (1SkZ)), 
0 (Ate<kSA+p p+»). 


Consequently we obtain 


ket 


k 
proving that 7(T,T) deg d, q.e. d. 


Remark 1. In terms of the theory of fibre spaces,’ the relations between 
the system {h,}, the characteristic divisor } and the characteristic index J 
can be expressed as follows: Consider the system {U, X €|q © W} of the direct 
products U, xX © of Ug, and the projective line € and identify p X & in 
U, X with p X in U, X € if = ter(p). Then we get from {Uq X ©} 
a compact analytic manifold ¥ consisting of all points P =p X £, which is 
obviously a fibre bundle over the base space WH’. We have the natural mapping 
of onto which is called the projection. 
Obviously ¥ is determined uniquely by the system {Ry}. Now, let #’ be the 
fibre bundle determined by another system {F’y}. Then the mapping 


is a biregular mapping of F onto F’ satisfying r(P’) =x(P). Thus # 
and #’ have the same analytic structure relative to ©. The analytic structure 
of the fibre bundle F relative to W is therefore determined uniquely by the 
imbedding ¢ of © into M. A cross-section *° of F is, by definition, a curve C 
on ¥ such that + induces on C a biregular transformation of C onto WF. 
The subsets Co = {p X0|pe W} and C,—{p Xa|peW} are obviously 
cross-sections of ¥. Now it can be easily verfied that *! any system {hq} satis- 
fying (2.3) corresponds one-to-one to the cross-section C= {p X hq(p)|pe WV} 
which differs from Cy or Cz. By means of this cross-section C, the charac- 
teristic divisor = ts represented as 
q 


where C'-C,, C-C, denote the intersection products. The divisor class {5} 
2° Cf. Weil [25], Cartan [3]. For the general theory of fibre spaces, see Chern [5]. 


8° Weil [25]. 
Weil [25]. 
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of } is an invariant of the analytic structure of the fibre bundle ¥ relative 
to W and, conversely, the analytic structure of ¥ relative to Kis determined 
uniquely by {d}.** From the topological view point, the characteristic index 
J is the only invariant of the fibre bundle ¥. It follows from our construction 
of the system {h,} that this invariant J is represented as J = deg bd. 
Remark 2. In case there exists on Mt a meromorphic function /’ which 
has each component of T as a polar curve of multiplicity 1 (this is the case 
if Mt is an algebraic surface), the system {hp} is obtained simply by putting 
hy(t) = R,F so that various things concerning {hp} become some- 
what simpler. For example, the characteristic divisor can be defined as the 
intersection product } = D-T of Tl and D = (fF) +T, where (f’) denotes the 
divisor of again, since /(T,T) the relation deg /(T,T) 
follows immediately from 5—D-T. The relation }’—D-T indicates that 
D) is a member of the characteristic series ** on T if } is a positive divisor. 
The system {hy} is in a certain sense only a substitute for such a function /. 


3. An existence theorem. By a divisor on t we shall mean a 2-cycle 
D=>™m,I, with integral coefficients m, consisting of a finite number of 
irreducible curves T,. Each I, associated with m, ~ 0 is called a component 
of D. The set of all divisors on Yt constitutes an additive group. Every 
meromorphic function F on Yt which is not identically zero determines its 
divisor D in the well known manner (if such a function ever exists). The 
divisor of F will be denoted by (/’). We shall say that the divisor D’ is 
linearly equivalent to D and write D’ = D, if there exists on Mt a mero- 
morphic function F such that (fF). Obviously the linear equi- 
valence thus defined is an equivalence relation and therefore the set of all 
divisors on Yt can be decomposed into mutually disjoint equivalence classes. 
Each equivalence class will be called a divisor class; the divisor class con- 
taining D will be denoted by {D}. We shall say that D = } m,T, is positive 
and write D > 0, if all coefficients m, are = 0 and D0. A meromorphic 
function F on Yt will be called a multiple of D if (F) —D=2Z0 or F is 
identically zero. The set of all meromorphic functions which are multiples 
of — D will be denoted by §(D): 


&(D) = {F| +D20}. 


@s(D) is a linear space over the field of all complex numbers. By the 
dimension of the divisor class {D} we shall mean the dimension of the linear 


32 Weil [25]. 
88 Cf. Zariski [30], p. 26. 
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space %(D). This definition is legitimate, since the dimension of §(D) is 
determined uniquely by the divisor class {D} of D. The dimension of {D} 
will be denoted by dim {D}, i.e. we put dim {D} =—dim 3(D). Clearly an 


arbitrary curve [=> T, mentioned in Section 2 can be considered as a 
y=1 


divisor. Our main purpose is to estimate the dimension of the divisor class 
{T} of an arbitrary curve I. 

Let I, Ry, $p%, hp, etc. have the same meaning as in Section 2. First 
we shall show that the meromorphic function 1/Ry can be considered as a 
0-current defined in Uy, where Uy is a sufficiently small neighborhood of p. 
For this purpose, we take an arbitrary 4-form ® of class C” with | @| CU, 
and consider the integral f(1/Ry)-®. In case p is a simple point of T, the 
integral {(1/Ry) -® converges absolutely; then we put 


(3.1) (1/Rpy)[&] = f (1/Rp) 


In case p is a singular point of I’, we define the “ principal value” (1/R,)[®] 
of the (divergent) integral f((1/Ry)-® as follows: Choosing the system of 
local coordinates (w,z) with the origin p (we write w, z instead of z1,z?) so 
that Ry(w,0) does not vanish identically, we put 


| 
| 


The existence of the limit in the right hand side of (3.1) is proved as 
follows: consists of a finite number of points p., -, pr corre- 
sponding to the irreducible branches [,,1T2,- - -,T; of I passing through p. 
Corresponding to this, Ry(w,z) is decomposed into a product 

(3.2) Ry(w,z) = M(w, z)R,(w, z)R.(w, z)- - - Rw, z), (M(0, 0) 

of the “unit” M and the irreducible distinguished polynomials ** R,(w, z), 
+,Ri(w,z) in representing respectively the irreducible branches 
- each #,(w,z) is written therefore as 


where B,,(z) are holomorphic functions of z satisfying B,,(0) =0. For our 
present purpose we may assume that M(w,z) —1, since the integral in the 
right hand side of (3.1) can be rewritten as 


f (1/TI R,) — M6. 
>e 8 


%4 See Behnke and Thullen [1], p. 57, Bochner and Martin [2], Chap. IX. 
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Under these assumptions, we can find such a parametric representation of 
each IT, that 


= (Ago + + *), (dso ~ 0, 1), 


so that Ry(w,z) is decomposed as 


(3.3)  Ry(w,z) = [w — ], = exp(2zi/m,) ). 


This yields immediately 


mMs—1 


(3. 4) 1/Ry(w, z) = ~ > ps (Es*r5) [w 


where 


pe(ts) = 75"), dhy/dw). 
Now, putting 


(3. 5) f w, 2) 


and «, = we get, using (3.4), 


4 (1/Ry) 


z|>e 


ps (Es"rs) (Es*rs), | Ts dr 


8 |7s| >€s 


8 Ts| >€s 


since 
(w, [w — Bs (ts) dwdw = (w+ Bs(t2), 75") wt dwdw. 


As the integral in (3.5) converges absolutely, y(v,z) is a function of class 
C® of v, T, z, Z Consequently y(¥s(7s), 7:"*) is a function of class C® of 7s, 
7, and therefore the limit 


lim ps (ts) (Bs(7s), | Ts 
|>e 


€—>+0 |Ts 


does exist; indeed this limit represents the Cauchy principal value of the 
(possibly divergent) integral 


Spal (Bs, | Ts 
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Thus we infer the existence of the limit in the right-hand side of (3.1) ; 
moreover it follows from the above result that the limit ts given by 


(3. 6) (1/Hy) tim | 


€>+0  |7s 


($s, Ts | 2ms-2m ¢. 
>e 


By using (3.5) and (3.6), it can be easily verified that the linear functional 
(1/Ry)[®] defined by (3.1) satisfies the continuity condition for currents. 
Indeed, it follows from (3.5) that 


| | max | |, 


c being a constant which is independent of &. Consequently, if {@™} is a 
sequence of 4-forms of class C® with | #™ | C Uy such that each partial 
derivative converges uniformly to zero for 
we get, by (3.6), lim (1/Rp) [o™] —0. Hence, identifying 1/R, with the 


linear functional (1/R,)[®], we can consider 1/Ry as a 0-current defined in Uy. 
As will be proved below, the 0-current 1/Ry thus defined is independent of 
the choice of the system of local coordinates (w,z) appearing in the definition 
(3.1). 

Putting = (1/421) (1 + 1C)d(1/Ry), we introduce the 1-current Dy 
in Uy. Since d(1/R,) is holomorphic in U,—T, we have | Q,| CT. Again 
Dy satisfies COy = —iQy, showing that Oy is a pure 1-current of type 1. 
Let N, be an arbitrary holomorphic function in Uy. Then the meromorphic 
function N;y/R, is considered as a 0-current, since it can be interpreted as a 
product of the 0-current 1/Ry and the 0-form N,. We have 


d(Ny/R,) = (1/Ry) -dNy + d(1/Ry), 
while the holomorphic 1-form dNy satisfies (1+ 1C)dNy 0. Hence we get 
(1+ iC) d(Ny/Ry) = Ny. 
Similarly, for an arbitrary holomorphic double differential By = By:.dz'dz? 
in Uy, the double differential B,/Ry is considered as a 2-current in Uy. We 
have d(B,/Ry) =d(1/Rp)- By, while, since B,/Ry is a pure 2-current of 
type 0, d(B,/Ry) is a pure 3-current of type 1. Hence we get 
2d (By/Ry) = (1—1C)d(By/Ry) = (1—1C) {d(1/Ry) - By} 
proving that 
(3. 8) d(B,/Ry) = By. 


= 
5 
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Our next task is to find an explicit expression of the 1-current Q). 
Since $p?(7)) vanishes identically, we have 


(pp) + (dp) dbp? = 0, 
where 0, = 0/0z* (a=1,2) and (¢y', dp”). Consequently, putting 
Op = Ib" /0: Ry = — (hp), 


we can define a differential o, defined in a neighborhood U,C W of p. In 
case p — (p) is a simple point of I, o, is a holomorphic differential. 


THEOREM 3.1. For an arbitrary 3-form © of class C® with | ¥| C Uy, 
we have 
(3. 9) = lim (dp) opdgy?, 
O(p)=p e>+0e |Tp|>€ B 


where > denotes the sum extended over all points pe ¢*(p). 


The proof of this theorem will be given below. Using (3.8), we get 
from (3.9) immediately the following 


Corotuary. Let By = B,.(z)dz'dz? be a holomorphic double differential 
in Up. Then, for an arbitrary 1-form X of class C® with | X | C Up, we have 


(3.10)  d(By/Ry) [X] Slim 
o(p)=p >€ 


where the symbol X in the integral sign stands for the differential 
{Xp (hp) + (dp) dbp} 
on Ty induced by X. 


It is to be noted here that the expressions (3.9), (3.10) are independent 
of the choice of local uniformization parameters tp, since the limits of the 
integrals in the right-hand sides of (3.9), (3.10) represent the Cauchy 
principal values of the integrals. For an arbitrary meromorphic differential 


€, defined in U,, we denote by Res,[é] the residue (1/277) f é of é at p, 
D 


where § denotes the integral extended over a sufficiently small circle 
Dp 
| tp | —« with the center p. Then we have 


THEOREM 3.2. For an arbitrary holomorphic double differential 
By = By2(z) dz*dz*, we have 


(3. 11) = 0. 
O(p)=p 


834 
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In order to prove the above two Theorems, we first verify the formula 
(3.9) for an arbitrary simple point p of T. Put, for simplicity’s sake, 
R=Ry,y. Then at least one of the first partial derivatives of R, say 0,R, 
does not vanish at p. Using (1.3) and (1.6), we get 


4riDy[¥] — (1 + iC) d(1/R) [¥] 
——(1/R) [d(1 — ¥] =— f (1/R)d(1—iC)¥, 
while, since d(1/R) - (1—iC)¥ vanishes identically in Wp —T, we have 
(1/R) -d(1—iC)¥ = d{(1/R)(1—iC)¥}, in Uy —T.. 


Consequently we get 


4riQy[¥] =—lim J d{(1/R)(1—iC)¥} —lim J (1/R)(1—i0) 
€—+0 Rli=e 


|Ri=e 


—lim 2(dR/R) {¥.22 Vins} (1/0,R) 


€-+0 e/ |R|=e 


Inserting 2* = ¢,7(7p) in this expression, we obtain 


thus (3.9) is proved for the simple point p of IT, so that (3.10) is also 


proved for the simple point p. 
To prove the formula (3.11), it is sufficient to consider the case that p 


is a singular point of T. Let y—y(z) be a function of class C” with 
|x| Co Uy such that x(z) =1 in a sufficiently small neighborhood Bp C Uy 
of p. Then we have | dy|CU,—p, while T has no singular point in 
Uy—p. Hence, using the formula (3.10) proved already for any simple 
point, we get 


d(By/Ry) [ax] f Bsa 


Now, B12(¢p)op is a holomorphic differential on Up— p and x(¢p) =1 in 
the small neighborhood Uy [) ¢p7(By) of p. Hence we get 


(bp) opdx (bp) = — d{B,2(p) ox ($p) } 
Up Up 


Bio (bp) op = Resp[ Biz (dp) op] 
D 
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and consequently 


op] = —(By/Ry) [ddx] = 0, 


proving (3.11). 


Now, using (3.11), we shall prove (3.9) for an arbitrary singular 


point p of f. For this purpose, we first prove the following 


Lemma 3.1. Let {&|pe¢*(p)} be a system of the differentials &, 
defined respectively on the irreducible branches Tp, ped *(p), such that 


Resp[B(¢y’, bp” = 0 


for every holomorphic function B(z',z*) defined in Up, p being a singular 
point of T. Then, for an arbitrary function y(2, 2) of class C® defined in 
Uy, we have 


lim bp”) Ep = 0. 


O(p)=p |Tpl=e 


Proof. Let n be a positive integer such that 7,"& is holomorphic for 
each peg *(p). The function y(z', can be represented in Uy as 


(21, 27) = P(2', 27, 2, 27) + O(| 2 |"), 


where P(2', z*, Z', 27) is a polynomial in 2’, z?, 2*,2? of degree = n—1 and 


(le P+ 


|?)4 Hence we have 


lim & = lim P( dp", dp’, y's 


€>+0 Tp|=€ 


while it is clear that 


lim for m=—1,2,---, 


€—>+0 |Tp|=e 


Putting P(z', 2?) = P(z’', z?,0,0), we get therefore 


= lm lim bp) * &p 


€->+0 |Tpl=€ o(p)=p e>+0 7 |rp|=e 


= Resp[P($p*, bp’) Eo] = 0, 

q. e. d. 
Now, supposing that R,(w,z) is represented as (3.3), we put gg 


dp, (ts), ds” dp,” = T;"*, Os = 0p, = ps(Ts) 


| 
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where ps(ts) =1/0:Ry(¢s). Then, putting R = Ry, we get 


—(1/R) [d(1 — iC) ¥] = — lim d{(1/R) (1— iC) ¥} 


€+0 |z| 


=—lim lim d{(1/R) (1 —iC)¥ 


Timm { (1/R)(1 — iC) + (1/R)(1 —iC)¥}, 
€>+0 |z|=€, |R| >8 |z| 
while, as was already proved, we have 


B 


6+0 |z| se, 8 |Ts| >€s 


where == Hence putting »(e) (1/R) (1—1C)¥, 
|z|=e 


Opy[V] = (1/477) lim )+ lim | ($e) 


8 €>+0 e |Ts| >€ 


Consequently, it is sufficient for our purposes to show that lim y(e) =0. 


€—>+0 


Since dzdz = 0 on the cylindrical hypersurface | z | —«, we have 
n(e) 7 (1/R) 2) dzdwdw. 


Putting y(v,z) = + v,z)wdwdw, we get, in the same way as 
in the proof of (3.6), 7(e) —2 W(Be (Lets), ps 2d rg 


Ts| =€s 


=> showing that 


|Ts|=€s 


lim 7(e) ds", bs”) os. 


€>+0 |7s|=€ 

| ¥(v,z) is obviously a function of class C*. Hence, by virtue of Lemma 3. 1, 

| we infer from (3.11) that lim y(e) 0. Thus the formula (3.9) is 
€—>+0 


| completely proved. 
Now, we shall show that the 0-current 1/R, is determined uniquely in 


the sense that it is indepedent of the choice of the local coordinates w, z 
appearing in the definition (3.1). This is obvious if p is a simple point of I. 
In case p is a singular point, 1/Ry is therefore determined uniquely in 
Upy—p, showing that Oy is also determined uniquely in Uy—p. Let 
| x= x(z) be an arbitrary function of class C® with |x!CU,—p, then 
we have, by (3.9), 


O(p)=p Up 8B 


id. 
] 
| 
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Combined with the uniqueness of Qy in Uy — p, this shows that, in Uy — p, 
the 2-form > Wisg+(¢p)opddp* is independent of the choice of the local 
B 


coordinates w,z, while (3.9) proves that Oy[W] is determined uniquely by 
the behaviors of in Up, — p, ped *(p). Hence we infer 
B 


that the 1-current Oy is determined uniquely and is independent of the choice 
of local coordinates w,z. The 0-current 1/Ry is connected with Qy by the 
relation (1+ 1C)d(1/Ry) = 47iQy. In order to deduce the uniqueness of 
1/R, from the uniqueness of Dy, it is sufficient therefore to show that there 
exists in Uy only one 0-current T satisfying the conditions 


(14+40)dT T—1/R,—0, in Uy —T. 


Let 7, T’ be any two 0-currents satisfying the above two conditions. Then 
the difference S = T — T”’ vanishes in NU, —T and satisfies CdS = 1d8 ; thus 
d§ is a pure 1-current of type 0, while it is obvious that ddS —0. Hence, 
by Theorem 1. 3, dS must be a holomorphic differential in Uy. Consequently 
dS vanishes in the whole of Uy and therefore § must be a constant. Hence 
S must vanish in the whole of Uy, proving that T — T’, q. e. d. 

We introduce here the notion of the residues of double differentials due 
to H. Poincaré.*® Let W = W,.(z)dz‘dz* be a double differential defined in 
a domain D C Mt such that, for every point pe D, RyW is holomorphic at p. 
Then, denoting by RyW,2(¢p(7p)) the holomorphic function of 7, obtained 
from the holomorphic function R,yW,. of 21, 2? by setting 2* = gy%(7)) 
(«= 1,2), we infer from (3.10) that, for each pe®, 


(3. 12) dW[X] S )opX, 
$(p)=p 


the integral in the righ-hand side is to be interpreted as the Cauchy principal 
value, in case it does not converge absolutely.** (3.12) shows that the 
differential RyW12(¢p)op defined in Up is independent of the choice of Ry 
and the local coordinates z',z°,U, being the neighborhood of p introduced 
in Section 2. Hence we have 


X being an arbitrary 2-form of class C* with | XY | C Uy, where the value of 


(3. 13) in U,N Ue 


proving that = R,W12(¢p)op is a well defined differential on 


85 Poincaré [17]. 
8° (3.12) is essentially the same as a formula due to Poincaré; see Poincaré [17], 


p. 350. 


a 
4 
4 
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determined uniquely by W. This differential € is called the residue of the 
double differential W. We denote the residue é of W by #(W), i.e. we put 


(3. 14) = 


As (3.12) shows, the residue €=(W) is characterized by the equation 


(3. 15) dW[X] = 
Jr 


where X is a “variable” 2-form of class C” with |X|C®. The above 
Theorem 3.2 says that the residue € of any double differential defined in Uy 
satisfies > Res,[é] —0. 
o(p)=p 
The differential o, depends on the choice of R, and the local coordinates 
z',2* in the neighborhood Uy of p—¢(p). Denoting the local coordinates 


in U¢(p) by Zp’, Zp’, we get, from (3.13), 
(3. 16) = [4 (%q", 2p") (7) in Uy, 


where tpg = [Rp(z)/Rq(z) |2-6(r). Combined with (2.3), this yields imme- 
diately 
(3. 17) = 2q") /O( 2p"; 2p") hpop, in Ug. 


For an arbitrary meromorphic differential = fdr, defined in a neighbor- 
hood U, of p, we put Vp(€) = V,(f). By the conductor c of T will be meant 


the divisor c defined as 
> Cop, Cp = — Vo(op). 
p 


It is to be noted here that V,(op) is independent of the choice of R, and 
z', 2°, whereas op depends on them (see (3.16)). Now we shall prove that 


Cp =0, tf p—¢(p) is a simple point, 
Cp >O, if p—(p) ts a singular point. 


To do this, we denote the system of local coordinates with the origin p by 

(w,z). Incase p= ¢(p) isa simple point, we may assume that Ry(w,z) =w 

and that z+, on IT. Hence we get op = dtp, proving that c) —0. In case 

p—¢(p) is a singular point, ¢7(p) consists of a finite number of points 
1 

pr Let Ry(w,z) be the decomposition of 


R;(w,z) into a product of the irreducible distinguished polynomials R,(w, z) 
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in w representing respectively the irreducible branches I, of I corresponding 
to ps (see (3.2)). Then, introducing the parametric representation 


= + (a) ~ 0, k,=1), 


of the branch T, —T,, we have dd,” = m,7,"""dr,, while, since 


0,Ry(B1, 71) ) = 0,21 (Pi, 71) I 11™), 


Vp (0:Ry 71) ) is greater than m,—1 unless and kj 1. Hence 


if p—d(p) is a singular point, g.e.d. The above result shows that the 
carrier |c| of the conductor c coincides with the inverse image ¢*(S) of the 
set © consisting of all singular points of T. 
Now, let us considet the space %(T). Let F be an arbitrary function 
in G(T). Then R,F is a holomorphic function in a neighborhood Uy, of F 
= ¢(p) and therefore f(r) = RpF'(¢p(r))/hp(r) is a meromorphic func- 
tion of 7 in Uy, where R,F'(¢p(7)) denotes the holomorphic function of + 
obtained from the holomorphic function RF of z', z? by putting 2* = ¢p%(r) 
(*—1,2). Moreover, since by (2.12), (dq) =hp/hg, in 
Ug, we have = (bq) /hq, in Up Ug. This shows that 
f = R,F (¢p)/hp is a well defined meromorphic function on We denote 
this function f by Gr(F), i.e. we put = The linear 
operator ©, thus defined depends on the choice of the system {hy} (the sub- 
script h in Gp indicates this fact). Since fhp = R,F(¢,) is holomorphic in 
U,, the function f = ©,(/) is a multiple of —), i.e. 


(a) (f) +d20. 
Again, at each singular point p of I, f satisfies : 
(8)* Resp[ Biz (bp) fhpoy] = 0 


for an arbitrary holomorphic double differential B,.dz1dz? defined in some 
(not fixed) neighborhood of p; indeed, we get, by Theorem 3. 2, 


Resp[Bisfhyop] = = 0, 
d(p)=) O(p)=p 


since RyF is holomorphic. The above condition (8)* is obviously equivalent 


to the following condition 


(8) Resp[ (¢p*)* | = 0, (k,l = 0, 1, 2,° *). 
O(p)=p 
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We denote by {(T,d) the linear space consisting of all meromorphic functions 
f on © satisfying the above conditions (a) and (8). Then the above results 
show that F > f—G,(F) ts a linear transformation mapping %(T) into 
f(T, d); moreover, F is determined uniquely up to an additive constant by 
f=Gi(f). Indeed, if = vanishes identically, then the 
holomorphic function R,F must be divisible by R, and therefore F is holo- 
morphic everywhere on Yt; hence / must be a constant. 

Now, suppose an arbitrary meromorphic function fef(T,d) as given. 
Then, does there exist a meromorphic function F e %(T) such that ©,(F) =f ? 
In order to solve this question, it is convenient to introduce the notion of 
additive meromorphic functions. A many valued meromorphic function F(z) 
on Yt will be called additive, if, by the analytic continuation along an arbitrary 
closed continuous curve y on Mt, F(z) is changed into F(z) + cy, where c, 
is a constant depending on y. An arbitrary additive meromorphic function 


as represented as the integral f dF of the simple differential dF; thus an 


additive meromorphic function is a simple Picard integral of the first or the 
second kind according as it is everywhere holomorphic or it is not. Let 
%(T) be the linear space consisting of all additive meromorphic functions F 
on Yt which are multiples of —T' in the sense that, for every point p on Mi, 
R,F is holomorphic in some neighborhood of p. Then it can be shown in 
the same way as above that, for each Pe M(T), is a 
(single valued) meromorphic function belonging to f(T,5). Furthermore it 
follows from (3.7) and (3.9) that f—G,(F) is related with F by the 
relation 


where W is an arbitrary 3-form of class C” and the value of the integral in 
the right-hand side is to be considered as the Cauchy principal value if it 
does not converge absolutely. Now, we shall prove that, for every fe f(T,d), 
there exists at least one additive meromorphic function Fe A(T) such that 
©.(F) =f. For this purpose, we introduce, in view of (3. 18), the 1-current 
Q; defined as 


(3. 19) Q[¥] =— ~ V1 


where © is a “ variable ” 3-form of class C® and the value of the integral in 
the right-hand side is to be considered as the Cauchy principal value in case 
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it does not converge absolutely. It is to be noted here that we have, by 
virtue of (3.17), 


(pp) fhpopddy® ~ 26+ (bq) in U, a Ug, 
so that fhpopdd,y® is a well defined 2-form on 
B 


It is obvious that the carrier | Q;| of the 1-current Q; is T. Again 
Q; 1s a pure 1-current of type 1, as (3.19) shows. Now we shall prove that 
dQ; satisfies 


(3. 20) = dQy. 

To do this, let ® be an arbitrary 2-form of class C*. Then we have 

Considering ®12(¢p)fhpop as a 1-form on IW, we get 


d(®12( dp) flhipop) Op-® ofhpopddy? 


and consequently 


res r 


p A(p)=p |rpl=e 


where the sum © is to be extended over all singular points of T'; while, as 
p 
Lemma 3.1 shows, the condition (8)* implies that 


d(p)=p |Tpl=€ 


Hence we obtain 


proving that dQ;[C®] = dQ;[®]. Combined with (1.6), this yields imme- 
diately (3.20). Thus dQ; ts a pure 2-current of type 1. 

Now, we put 6;—= (dAG + 18G@)dQ;. Then, by virtue of Theorem 1. 4, 
6; is a holomorphic simple differential in Yt—T and the integral of 6, over 
an arbitrary 1-cycle yC Mt—T is given by 


(3. 21) 6 = iQ, Hy]. 


Putting F;(z) = an f 6;, we get therefore an additive holomorphic function 


4 
a 
i 
> lm ®, = 0. 
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F; in —T. Now we shall show that, for every pe T, is holomorphic 
in Uy. First, assume that p is a simple point of T and put p—¢"(p). 
Then we can choose the system of local coordinates (w,z) with the origin p 
so that Ry(w,z) —=w and that zz, on I. The holomorphic function 
f(r)hp(r) defined on T'f] Uy can be extended to a holomorphic function 
N(w,z) defined in Uy, e. g. we get such V(w,z) by putting simply V(w, z) 
=f(z)hp(z). Using (3.7) and (3.9), we infer immediately that the 0- 
current N/R, in Uy satisfies 


(3. 22) (1 iC)d(N/Ry) = — 


Now, consider the difference 


(3. 23) T 206, 4(1—iC)d(N/Rp). 


This difference 7 is a pure 1-current of type 0 in Uy and, since, by Theorem 
1.4, 6; satisfies d0; = idQ,;, it follows from (3.22) that T satisfies dT — 0. 
Hence, by Theorem 1.3, T is a holomorphic differential in Uy. The integral 


(w, 2) 
L(w, z) 


is therefore a holomorphic function in Uy. On the other hand, we have 
4(1— 10) d(N/R,) = d(N/R,), in Uy 

Hence we get, from (3. 23), 

(3. 24) F;y= N/R, + L + const., in Uy —TI. 

This shows that RyF; is a holomorphic function in Uy. Moreover (3. 24) 

yields immediately RyF'(0, 2) = N(0,z) =f (z)hp(z), proving that 

(3. 25) F(bp)/hp =f, in Up. 

Now, consider the case that p is a singular point of [. Then it follows 
from the above result that R,F; is holomorphic in Uy,—p. Hence, by a 
theorem of Hartogs,*? R)F; must be holomorphic in the whole of Uy. Thus 
F; is a function belonging to &(T). Furthermore it follows from (3. 25) 
that F; satisfies S,(/;) =f. Obviously every satisfying = 
can be represented by means of the base {A:, A2,- - -, Ag} of simple differ- 
entials of the first kind as 

F(z) =F,(z) + (° + const., 
y=1 


since  — F; is holomorphic everywhere in Mt. Thus we obtain the following 


37 Hartogs [11]. 
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THEOREM 3.3. The linear mapping F—>f =—GSp(F) maps A(T) onto 
f(T, 5). Hvery Fe A(T) can be written by means of f = Si(F) as 


qd 
(3. 26) (226) + +0 
v= 
where ‘no, M15 * are constants. Conversely, for arbitrary given no, m, 
no" * *>Nq the function F defined by (3.26) belongs to A(T) and satisfies 
=f. 


It is to be noted here that the additive meromorphic function F’ defined 
by (3.26) satisfies as a 0-current the relation 


(3. 27) dF == +- — 


Indeed, putting T = dF — 2x6; — S nA, + 2miQ;, we infer readily that dT 
vanishes in the whole of Yt and that 7 vanishes in Yt—T, while, since, by 
(3.18), (1+ %7C)dF =—4miQ;, we get (1+10)T =—0, showing that T 
is a pure 1-current of type 0. Hence, by virtue of Theorem 1. 3, T is a holo- 
morphic differential and therefore 7 must vanish in the whole of Mt. 

Let {y1, y2° * *, Y2q} be a base of 1-cycles on Yt with integral coefficients 
and {A,,- - -,Ag} be a base of simple differentials of the first kind such that 
(Ay, Ay) = Again we put 

wy = = A». 
(w,;) is called the period matrix of the simple differentials of the first kind. 
Since HA,=A,, we have ,;= (A,,*Hy;). Obviously A, can be repre- 
sented as 


(3. 28) Ay = Hj*Hy;, 
j=1 


where the coefficients a; are related with w,; by the formulae 


(3. 29) > = 0, = 
j 
Using (3.21), we infer that the period o;(f') = dF of the additive mero- 
morphic function F defined by (3.26) is given by 
(3. 30) = 2mQ;[Hyj] + 
Putting 


we introduce the A- and the A*- components @,(F), +(F) of the “ period 
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vector ” »;(/’) of F. By means of the “ fundamental form ” 0 = > igagedz*d#, 
+A, can be represented as ** *A4, ——1iQ-A). Hence we have, by (3. 28), 


2q : 
j=1 


Using this formula, (3.29) and the identity Q;[Q-A,] 0, we get from 
(3. 30) 


(3. 31) ay (F) = — 29Q,[Q- Ay], aye(F) =. 


THEOREM 3.4 (ExistENcE THEOREM). Let f be an arbitrary function 
in f(T, Then, there exists on Mt a function Fe such that S,(F) =f 
if and only if f satisfies 


(3. 32) Q;[Q- Ay] = 0, for A= 1,2,°--,4q, 
and, in case f satisfies (3.32), F is given by 
(3. 33) F(z) 6; + const. 


Proof. Obviously Fe belongs to if and only if «(F) 
= =0 (A—1,2,---,q). Hence, if belongs to %(T), then, by 
(3.31), f= ©S,(/) must satisfy (3.32). Conversely, if f satisfies (3.32), 
then, putting = 0 in (3. 26), we get Fe satisfying ©, =f, q.e. d. 

Since is determined by uniquely up to an 
additive constant, dim §(T) —1 is equal to the number of linearly inde- 
pendent functions f in f(T, 5) satisfying (3.32). Denote by 7 the number 
of linearly independent simple differentials A of the first kind satisfying 
Q;[Q:A]—0, for all fef(I,d). Then (3.32) imposes linearly 
independent conditions on f. Hence we get 


(3. 34) dim{l} = dim f(T, ’)—q+j+1. 


The non-negative integer dim f(T’, })— dim{I} + 1 will be called the charac- 
teristic deficiency *° of T and be denoted by chd(T): 


chd(T) = dim f(T, })— dim{r} +1. 
Then, it follows immediately from (3.34) that 
(3. 35) chd(T) =q—]; 
88 Hodge [12], p. 175. 
*°Goldman [9], §6. The characteristic deficiency is nothing other than the 


deficiency of the characteristic series of Italian geometers. Cf. Zariski [30], p. 26, 
pp. 69-71. 
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thus we see that the characteristic deficiency of an arbitrary curve ts always 


not greater than q. 

A finite number of simple Picard integrals of the second kind are said 
to be independent if no non-trival linear combination of these integrals 
reduces to a single valued meromorphic function. By virtue of Theorem 3. 3, 
we have dim — dim f(T, d) + 1, while the number of independent 
simple Picard integrals of the second kind which are multiples of —T is 
obviously equal to dim %(T) —dim%(T). Hence we obtain 


THEOREM 3.5. The number of independent simple Picard integrals of 
the second kind which are multiples of —T 1s equal to q +-chd(T). 

It follows from this theorem that, if Mt contains a curve with the 
characteristic deficiency q, Wt possesses exactly 2q independent simple Picard 


integrals of the second kind. 


4, The theorem of Riemann-Roch on reducible curves. By virtue of 

the formula (3.34), our problem is reduced to the estimation of dim f(T, 5). 

Let = be an irreducible curve without singular point. For an arbitrary differ- 

ential € on %, we denote by (€) the divisor of é defined as (€) = } Vp(€) - p. 


Now, for an arbitrary divisor m on 3, we denote by f(m) the space of all 
meromorphic functions on & satisfying (f) + m= 0 and put f*(m) = f(m) 
+ {(0) (f(0) is the space consisting of all constants). In case m= 0, f*(m) 
coincides with f(m). Again, we denote by =(m) the space of all differentials 
on & satisfying (€) + and put E*(m) = + 2(0). 2(0) is 
the space of all differentials of the first kind and therefore dim =(0) is equal 
to the genus =z of &. 

Let a= } mpp, 6 = S ngq be two positive divisors on = such that the 
carriers |a| and | 6| have no point in common. Now, for arbitrary é © =(b) 
and fef(a), we define the product (éf) as 


(éf) = Resg[fé]; hence (¢f) = — Resp[fé]. 


As one readily infers, (€f) vanishes for all ée H(6)if and only if fe f*(a—b). 
Again, if ée =*(b—a), then (éf) vanishes for all fe f(a). Thus, in the 
product (éf), € and f can be considered as the elements of the factor spaces 
= — =(b)/=*(b—a) and f = f(a)/f*(a—5), respectively. Now we shall 


= 


show that & belongs to E*(b—a) if (f) vanishes for all fe f(a) so that = 
and ~ are dual to each other with respect to the product (éf). To prove this, 
it is sufficient to verify that dim=—dimf. By virtue of the theorem of 


Riemann-Roch, we have 


; 
3 
a 
4 
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dim f(a) = dega—a-+i(a) +1, 
dim f*(a— 6b) = deg a— deg b — zr + i(a —5) + 2, 
where z is the genus of & and 1(a), 1(a—}) are the indices of specialties of 
of a, a—b, respectively. Hence we get 
dim f = deg b—1-+ i(a) —i(a—B). 
On the other hand, since 
i(a) = dim =(— a) = dim ], —b) = dim —a),- 


we have 


dim =*(b— a) =i(a—b) + 2—i(a), 


whence we get, using dim =(6) = deg b —1+ 72, 
dim = = deg + i(a) —i(a—B). 
Hence we obtain dim = = dim f, q. e. d. 


Now we turn to the reducible curve T= ST, on Mt. For an arbitrary 
p=1 


divisor m on the non-singular model FE of I, we denote by f(m) the 
space of all meromorphic functions f on WF satisfying (f) +m=20, by 
=(m) the space of all differentials € on W satisfying (€é) + m= 0 and put 
f*(m) =f(m) + f(0), 2*(m) ==Z(m) + =(0). We choose the charac- 
teristic divisor } of T so that |d]| and |c| have no point in common and 


decompose d as follows: 
d=d'— dD, ZO and | d-| is empty. 
Again, we put a= d*, bd + ¢ and introduce the product 


of arbitrary =(b) and fe f(a). The non-singular model is the direct 
sum: — of irreducible components W,. Corresponding to this, a, 


é, f can be decomposed into the direct sums: a= Ya, b—=>b,, E—= DE, 
v Vv 


f=>f, of a), by, &, fy defined on W, so that we have 
(€f) = 3 (éf,), &€2(b,), fret (a), 


where (éf,) = > Res,[f,€,]. Hence, applying the “duality theorem ” 
| 


qe|by 
proved above to each pair of divisors a,, by, we see immediately that the 
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factor spaces + c)/E*(c—»d) and f(d*)/f*(d’—c) are dual to each 
other with respect to the product (éf). 


It is convenient for our present purpose to introduce the following 
notations: Let m= > mpp be a divisor on W and {&|peZ} be a system of 
differentials €, defined respectively in a neighborhood U, of pe, where & 
is a finite set of points. Again, let é be a differential on EW’. Then, we shall 
say that € is congruent to > é, modulo m and write 


pet 
(4. 1) (m), 
pert 
if € satisfies 
Vo(E— &) = mp, for pez; = mp, for 


The formal sum > & in the right-hand side of (4.1) stands simply for the 
system or the vector {é,}. Again, a finite number of formal sums > é,” 
Dp 


(v1, 2,- - -) will be called independent modulo m, if no non-trivial linear 
combination >} a, > é,™ satisfies 
D 


(m). 
Dp 
For each singular point p of I, we introduce the formal sums 
=> ‘op; (k,l = 0, 1, - *) 
$(p)=p 


and denote by J, the number of o,“”) which are independent modulo 0, where 
0 denotes the divisor zero: 0—=>0-p. If one considers 
D 


(By) > Resp[ ($p*)*($p*) = 0 (k,l = 0,1, 2,- 


as the conditions for the system {fhp|pe¢*(p)}, then J, represents the 
number of linearly independent conditions involved in (fy). For any simple 
point p, we put lp —0. 

Now, let =(I',—5) be the space consisting of all differentials é on F 
which are congruent modulo } to some linear combinations of the formaal 


sums (¢p*)*($p") ‘hyop, i. ©. 


p 


where apy: (k,l =0,1,2,---) are arbitrary constants and > is the sum 
p 


extended over all singular points of fT. Then we have 


THEOREM 4.1. The dimension of f(T, 5) ts given by the formula 


| 
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(4.2) dim f(T, d) —degs— +i, 
y=1 p 


where pts the number of irreducible components of T= >| T,, my is the genus 
of and 1= dim E(T, 


Proof. Assume first that | 5 | and | c| have no point in common and that 
each component d-, of d- is positive. Then, for every > (¢p')*(dp7) ‘hgop, 


there exists at least one differential é on WT satisfying 
E= (— D>). 
Hence, denoting by = the space consisting of all differentials é satisfying 
p kt d(p)=p 


Mx being arbitrary constants, we infer readily that the space f*(T, d) 
= f(T, 5) + is the subspace of f(d*) consisting of all f f(d*) satisfying 
(éf) = 0, for all ée 2; thus f*(T, 5) is characterized as the space which is or- 
thogonal to = in the dualism between f(d*)/f*(d — c) and E(d- + c)/Z*(c — d) 


with respect to the product (éf). Obviously = contains 2(0) but does not 
necessarily contain =(c—»). The space which is orthogonal to f*(T, 5) is 


therefore =+ =(c—5). Hence we get 
(4.3) dim f*(I, — dim f*(d—c) = dim + c) — dim[Z + 2(e—d)]. 


Obviously we have 
dim f*(T, 5) = dim f(T,d) +4, 

dim j*(b—c) dim +4, 

dim =(d- + c) = degc + dim =(d-) 
and, since = {) =(c—d) = #(T,—d), 

dim [= + — dim = + dim — 5) —1, 
while, applying the theorem of Riemann-Roch to each W,, we get 
dim f(d—c) = deg dege— dim 

Inserting these formulae in (4.3) and using dim =—dim E(d-) = “ ly, we 


obtain 
dim f(T, —degd— Samy $i. 


Thus (4.2) is proved in the case that 5 is subject to the conditions: d-, > 0, 
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|| |c| is empty. Now, consider an arbitrary characteristic divisor 1’ 
not satisfying the above conditions. }’ is determined by a system {h’p} 
which is obtained from {hp} by the transformation hy — h’p = 9 - hp, g being 
a meromorphic function on FE. Then, as one readily infers, f(T, 5’) or 
=(I,— d’) is obtained respectively from f(T,5) or by the trans- 
formation f>f’=—g"-f or E> & =—g-&, so that we have 


dim f(T, 5’) = dim f(T, d), dim =(T, — d’) = dim =(T, — Dd). 
Hence (4.2) is valid also for d’, q. e. d. 


5. The theorem of Riemann-Roch on compact analytic surfaces. 
Let D=> m,I, be the representation of an arbitrary divisor D on QM in 
terms of the irreducible components T, of D. Then, at each point pe M, 
D can be represented by the meromorphic function 


Ry (D3 2%, 2°) = TT {By 2) }™, 
where each R,y(z', z?) = 0 is the minimal local equation of T, at p. Put 


hp(D; tp) = Ro cp) (D3 (tp), bp" (7p) )- 


Then V,(hp,(D)) gives the intersection number of D and the branch I, 
at p=—¢(p). Putting D-T => Vp(hp(D))-p, we introduce the inter- 
Dp 


section divisor D-T of D and T on ©. Obviously we have 
(5.1) I(D,T) = deg (D-T). 


Now, inserting (4.2) in (3.34) and using J(T,T) —degd, we get 
immediately 


Putting = +1+4% c,, we obtain therefore 
p=1 p 
(5.2) dim {T} = 1(T,T) 
Dp 


The quantity zr is called the virtual genus *° of T. Now we shall show that 
the virtual genus ry of T is determined uniquely by the homology class of T.** 
For this purpose, we first introduce the notion of the canonical cycles.*? Let 


4° Cf, Zariski [30], p. 30. 
41 This fact was suggested by A. Weil in his letter to the author. 
“2 Weil [25]. 
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{1l,} be a finite covering of Yt by the “spherical ” domains U) each of which 
is covered by a single system of local coordinates (2,1, z,?) such that each 
intersection U1, [) U, is simply connected (if it is not empty). Then, putting 
dz,'dz,? = in U,, we get a system {M),} of the non- 
vanishing holomorphic functions M), defined respectively in 1, [) U, satisfying 


My in hN UN 


This system {M),} determines a fibre bundle ¥ over Mt in the following 
manner: Consider the system {U, ©} of the direct products Uy, & € of Uy 
and the projective line € and identify two points pX fel xX € and 
pxXtel,x € if pew uU, and &/f,—M),(p). Then we get from 
©} a compact analytic manifold ¥ consisting of all points p X {& 
which is obviously a fibre bundle over the base space Yt; the fibre of F# is & 
and the transformation group in the fibre € is the multiplicative group of 
complex numbers. Furthermore it can be easily verified that the analytic 
structure of ¥ relative to Mt is determined uniquely by Mt. For an arbitrary 
point P= p X & of F, we denote by z(P) the projection p of P on the base 
space Mt. The subsets {p O|pe Mt} and M. — {p Xo|pe M} of 
# are compact analytic sub-manifolds of complex dimension 2. Now, each 
dlog My, is a holomorphic simple differential in Uy [) U1, and we have 


dlog My, dlog M,,.=0, in IU, 
dlog My, + dlog M,,+ dlogM,=—0, in W. 


Hence we can find a system {¥,} of the 1-forms ¥ of class C®” defined 


respectively in U, such that ** 
— = (1/271) dlog M),, in Uy Up. 


Putting X = dW), we get a well defined 2-form X of class C® on Mt, since 
d¥, = in U,. Considering M),(p) = M),(x(P)) as a function 
off P=pXh—pX defined in we have the identity 
My, = Consequently we get d log = d log  — d log and there- 
fore 

W, —(1/27i)d log {, = ¥, —(1/2z1)d log in NM 


where are to be considered as 1-forms defined on *(U,), 
respectively. This result shows that ¥—%,—(1/2mi)dlog& is a wel 
defined 1-current on ¥. Now, we have d-dlog£, = 2xi(M.—Mz.), in 


48 Weil [24], p. 113. 
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m*(1,). In fact, for an arbitrary 4-form © of class C® with | & | C (MU), 
we get, putting and »—1/h, 


d- dlog ¢[#] = dlog — (dt/t) - de 


d{ (dt/£) -®} =—lim d{ (d£/£) 


e310 <1/e 


= dt/t) 


€>+0 
= fo} MN.) [9], 
mit 2) (to — Ma) 
proving the above formula. Hence we obtain 
(5. 3) X= dv + M,— M., 


where X is to be considered as a 2-form on ¥. The formula (5.3) shows 
that the cohomology class of the 2-form X on M is uniquely determined by 
the analytic structure of Yt. Moreover it can be shown that the cohomology 
class of X is the second basic characteristic class ** of the manifold Mt. By a 
canonical cycle on Wt we shall mean a 2-cycle € such that I(f,Z) = Z[X] for 
all 2-cycles Z on Mt. 

Now we shall prove the formula 


(5.4) —2 = 1(T,T) + 


For this purpose, we choose for each point pe W a sufficiently small neighbor- 
hood U, of p so that ¢(U,) is contained in one of the domains 11, which 


will be denoted by Uy(p): C Uy»). Then, putting 
Mpq(T) = ($(t)), in Up a, 


we get a‘system {mpy,} of the holomorphic functions {mp } satisfying the 


conditions 
MogMqy = 1, in Uy!) Ug; MogMqrMrp = 1, in U,{) U-. 


Hence, by the same method as in the proof of Theorem 2.1, we can show 
that there exists a system {k,} of meromorphic functions k, defined respec- 
tively in U, satisfying in Up {| Uy. Now, we associate with 
each point 7 in U, C F the point P(r) = ¢(r) X kp(r) in Up) X E. Then, 
since 


Mpq(T) = ($(7)); in Uy Uy, 


44 See Chern [6], Theorem 8. 
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we have $(r) X kp(r) = X kg(r), for re Up Ug. This shows that 
P(r) = X kp(r) is a well defined mapping which maps onto a 
compact analytic curve P(H) in ¥. Obviously we have r(P(r)) = ¢(r) 
and therefore r(P(H@)) =f. Hence we get, using (5.3), 


T[X] = P(E) [X] = (*X, P(T)) = *M.., P(K)), 


yielding —J(M,—M., P(H)). It can easily be verified 
that 
(5.5) I(Mo Mz, P(W)) 


where V, denotes the valuation with the center p. In fact, a point P(p) 
on P(E‘) meets with Mt, if and only if kp(p) 0 (we write p instead of r). 
The intersection number I(Mt,P(W)) is therefore equal to the sum: 
P(Uy)) extended over all p such that &,(p) while we have 


I (Mo, P(Up)) = (1/2a1) d log y(t») = Vp(kp). 


Similarly, P(p) meets with if and only if 1/k,(p) = 0 and, if 1/&,(p) = 0, 
we have 


I (Ma, P(Up)) = (1/2a) d log(1/kp(tp) ) = — Vo(Kep). 


Hence we get (5.5). Consequently we obtain 
(5. 6) I(E,T) = Vo(kp). 


The differential o, depends on the choice of the local coordinates 21, 2? in 
Usip). Using 2 (p)*, as the local coordinates in U¢(p), we have by (3. 17) 


= keg [My ip) = kqMpqhpop = in Up M 


This proves that é = k,phgop is a well defined differential on W. The divisor 
(é) of € is represented as 


(€) =X 
D 
while we have 
Hence we get 
— 2 deg (é) + deg deg d+ Vp(kp). 
D 


Combined with (5.6), this yields immediately (5.4). The formula (5. 4) 
shows clearly that wp is determined uniquely by the homology class of I. 


9 
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By a canonical divisor on Yt we shall mean the divisor K of an arbitrary 
double differential W = W,.(z', 2*)dz'dz? (defined in the whole of Yt) deter- 
mined by means of the relation: W,2(z', z*?) = Ry(K; 2', Obviously any 
two canonical divisors K, K’ are linearly equivalent to each other and there- 
fore the divisor class {K} of a canonical divisor K is determined uniquely 
by Mt, if at least one double differential W ~0 ever exists on Mt. Incidentally, 
the divisor of a double differential W will be denoted by (W). Now, assuming 
the existence of a double differential W +4 0, we shail show that any canonical 
divisor K = (W) ts a canonical cycle. Let {Uy}, 2%, My», ete. have the same 
meaning as above. Then, putting W = R)(K; 21, 2,7) dz1dz,?, in Uy, we 
have M), = R)(K)/R,(K) in U, and therefore 

— = (1/2mi) [d log R\(K) —dlog R,(K)], in 
This shows that @ = ¥, — (1/27i)d log R,(K) is a well defined 1-form of 
class C* in M—|K|. Now, let Z = c,T; be an arbitrary 2-cycle on M 
represented as a linear combination of a finite number of differentiable sim- 
plices 7; such that each 7; is covered by a gingle neighborhood U);j) and 
that each | dT;| does not meet with | K |. Then we have 

=X [X] = X GT = — dT 

= — LedTj[H] — (1/2ai) Dd log (K)], 
while cdT;—=dZ —0 and, as (2.14) shows, (1/2zi)dT;[d log (K)] 
= —I1(T;,K). Hence we get Z[X] = 1(K, Z), proving that K is a canonical 


cycle on 
It follows from (5.4) that, by means of the canonical divisor K, the 


virtual genus zr of I is represented as 
(5. 7) — 2 —1(T,T) 
Now we shall prove the identity *° 


(5. 8) 


(5. 9) 


Let p be a fixed singular point of T. We denote by wu a vector (or a system) P 
{up| p © consisting of polynomials wp = up(rp) in rp of degree cp —1 F 


‘5 An arithmetic proof of this identity based on local considerations was given 
recently by D. Gorenstein. See Gorenstein [10]. 


o(p)=p 
For that purpose, we first deduce from Theorem 3. 2 the inequality 
bS4 
4 
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and by I, the linear space consisting of all such vectors u = {up}. Obviously 


we have 


Let (z',2?) be a system of local coordinates with the origin p. Then every 
monomial (z*)*(z?)! induces a holomorphic function (¢)')*(¢)”)* on each 
branch T,,pe¢"(p). Denoting by uy,” the polynomial obtained from 
($p')* (dp)? by reducing it modulo we define the vectors {up}, 
(k,l 0,1,2,---). Let &y be the subspace of generated by these induced 
vectors =0,1,2,---. Then we have —l,, since 


op") == + holomorphic part. 
o(p)=p 


Now we introduce the bilinear form b(u,v) of u,v ely defined as follows: 
b(u,v) = Resy[upvpo |. 
d(p)=p 


Clearly b(u,v) is symmetric and non-singular, while we have, by virtue of 
Theorem 3. 2, 


b(u®, yr) — S Resp[ (dp?) = 0, 


proving that b(u,v) =O for all u,veX,. Hence we get 
= dim 2, = 4 —4 Cos 
d(p)=P 
proving (5.9). 

By a suitable choice of the system of local coordinates (w,z) with the 
origin p (we write here w,z instead of 2, z*), we may assume that Ry(w, z) 
is a distinguished polynomial : 

Ry(w, 2) = w™ + By (z)w™* +--+ + Bn(z) 
and that the parametric representation of each branch Ty, pe¢*(p), is 
given by 
w= Bp(tp) = Apitp + Apotp 4 == 
Each coefficient B,(z) in Ry(w,v) is a holomorphic function: 
B,(2) = + byez? 
Replacing these B,(z) by the polynomials 
B*,(z) = Dye + + 


we construct the polynomial 
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R*(w, 2) = w™ + B*,(z)w™? +- - + Bn (z). 


Then, as one readily infers, we can find for each pe¢*(p) and for an 
arbitrary given integer M > 0 a power series $8*p(7p) such that 


R* (tp), = 0, Vo(B* p(t») — 2 M, 


if N is sufficiently large compared with M. Suppose M to be chosen sufficiently 
large. Then the functions 


, k= 0, 1, 1, pe ¢*(p) 


are all different to each other, where £, == exp(2zi/m,), and we have 


p k=0 
Hence, for each pe ¢*(p), the expression w = 8*p(rp), 2 = ty” represents 
an irreducible branch I'*, and the curve I'* defined by the equation R*(w, z) 
= 0 consists in Uy of the irreducible branches pe ¢7(p). Denote by 
I*,, c*, the integers corresponding to Jy, cp, associated with T*, [*y. c*, is 
the order of the pole 7, —0 of the differential 
= */0,R* (B*p (tp), tr”) Arp 
and is the number of formal sums (k, 1 = 0, 1, 2,---) 


which are independent modulo 0. Hence, if M and WN are chosen sufficiently 


large, we have c*, Cp, Supposing (w,z) as the inhomogeneous 
coordinates on the projective plane, we can consider I'* as a plane algebraic 
curve defined by the algebraic equation R*(w,z) —0. In order to prove 
(5.8), it is sufficient therefore to show 


(5. 8)* 


with respect to this plane algebraic curve T*. Now we apply the formula 
(5.2) to T*. Then we get 
since, in this case, g=j—0. On the other hand, denoting by n the degree 


of I'*, we have 


dim —43(n?+ 38n+2), I(T*, T*) =n’. 


Hence we get [4 Combined with the inequality 
p 
and (5.9), this yields immediately (5. 8)*, q.e.d. 


856 
| c*, 
O(p)=p 
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The space =(T,— 5) was defined as the set of all differentials é on 
satisfying 


p O(p)=p 


kyl 
Clearly this condition implies 


(y) (€) —d+c=0. 


Now, let € be an arbitrary differential satisfying (y). Then, for each singular 


point p of T, the formal sum > h,*é can be written as 
(p)=p 


(5. 11) > Ap = + holomorphic part, 
o(p)=p 


where u = {Uy} € ly. Obviously this é satisfies (5.10) if and only if u = {up} 
belongs to 2, for each singular point p of T. The identity (5.8) shows that 
dim 2, = 4 dim [,; consequently, an arbitrary element wel, belongs to &, if 
and only if wu satifies (u,v) =0 for all ve Ry, while, for u = {up} appearing 
in (5.11), we have 


b(u,v) = Resp[vphy7é]. 
d(p)=P 


Hence € satisfies’ (5.10) if and only if 
> — 0, (&, 0,1, 2,° -) 
d(p)=P 
for each singular point p of T. Thus we see that the space E(T,—}5) con- 
sists of all differentials € on © satisfying 


(y) 

and 

(8) Resp[ ($p*)* hp *E] = 0, (k,l = 0,1, 2,° +) 
o(p)=p 


for each singular point p of TI. 

Now, using the identity (5.8), we get from (5.2) immediately the 
following 

THEOREM 5.1 (THe THEOREM or RiEMANN-RocH). The dimension of 
the divisor class {T} of a (reducible or irreducible) curve T is given by 
(5. 12) dim {Tf} = I(T, T) —m—q+i+j+2, 
where, q is the irregularity of Dt, wr is the virtual genus of T, 1 18 the 
dimension of the linear space =(T,—) and j is the number of linearly — 
independent simple differentials A of the first kind on M satisfying 
Q,[Q-A] =0 for all fe f(T, d). 
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The number g of linearly independent double differentials of the first 
kind on Mt is called the geometric genus of Mt. For an arbitrary divisor D 
on M, we denote by YW (D) the linear space consisting of all double differ- 
entials W such that (W) + D20O. Then we have 


THEOREM 5.2 (RIEMANN-Rocu’s INEQUALITY). We have 
(5.13) dim + dim 21(T,T) —m—q+9 +2. 


Proof. For every double differential B = B,.(z)dz‘dz? of the first kind, 
£ = B,.(¢p)hpop is a well defined differential on W, as one readily infers by 
(3.17); furthermore, this differential satisfies clearly the above conditions 
(y) and (8). Thus B>é= B,2(¢p)hpop is a linear mapping which maps 
the space (0) of all double differentials of the first kind into the space 
=(T,— 5). Obviously Bi2(¢,)hpop vanishes identically on if and 
only if Be W(—T). Consequently we get 


i=dim £(T,—d) =g—dimM(—TP). 
Combined with (5.12), this yields immediately the inequality (5.13), q.e.d. 


In what follows we assume that there exists on Mt at least one double 
differential Wy not vanishing identically and put K =(W,). Then, for an 


arbitrary fixed divisor D, every double differential We %8(D) corresponds 
one-to-one to a meromorphic function F' e §(K + D) by means of the relation: 
W = FW,; consequently we have 


(5. 14) dim %(D) = dim {K + D}. 


Using this identity, we get from Theorem 5.2 immediately the following 

THEOREM 5.3 (RIEMANN-RoCH’s INEQUALITY). We have 
(5. 15) dim + dim {K —T} 

Now, we introduce the notion of the deficiency of an arbitrary divisor D 
on the (reducible or irreducible) curve T. Assume first that D and T have 
no component in common and denote by f(T, D) the space consisting of all 
meromorphic functions f on IW satisfying 
(%)p =0(— D-T) 
and 


(B)p (D op] = 0, (k,1 = 0, 1, 2,° 


for each singular point p of T. Then every meromorphic function F e §(D) 
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induces on KE‘ the meromorphic function f(r) =F (¢p(r)) belonging to 
f(T, D) and the induced function f(z) vanishes identically if and only if F 
belongs to §(D—T). Hence we have 


dim f(T, D) = dim {D} — dim {D —T}. 
Now we define the deficiency ** def(D/T) of the divisor D on the curve T as 
def(D/T) = dim f(T, D) — [dim {D} — dim {D —T}]. 

As one readily infers, if D’ is linearly equivalent to D, then def(D’/T) 
=def(D/T). In case D and T have some components in common, we define 
def(D/T) as def(D/T) = def(D’/T) by means of a divisor D’ = D having 
no component in common with T, assuming the existence of such a divisor D’ 
(this is the case if Mt is an algebraic surface). It is to be noted here that 
def(['/T) coincides with the characteristic deficiency chd(T) of T, whenever 
def(T'/I) can be defined. In fact, if there exists a divisor D ~T such that D 
and I have no component in common, then we have a meromorphic function 
F with the divisor (7) = D—T, and, putting 


(5. 16) Ry(D) = R,F, 


we get a meromorphic function Ry(D) representing D in Uy. It follows from 
(5.16) that the functions hp(D) = Rg ip) (D; dp) satisfy 


hp(D)/hq(D) = in Up ‘a Ua 


proving that {h,(D)} can be used as a system {hp} defining the characteristic 
divisor }. Thus we see that D-TI is the characteristic divisor ) so that 
f(T, D) coincides with f(T,5). Hence we get 


def(D/T) = dim f(T, 5)— dim {T} +1, 


proving that —chd(T). 
The difference 


sup dim {T} + dim {K —T} —1(I,T) +m+9q—g9—2 


is called the superabundance of the divisor class {fT}. From our deduction 
of Riemann-Roch’s inequality it follows immediately that 


sup {1} =i— [g —dim {K + q—chd(T). 


Now, assuming the existence of a canonical divisor K such that K and I have 


46 Cf. Goldman [9], §6. In the terminology of Italian geometers, def(D/I') is the 
deficiency of the linear series on I cut out by the complete linear system | D |. 


rst 
D 
er- 
nd, 
by 
ns 
Lps 
ace 
nd 
ble 
an 
ds 
n: 
ve 
| 


860 KUNIHIKO KODAIRA. 


no component in common, we shall show that 1— [g—dim {K —T}] is 
equal to def(K/T). Let W = W,2dz'dz? be the double differential with 
(W) =X and consider the one-to-one correspondence f — = fW12(¢p) hoo» 
between meromorphic functions f and differentials € on KE. Since the divisor 
Of Wishpop is K-T + € satisfies (€£) —b+c=0 if 
and only if (f) + K-T=o0. Again, since Wi2(dp) = hp(K), € satisfies the 
condition 


O(p)=p 


if and only if 7 satisfies 
Resp[ 'fhp(K) op] 0. 


Thus belongs to =(T,— 5) if and only if fef(T,K). Hence we have 
1= dim =(T,—d) —dimf(T, K), while, as (5.14) shows, g = dim W(0) 
=dim {K}. We get therefore 

i— [g— dim {K —T}] dim f(T, K)— [dim {K} —dim {K —T}], 


proving that 1— [g — dim {K —T}] is equal to def(K/T). Thus we obtain 
the following 


THEOREM 5.4 (G. Castelnuovo **). The superabundance of the divisor 
class of an arbitrary curve T 1s represented as 


(5. 17) sup {T} — def(K/T) +q—chd(P). 


6. Double differentials. In this Section we shall determine the dimen- 
sion of the linear space W(T) consisting of all double differentials on M 
which are multiples of —T in the sense that (W) +T2O. As was shown 
in Section 3, the residue = #(W) op of an arbitrary double 
differential We YW(T) is a well defined differential on EF. This differential 
€=—(W) satisfies obviously 


(y)o +c=0; 

again, as one readily infers by Theorem 3.2, == Rt(W) satisfies 

(8)o (bet) = 0, = 0,1, *) 
for each singular p of T. We denote by E(T) the space consisting of all 
differentials € on W satisfying and The mapping W>é= #(W) 


‘7 This theorem was proved by G. Castelnuovo in the case that M is an algebraic 
surface. Cf. Castelnuovo [4]; see also Zariski [30], p. 71. 
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is a linear transformation which maps I(T) into B(T). Clearly é—R(W) 
vanishes identically if and only if W is a differential of the first kind. 

Now, suppose an arbitrary differential é © =(I) as given. Then, does 
there exist a double differential We %W(IT) such that #(W) —€? In order 
to solve this question, we associate with é the 3-current 7'¢ defined as 


(6.1) T{X]—f_ 


where X is a * 


‘variable ” 1-form of class C® and the value of the integral 
in the right-hand side is to be interpreted as the Cauchy principal value, 
in case it does not converge absolutely (see (3.15)). T¢ is obviously a pure 


3-current of type 1. Again we have 
(6. 2) aT; = 0. 


In fact, for an arbitrary function ¥(z) of class C®, we have 


while ¥(¢,)é is a 1-form of class C® in I™—|c|. Hence we get 


aT; [¥] =X lim V( 


D P(p)=p €>+0 |Tp|=€ 


where > denotes the sum extended over all singular points p of I; while, 
p 
using Lemma 3.1, we get from (8), the identity 


> lim = 0. 
O(p)=p €>+0 |Tp|=e 


Hence, we obtain dT¢[¥] = 0, proving (6.2). Now, if there exists W e W(T) 
such that Ji(W) = é, then as (3.15) shows, we have 


(6. 3) dW =2mT: 
and therefore 
(6. 4) HT; = 0. 


Now, assuming conversely that 7’ satisfies (6.4), we shall prove the 
existence of We W(T) with R(W) —é. For this purpose, we introduce the 
2-current 6¢ defined as (dAG-+ #8G)T¢. By virtue of Theorem 1. 4, 
6: is a holomorphic 2-form in 9t—-I. In order to show that 6g is mero- 
morphic on I, we first consider an arbitrary simple point p of T. Choose 
the system of local coordinates (w,z) in a neighborhood Uy of p so that 
Ry = w and that z on T and put é = &, (rp) drp in Up, where p= ¢"(p). 


is 
h 
Tp 
or 
if 
1e 
ve 
)) 
in 
or | 
n- 
le 
al 
ul 
y) 
aic 


862 KUNIHIKO KODAIRA. 


By virtue of (y)o, é:(tp) is a holomorphic function in Uy. Hence, putting 
Wy(w, = (dw/w) &,(z)dz, we get a double differential W,(w,z) defined 
in Uy. Considering Wy as a 2-current in Uy, we get by (3.10), dWy = 2miTs, 
in Uy, since, in this case, op = dry. On the other hand, 6¢ is a pure 2-current 
of type 0 and satisfies 

(6. 5) doe = iT, 


as Theorem 1.4 shows. Hence we get d(270g—- Wy) =0, in Uy. By virtue 
of Theorem 1.3, we infer therefore that By = 276g— Wy is a holomorphic 
2-form in Uy. Consequently 276z is a meromorphic 2-form in Uy; moreover, 
since op = dtp = dz and 2rhyOg = é,(z)dwdz + RyBy, we get 


(6. 6) (dp) op = E, (p= $"(p)). 


Now, assume p to be a singular point of [. Then it follows from the above 
result that R,6g is holomorphic in Uy—yp. Hence, by virtue of a theorem 
of Hartogs,** Ry#g must be holomorphic in the whole of Uy. Thus Ryb is 
holomorphic in Uy for every pe Mt, proving that 6¢ is a double differential 
belonging to W(T). Moreover it follows from (6.6) that 26¢ satisfies 
Ri —€. Thus the existence of We W(T) satisfying R(W) —é is 
proved. 

For an arbitrary simple differential A = >| A,(z)dz* of the first kind, 
we put 


Ay = Aa($p) dbp". 


Ay is the differential induced on W by A. It is clear that HT¢ vanishes if 
and only if T¢[®]—0 for all harmonic 1-form ® of the first kind, while 
every harmonic 1-form of the first kind can be written as ® = A’+A 
by means of two simple differentials A’, A of the first kind. Hence HT: 


vanishes if and only if 


T:[4] = 


for all simple differentials A of the first kind. Thus we obtain the following 


THEOREM 6.1. The linear mapping W>E—R(W) maps the space 
YW (T) onto the subspace of =(T) consisting of all differentials ce =(T) 
satisfying 
(6. 7) 


“8 Hartogs [11]. 
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for all simple differentials A of the first kind on Mt. Every We W(T) can 
be represented by means of €=(W) as 


(6. 8) W = + B, 


where B is a double differential of the first kind. Conversely, for every 
fe H(I) satisfying (6.7), the double differential W given by (6.8) belongs 
to W(T) and satisfies R(W) —é. 


Denote by & the number of linearly independent simple differentials A 
of the first kind such that Ay vanishes identically. Then the number of 
linearly independent induced differentials Ay on W is equal to g—k. Moreover 
each Ar is a differential of the first kind and therefore is contained in (TL). 
Hence the number of linearly independent differentials ée Z(T) satisfying 
(6.7) is equal to dim Z(t) —q-+k. By virtue of Theorem 6.1, we infer 
therefore that the dimension of the space W(T) is given by 


(6. 9) dim W(T) =g + dim E(T) —q-+k. 


The dimension of =(T) is closely connected with the virtual genus zr of I. 

Consider an arbitrary system {é|pe]|c|} of differentials €, defined respec- 

tively at pe|c| and denote by }&€, the formal sum of &, introduced in 
Dp 


Section 4. By virtue of (5.8), the number of > & satisfying (y)> and (8)o 


which are independent modulo 0 is given by $ > ¢»p, while, for arbitrary > &), 
p 


there exists a differential € on => W, satisfying =D é (0) if and 
Dp 

only if 


(6. 10) x Res,[é] = 0, (v= 1,2,---,p), 
Dp 


(v) 
where >) denotes the sum extended over all pe|c|f)W,. On the other 
D 
hand, for arbitrarily preassigned values pp, pe|c|, satisfying } pp —0 for 


each singular point p of I, we can choose > é, satisfying (y)o and (8)o so 
D 


that Res,[&] for each pe|c|. Decompose into the sum T= 


g=1 
u(s) 
of connected components = > T,, where »(0) and p(m) =p. 
v=p(s—1)+1 
Then it fofllows from the above results that one can choose > é, satisfying 
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(v) 

(y)o and so that each > Res,[&] (u(s—1) <v< p(s), s=—1,2, 
D 

*++,m) takes an arbitrarily preassigned value, while (y)) and (8)o imply 


(u(8)) (») 


<< v< p 


Hence the number of linearly independent conditions involved in (6.10) is 
#—m, while the number of linearly independent differentials satisfying 


€=0(0) is Sz, Consequently we get 
y=1 
dim =(T) + m—i. 


Inserting this into (6.9), we obtain the following 
THEOREM 6.2. The dimension of the space W(T) is given by 
(6. 11) dim W(T) 


where wy is the virtual genus of T,m is the number of connected component 
of T and k ts the number of linearly independent simple differentials A of 
the first kind such that Ay vanishes identically on W. 


It is obvious that Ay vanishes identically if and only if the simple Picard 


2 
integral f A is constant on each connected component of [. Hence k is 


equal to the number of linearly independent simple Picard integrals of the 
first kind which are constant on each connected component of T. The difference 
dd(T) dim —dim is called the differential deficiency 
of ©. The formula (6.9) shows that 


(6. 12) dd(T) =q—k; 


thus dd(T) is always not greater than q. Let A be an arbitrary curve which 
is homologous toT. Then Ag ts identically zero if and only if Ay ts identically 
zero, A being an arbitrary simple differential of the first kind. In fact, 
denoting by 7 = wu - iv the local uniformization variable on I’, we have 


f Ar Ap —=—2i f | Ar/dr |2dude, 
T r r 


‘°Goldman [9], §6. In the terminology of Italian geometers, dd(I') is the 
deficiency of the linear series on IT cut out by the adjoint system of the complete 
linear system | Tr |. See the formula (6.17) below. 
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proving that A vanishes identically if and only if f. A-A is zero, while, 
r 
since d[A- A] —0, we have 


f Adam fad. 
A 2 


Hence Aa is zero if and only if Ay is zero. This shows that the number & 
of indepenedent simple differentials A of the first kind satisfying Ar —0 is 
determined uniquely by the homology class of T so that the differential 
deficiency dd({) of T ts uniquely determined by the homology class of TY. 
Now, it follows from (6.11) that 


m = dim %(T) . 


proving that the number m of the connected component of T 1s determined 
uniquely by the divisor class {T} of T.*° 


THEOREM 6.3. If T is connected and dim {T} = 2, then the differential 
deficiency dd(T) of is equal to the irregularity q of Mt: dd(T) — 


Proof. By virtue of (6.12), it is sufficient to show that any simple 
Picard integral f A of the first kind is not a constant on T unless A 


vanishes identically. By hypothesis, there exists on Qt at least one 
non-constant meromorphic function / such that (fF) +T2O0. Putting 
(fF —t) =T;—TI, ¢ being a complex parameter, we get a linear pencil 
{T;}. IT; is a curve (i.e. a positive divisor without multiple component) 
unless ¢ takes one of a finite number of special values ¢,, f.,- - -,¢s;; more- 


2 
over, by the above result, T; is connected for tt, Now, if f A is 
constant on I, then f A is constant on each T;, t  t,, since T; is homologous 


tol. Let a(t) be the value of fra on T;,¢t,. Then a(t) is an additive 


holomorphic function of ¢ for t At, (v—=1,2,---,8) (a(t) is holomorphic 
also for ==). In the neighborhood of t,, we have therefore 


a(t) =clog(¢—t,) Cm(t — ty)™. 


On the other hand, since «(¢) —f"4, zeT;, it is clear that the limit 


5° Especially if I is linearly equivalent to an irreducible curve, then I is connected. 
Cf. Zariski [30], p. 36. 
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lim «(ee + ¢,) exists and is independent of 6. Hence, in the above expan- 
€—+0 
sion of a(t), c and Cm, m <0, must be zero. Thus a(t) is everywhere 


holomorphic and therefore «(¢) must be a constant. This shows that fr4 
reduces to a constant, proving that A vanishes identically on Mt, q. e. d. 


Combined with (6.12), the above Theorem 6.3 yields immediately a 
theorem of F. Enriques ** to the effect that the differential deficiency dd(T) 
of an arbitrary irreducible curve T on an algebraic surface Mt is never greater 
than the irregularity q of Mt and there exists on M an irreducible curve T 
for which dd(T) = q.. 

In what follows we assume that there exists on Mt at least one canonical 
divisor K. Then, using (5.14), we get from Theorem 6.2 the following 


THEOREM 6.4. The dimension of the adjoint class {K +-T} of {T} ts 
given by 
(6. 13) dim {K+ T}=g+ar+m—1—q-+k. 


This Theorem 6.4 yields immediately Riemann-Roch’s inequality for the 
adjoint class {1”’} = {K + T} of {T}. Defining the virtual genus x’ of IY by 
—2—I1(I", 1”) +1(K,T), 

we get readily from (6.13) the formula 
dim {7} =1(1',1") +g—q+2+m—1+k, 
which yields immediately Riemann-Roch’s inequality 
dim = — +2. 
Furthermore we get the following 


THEOREM 6.5. The superabundance of the adjoint class {K +T} of 
the divisor class {1} of an arbitrary curve T is given by 


(6. 14) sup {K+ T}—m—1-5&, 


where m is the number of conected components of T and k ts the number of 


2 
linearly independent simple Picard integrals A of the first kind which 


are constant on each connected component of TY. 


51 Enriques [8]; Goldman [9], § 6. Cf. also Zariski [30], p. 66. 
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Combining (6.14) with (6.12), we get immediately 
(6. 15) sup {K +T} =m—1+q—dd(T). 
Especially if T is a connected curve, we have 
(6. 16) sup {K +T} =q—dd(T). 
Hence we get from Theorem 6.3 the following 


THEOREM 6.6. If T is connected and dim {1} = 2, then the super- 
abundance of the adjoint class {K +-T} of T is zero: sup {K +T} —0. 


It is to be noted here that 
(6. 17) = def(K + T/T) 


whenever def(K + I/I) can be defined. In fact, if there exist a canonical 
divisor K = (W) and a divisor D e {T}'such that K and D have no component 
in common with IT, then it can be easily verified in the same manner as in 
the proof of Theorem 5.4 that the mapping f > = fW12(¢p)hp(D)op maps 
K+ D) onto =(T) one-to-one so that dim =(T) —dimf(r,K+D). 
Hence we get 


dd(T) = dim f(T, K + D) —dim {K + D} + dim {K}, 


proving (6.17). 

In case Yt is an algebraic surface, the above Theorem 6.6 is reduced to 
a special case of a theorem of F. Severi * to the effect that, if an irreducible 
curve T on Yt is a member of a continuous system which is not an irrational 
pencil, then the superabundance of the adjoint system {K +-T} of {T} 1s zero. 
This theorem of Severi can be readily deduced from Theorem 6.5. Indeed, 
as was proved by Severi,** if I satisfies the hypothesis of the theorem, then 
there exists on 9% no non-trivial simple Picard integral of the first kind 
which reduces to a constant on I’; hence, by Theorem 6.5, sup {K + T} —0. 


7. Algebraic surfaces. In this Section Mt is assumed to be an algebraic 
surface without singularities in the projective space €’ of complex dimension 
N. We denote the projective coordinates in © by {,%,,- - -,éy. Then the 
Kahlerian metric ds? = 2 > gag+(dz*dz*) on M is given by 


N 


52 Severi [23]. See also Zariski [30], p. 144. 
58 Severi [22]; Zariski [30], p. 144. 
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where £=1,f,+1,:-+----+lyéy is an arbitrary fived linear form of 
fo, £1," - *,%y (it can be readily verified that gage are independent of the 
choice of £). The hyperplane section of Yt cut out by the hyperplane = 0 
will be denoted by H. We choose the linear form £ so that # and T have 
only simple intersection points. Now, let us consider the quantity Q;[Q2- A] 
appearing in the condition (3.32). Putting 


> dz, Ka = 02/024, 
we get Q =— idx and therefore 


Hence, considering (x,;A2—«2A,)fhpop as a 1-form on I, we have 
—— df — neds) 


The 1-form (x;A;—«2A,)fhpop is of class C” on © except for the points p 
on |c| and on | Z-T |, while, since, by our assumption, # and T have only 
simple intersection points, | c | and | #-T| have no common point. We have 


therefore 


iQ,[a-A] =(S+ ) lim (x,A2— 


while, using Lemma 3.1, one can readily deduce from the condition (8) 


for f the identity 


> lim (xi Az fhpop 0 
O(p)=P €->+0 [Tp|=€ 


for each singular point p of [. Hence we get 
(7.1) iQ,fo-AJ= lim 
Tles+0 


Consider an arbitrary point pe|H#-T|. Assuming that p—¢(p) is not on 
the hyperplane &—0, we put &—1 in Uy. Then the inhomogeneous 
coordinates - of the point z= (z',z?) in Uy are holomorphic 
functions of 21, z? and therefore 


x =— (1/2r)d log + continuous form, in Uy. 


Choosing the local coordinates 2’, z* so that Ry —2', £—2? in Uy (this is 
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possible since p is assumed to be a simple intersection point of # and Lr), 
we get therefore 


€—+0 Tp|=€ 
where fhp(p) denotes the value of the holomorphic function fhy at p. A, can 
be interpreted as the coefficient of the differential Ag —  A,dz1 induced on 


E by A and represented as 
A,(p) = Res,[Az/Ry] = (1/271) f RyAg, 


where ) denotes the integral extended over the small circle on EH with the 
p 


center p. Thus we get 


lim f — fhipoy = (p) Resp[Az/Rp]. 


Combined with (7.1), this yields the important formula 
(7.2) A] ftp (p) Reson 


where the expression fhp(p)Res¢(p)[Az/Rp| is independent of the choice. of 
the local equation R, =—0. 

Now, assume that T is an irreducible curve without singular points and 
consider an arbitrary divisor D not containing T as one of its components. 
In this case we can consider that I'—TI, so that f(T, D) is simply the 
space consisting of all meromorphic functions f on T which are multiples 
of —D-I. The deficiency ** of D on T is given therefore by 


def(D/T) = dimy {D-T} — dim {D} + dim {D—T1}, 


where dimy {D-T} denotes the dimension of the divisor class {D-T} on the 
curve I. Now, assuming that [— D is linearly equivalent to a (reducible 
or irreducible) curve A which does not contain T as one of its components 
and is connected in Yt—T, we shall determine def(D/T). Let Fy be a 
meromorphic function on Mt such that (F)) —=D-+A—TI. We choose the 
meromorphic functions Ry(D;z), Ry(A; z) expressing respectively the divisors 
D, A in Uy so that Fy = Ry(D)Ry(A)/Ry. Then, as was shown in Section 
5, one gets a system {hy} defining the characteristic divisor 5 by putting 
hy = Ry(D; dy) Ry(A3 dy) (since —T, it is not necessary to distinguish 
p from p—4¢(p)). Denote by M an arbitrary meromorphic function in 


54 Goldman [9], § 6. 
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A). Then the mapping = MF, maps §(D + A) onto 
one-to-one. Again, by virtue of Theorem 3.4, every Fe %(IT) corresponds 
one-to-one up to an additive constant to fe f(T, 5) satisfying Q;[Q-A,] —0 
(A =1,2,--+,q) by means of the relation f—A,F/hy, while, since 
hy/Ry = Ry (D)R,(A)/Ry = Fo, the relation f = RyF'/hy is equivalent to f(r») 
M(¢y»(tp)). Hence, every meromorphic function Me %(D-+ A) corre- 
sponds one-to-one up to an additive term cF,* (c being an arbitrary constant) 
to a meromorphic function fef(T,d) satisfying Q;[Q-A,] —=0 (A—1, 2, 
+ +,q) by means of the relation f—M(dy). Obviously 5=D-T+A-T 
and therefore —f(T,D-+ A). Now, if Me then f= M(¢,) 
belongs clearly to the subspace f(T, D) of f(T, D + A); moreover any M e &(D) 
is determined uniquely by f = M(¢y), since F,-* does not belong to %(D). 
Conversely, if f= M (dy) belongs to f(T, D), then we can find M,e%(D) 
such that M,(¢y) =f. To prove this, we shall first show that, if f = RyF/hy 
belongs to f(T, D), then the function /’, induced on A by F is holomorphic 
everywhere on A. Clearly /’, is holomorphic on A except for the points on 
|A-T |. Now, let p be a point on |A-I'|. Then since I is a curve without 
singular points, we can choose the local coordinates 21, z? in Uy so that Ry = 2 
and that on Put 


N (21, 2?) = 21 F = MR,(D)R,y(A). 
Then, since f ¢ f(T, D) implies that M (0, z*) Ry(D; 0, 27) = f(z?) Ry(D; 0, 2”) 
is holomorphic in z*, we have 
N(0, 0(Ry(A; 0, 2”) ). 
This shows that 
N 22) =0(z4, Ry (A524, 


Now, let A be any irreducible branch of A passing through p and z* = ¥(r,) 
(« 1,2) be a parametric representation of A®). Then we get from the 


above result 


= 


proving that = (ra)) = (7a) (7a) is a holomorphic function 
of the local uniformization variable tr, on AM. Thus F’, is holomorphic 
everywhere on A and therefore 7’, must be constant on each irreducible com- 
ponent of A, while, since by hypothesis A is connected in J{—T, any two 
irreducible components of A have at least one common point in Jit—T. Hence 
F', reduces to a constant on A: F,—c. Now, putting F; = F —c, we get 
a meromorphic function F, satisfying (F:) 2A—T and RyFi/hy =f. The 
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corresponding meromorphic function M, = F,/F, belongs clearly to §(D) 
and satisfies M,(¢)) =f. Thus the mapping M +f = M(¢y) gives the one- 
to-one correspondence between meromorphic functions Me %(D) and mero- 
morphic functions fe f(T, D) satisfying Q;[Q-A,] =0 (A=1,2,° °°, ¢q). 

Let jp be the number of linearly independent simple differentials A of 
the first kind satisfying Q;[Q- A] —0 for all fe f(T, D). Then the number 
of linearly independent conditions imposed on fe f(T, D) by Q;[Q-A,] —0 
(A=1,2,- + -,q) is y—Jp and therefore, by virtue of the above results, 


def(D/T) = dim f(T, D) — dim 3(D) = q — jp. 
Combined with (7.2), this proves the following 


THEOREM 7.1. Asswme T to be an irreducible curve without singular 
point. Let D be an arbitrary divisor not containing T as tts component such 
that 1! — D is linearly equivalent to a curve A which does not contain T as tts 
component and is connected in Yt—T, and let jp be the number of linearly 
independent simple differentials A of the first kind satisfying 


S _fly(p)Resy[An/Ry] —0, for all fe f(T, D), 
pelE-T| 


where E 1s an arbitrary hyperplane section of Mt cutting out on T only simple 
intersection points. Then we have 
(7. 3) def (D/T) = q— jp. 


From this theorem it follows immediately the following 


THEOREM 7.2. Let T be an trreducible curve without singular points 
and D be an arbitrary divisor not containing T as its component. If 
Tl — D— E is linearly equivalent to a curve A not containing T as its com- 
ponent, then we have def(D/T) —0. 


Proof. We choose EF so that # cuts out on I only simple intersection 
points which do not lie on | D| nor on | A| and that A+ £ is connected 
in M#—T. Since T is linearly equivalent to D + A -+ E, we may assume that 


(7. 4) hy = Ry(D; dy) Ry(A5 dy) dy). 


Now, for each pe| #-T |, every fe f(T, D) is holomorphic at p, while (7. 4) 
shows that hy(p) = 0. Hence we have, for arbitrary A, 


> (P) | == for all fe f(T, D). 
pelE-T| 


Consequently jp = q and therefore, by (7.3), def(D/T) is zero. 
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For an arbitrary given divisor D, the divisor class {D + nE} contains 
an irreducible curve without singularities if the positive integer n 1s chosen 
sufficiently large.®> Using this fact, we can deduce from Theorem 7. 2 imme- 
diately the following 


THEOREM 7.3 (O. Goldman **). Let L, D be two arbitrary given divisors 
and T,, be an irreducible curve without singularities belonging to the divisor 
class {L + nE}, E being the hyperplane section. Then, if n is sufficiently 
large, we have def(D/Tn) =0. 


The superabundance of an arbitrary divisor class {D} is, by definition, 
sup {D} = dim {D} + dim {K — D} —1(D, D) + m—g9g+9q—2, 


where zp is the virtual genus of D defined by 2ap —2 =1I(D, D) + 1(K,D). 
The theorem of Riemann-Roch on algebraic surfaces asserts that sup {D} 
is always non-negative. The divisor class {D} is called regular if sup {D} 
and dim {K — D} are both zero. 

Let D is an arbitrary divisor. Then, if n is sufficiently large, 
{D + nE — K} is a divisor class of an irreducible curve A and therefore 
{D + nE} = {K + A}; moreover, it is obvious that dim {A} = 2 for suffi- 
ciently large n. Hence, by Theorem 6.6, we get the following 


THEOREM 7.4 (G. Castelnuovo **). For an arbitrary given divisor D, 
the divisor class {D +-nE} is regular if n ts sufficiently large. 


Choose n so large that {D+ nH} is regular and contains a curve IP. 
Then, using (5.17), we get immediately chd{T'} —g. Combined with (3. 35), 
this proves a theorem of G. Castelnuovo ** to the effect that the characteristic 
deficiency of a curve is always not greater than the irregularity q of the 
surface and there exists a curve having the characteristic deficiency q. Again, 
combined with Theorem 3.4, the above result yields the following 


THEOREM 7.5.°° Let T, be a curve in the divisor class {D+ nE}, D 
being an arbitrary fixed divisor. Then, if n is sufficiently large, there exists 
on Wt exactly 2q independent simple Picard integrals of the second kind 
which are multiples of —Ty. 


55 See Goldman [9], § 5. 
56 Goldman [9], § 6. 

57 Castelnuovo [4]; Goldman [9], § 7. 

58 Castelnuovo [4]; see also Zariski [30], pp. 69-70. 
5° Cf. Zariski [30], pp. 122-128. 
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As was shown by O. Goldman,® the theorem of Riemann-Roch on alge- 
braic surfaces can be readily deduced from Theorem %.3 and Theorem 1. 4. 
We shall reproduce here his deduction briefly. Let D be a given divisor and 
I be an irreducible curve without singularities belonging to the divisor class 
{nEZ}, n being a sufficiently large positive integer. Then we have, by Theorem 
7.3, def(K — D/T) =0 and therefore 


dim {K — D} = dimy {K -T—D-T}, 


where dimy {K -!— D-T} denotes the dimension of the intersection divisor 
K-T—D-T on the curve [. Again, since [-'+K-T is a canonical 
divisor on I, ye have, by the theorem of Riemann-Roch on the curve, 


dimy = D+T) + dimy {K -T—D-T} +1, 
while, it is obvious that 

dimy 2 dim {D+ T} — dim {D}. 
Consequently we get 

dim {D} + dim {K —D} = dim {D+ T} —1(T, D+ T) + a7—1. 
On the other hand, Theorem 7. 4 shows that 

dim {D+ 
Hence we get 

dim {D} + dim {K —D} =1(D, D+) m+9— 
yielding immeditely 

dim {D} + dim {K —D} =1(D, D) —m>+9—q4+2, 
q. e. d. 


Remark. The arithmetic genus of an algebraic surface Mt is, by definition, 
the constant p, appearing in the “ postulation formula ” 


dim {nH} = con? + + pa +1, (for large n), 


where EF denotes a hyperplane section of Mt and ¢o, c, are the constants not 
depending on n. On the other hand, it follows from Theorem 7. 4 that, for 
sufficiently large n, dim {nH} is given by 


dim {nEZ} = 41 —41(K, E)n+9—q+1. 


6° Goldman [9], § 7. 
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Comparing this with the postulation formula, we infer immediately that the 
difference g — pq between the geometric genus g and the arithmetic genus p,q 
of an algebraic surface M is equal to the number q of linearly independent 
simple differentials of the first kind attached to Mt. 
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GAUSSIAN CURVATURE AND LOCAL EMBEDDING.* 


By Puitip Hartman ** and AvuREL WINTNER 


1, The embedding theorems. As recently shown in [2], [3], [4], 
the usual assumptions of differentiability in some standard theorems of differ- 
ential geometry can be lightened considerably if considerations involving the 
Gauss formula (and its variants) for the surface curvature K are replaced 
by others involving the “curvatura integra,” f {Kdo; cf. [8], pp. 43-44, [6], 
p. 135 and §2 below. The present paper develops these ideas farther, with 
applications to the embedding problem. 

A function of one or several variables will be called of class C"(A), 
where n= 0,1,-- - and 0<.A< 1, on a domain if the function is of class 
C” on that domain (that is, if it possesses there continuous n-th partial 
derivatives) and if all the n-th derivatives satisfy a uniform Holder condition 
of order A (with respect to all of the variables, and on every compact subset 
of the domain). Let (giz) = (gix(u,v)), where be a symmetric 
positive-definite matrix defined on some (u,v)-domain. The line element 


(1) ds* = gi,du‘du*, where = (u,v), 


will be said to be of class C” or of class C"(A) if each coefficient function in 
(1) belongs to the class C" or C"(A), respectively. For n= 1, the (gix) or 
(1) will be said to possess a local embedding of class C” or C"(A) at a given 
point (uo, %), if, in a vicinity of there exist three functions 
y=y(u,v), z= 2(u,v) of class C" or C"(A), respectively, 
satisfying 

(2) 


that is, if there exists, in the 3-dimensional Euclidean space, a 2-dimensional 
surface, of class CO" or C"(A), on which (1) is the squared element of arc- 
length. 

Several extensions of the theorem of [2], p. 563, will be proved. In the 
elliptic case, the result will be as follows: 


da? + dy? + dz? = gix,dutdu' ; 


(1) LetO0<p<aA<l. Ina neighborhood of (u,v) = (0,0), let (1) V 
* Received December 16, 1950. ( 
** John Simon Guggenheim Memorial Foundation Fellow, on leave of absence from ( 
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be a positive-definite line element of class C1(A) which possesses a positive 
curvature K = K(u,v) of class C°(X). Then (1) has a local embedding of 
class C?(). 


The analogue of (1), in which 0°(A), C*(A), C?(u) are replaced by 
0"-1(A), C™(A), C™**(u), respectively, where n = 2, was proved in [2]. The 
definition of the curvature K of (1), when (1) is of class C*, will be given 
in § 2 below, following the ideas mentioned at the beginning of §1. Whether 
or not the C*(u) in the assertion of (I) can be improved to C?(A) will 
remain undecided. Also, it will be left open whether or not the Holder 
conditions can be dropped in both the assumption and assertion of (I). It 
will, however, be proved that they can be omitted in the hyperbolic analogue 
of (I): 


(II) In neighborhood of (u,v) = (0,0), let (1) be a positive- 
definite line element, of class C1, which possesses a continwous negative 
curvature K = K(u,v). Then (1) has a local embedding of class C?. 


Since the surface (2, y,z) of class C? supplied by (II) has a continuous 
Gaussian curvature which is identical with K, the assumption in (II) that 
(1) possess a continuous curvature is necessary. In this regard, cf. the 
remarks in [2], p. 554 or the footnote in [4], p. 144. 

Corresponding to (II), the Hélder conditions can be omitted in the 
hyperbolic case of the theorem of [2], p. 563, as follows: 


(III) Letn=1. Ina neighborhood of (u,v) = (0,0), let (1) bea 
positive-definite line element, of class C", which posseses a negative cur- 
vature of class C™*. Then (1) has a local embedding of class C™*". 


It remains undecided whether the assertion of (III) does or does not 
remain true if the curvature, instead of being negative, is positive. 


2. The generalized definition of curvature. Let (1) be a positive- 
definite line element on a simply connected (u,v)-domain R. If (1) is of 
class C?, the curvature K = K(u,v) of (1) can be defined by the standard 


formula 
(3) K= (B,— Av)/9, 


where g = det#(gix) > 0 and 
(4) A= (912/911) + Jiiv — Jioul; 
(5) B= (912/911) — Joou + 
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ef., e.g., [1], p. 216. If J is a Jordan curve in RF and is piecewise of class 
C', and if T is the interior of J, then (3) and Green’s theorem imply that 


(6) $(T) = {Adu + Bav, 
J 


where the set-function ¢(7') is the “curvatura integra,” 


(7) Kao, (do = du dv). 


In what follows, by “an admissible Jordan domain 7” will be meant 
a domain 7’ of the type admitted in (6) and (7). The formula (6) will be 
used as a basis for the following definition: 


Definition. If (1) is a positive-definite line element of class C1 (not 
necessarily C*) on a simply-connected domain FR, the “curvatura integra,” 
#(T), of (gx) or (1) is defined for admissible Jordan domains T by (6), 
where A, B are given by (4), (5). If, in addition, the set-function ¢(T) 
is absolutely continuous, that is, if ¢(7') has a representation of the form 
(7) in terms of a function K = K(u,v) which is independent of T and 
which is summable (i. e., class L,) over every compact subset of R, then (gix) 
or (1) will be said to possess the curvature K = K (u,v). 

In this definition, the function K(u,v), if it exists, is only determined 
almost everywhere (that is, up to a 2-dimensional zero set in #). But even 
such a determination of a curvature can be useful; cf., e.g., the proof of 
Theorem III in [4] (where the assumptions imp!, however, that K exists 
and is bounded almost everywhere on compact subsets of FR). 

The following standard conventions concerning K will be made below: 
If there exists a continuous function K — K(u,v) satisfying (6) and (7), 
then the curvature (1) will be considered to be defined everywhere (instead 
of almost everywhere) as the unique continuous K; in which case (1) will 
be said to possess a curvature of class (°. Corresponding remarks apply to a 
curvature of class C"™ or 

Similar extensions of the classical definition of the curvatura integra or 
of the curvature have been given by replacing the classical formula (3) by 
the formula of Gauss-Bonnet ([8], pp. 43-44; also [6], p. 135) or by the 
Frobenius formula for K ([2], p. 562; [3], p. 759). These interpretations 
are equivalent. »s seen from the case T=I"=1 of theorem (i) below 
(they are clearly equivalent for “smooth ” line elements). 

It may be mentioned that the equivalence of the two definitions of the 
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curvatura integra, those based on (3) and the formula of Gauss-Bonnet, 
respectively, leads to a simple geometrical interpretation of the set-function 
o(7'), even for line elements (1) which are just of class C*. In fact, ¢(T) 
is just the oriented variation of the direction of a vector transported parallel 
to itself (Levi-Civita) along the boundary, J, of 7. In order to see this, it is 
sufficient to write the formula of Gauss-Bonnet in the form 


Ya + 3A0 + — 2x, 


where Xa is the sum of the oriented exterior angles a (measured in the metric 
(1)) at the vertices of J, the sum 3A@ is extended over the sub-arcs of J, all 
of which are supposed to be of class C1, and A@ denotes the oriented variation 
of a continuous determination of 6 along one of the sub-arcs, finally —@ is 
the oriented angle from the tangent vector of the sub-arc to a vector trans- 
ported by parallelism along the sub-arc; cf. the proof of the Gauss-Bonnet 
formula in [6], p. 134, and, for the above C1-formulation, a remark in 
[5], § 15. 

In applications of the set-function ¢(7'), the following fact will be 
needed : 


(i) Let the function T=T (u,v) and the positive-definite line element 
(1) be of class C* on a simply-connected domain R. For m ~1,2,-- -, let 
the functions 1" =I™(u,v) and the positive-definite line elements 


= g",du‘du* (wv = u, u? = v) 


be of class C? on R and have the property that, as mo, the functions T”, 
g”ix and thetr first order partial derivatives tend to the functions T, giz and 
their first order partial derivatives, respectively, uniformly on every compact 
subset of R. Let T be an admissible Jordan domain in R. Then 


(8) lim f f 


exists and has the value 


(9) f r(Adu + Bavy + ff (AT, — BY,) dudv. 


J 


If, in addition, (1) has a curvature K, then the limit in (8) has the value 


(10) f do. 


r 

e 
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As a consequence of (8), (9) for the case [=I =1, the relation 
(11) lim = $(7) 


holds for every admissible Jordan domain T in R. 

If f(w), f™(u) are positive functions of class C?, say for —1S ul, 
such that, as m—>o, both f"—f and f"—f, hold uniformly in u, while 
f" uu — fuu does not hold, then it is seen, by considering the cases ds? = du? 
+ (f(u))*dv and ds? = du? + (f™(uw))*dv? of (1) and (1), respectively, 
that K™— K need not hold (even if A is continuous). Thus a “ direct ” 
verification of the equality of the integral (10) and the limit (8) is not 
possible. 


Proof of (i). It is clear from (6), (7) and Green’s theorem that the 
integral in (8) is equal to the expression (9™), if (9™) belongs to I™ and 
(1™) as (9) does to T and (1). Thus it is clear that the limit (8) exists 
and has the value (9). 

If K = K(u,v) is continuous, instead of being merely summable, the 
equality of the expressions (9) and (10) is an immediate consequence of the 
lemma in [3], p. 761, since (6) and (7) hold for arbitrary admissible Jordan 
domains JT. However, it is easy to see that the proof of that lemma in [3] 
can be modified so as to apply to the case of a summable K. Thus, (i) is 
proved. 


(ii) Let (1) be a positive-definite line element of class C* on a simply- 
connected domain R, and let (1) possess a curvature K = K(u,v). Let a 
function z = z(u,v) of class C? on R be such that the line element defined by 


(12) yindu'du® = gi,dutdu* —(dz)? 


is positive-definite on R. Then (12) possesses a curvature x =x(U, Vv) 
satisfying 

(13) cyt =— g(rs—?t?) + + Ls + + Q+4+ Kg". 

Here y and p, q, T, 8, t denote det®(yix) >0 and the partial derivatives 
Zu, Zuus Zuvy Zvy Of 2, respectively; Lo, Ls are linear forms in p, q, while 
Q is a quadratic form in p, q, and these forms have coefficients which are 
quadratic forms in the gi, and their first order partial derivatives. 


Proof of (ii). I£ (1) is of class C? and if the partial differentiations, 
occurring in (3), are carried out, it is seen that the formula (3) for K can 
be put into the form 


Kg* 39° [291200 — 91100 — b2912 
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where 0,, b., bs are quadratic forms in the first order partial derivatives of 
the gix; cf. the standard Frobenius formula for K, [2], p. 553. If, in 
addition, z(u,v) is of class C*, then (12) is of class C? and possesses, there- 
fore, a curvature K. The function xy* can be calculated by replacing 911, g12, 
Joo in the last formula line by yi1 = 911 — p®, y12 = Ji2 — PY> Y22 = J22 — 7; 
respectively. The result of this calculation turns out to be (13); cf. [1], 
p. 254, where this calculation is carried out in the main. The expression on 
the right-hand side of (13) is identical with 4 times the expression on the 
left-hand side of equation (4) in [1], p. 254, except that those terms of the 
latter equation which do not contain p, q, r, s, t have been grouped together 
as Kg* in (13) above. 

It remains to consider the case in which (1) and z(u,v) are of class 
C1, C?, respectively. Let (1™) be the m-th element of a sequence of positive- 
definite line elements satisfying the conditions of (i). Let 2*=z™(u,v), 
where m~1,2,---, be a sequence of functions of class C* on R, and 
suppose z” and its first and second order partial derivatives tend, as m0, 
to z and its corresponding derivatives, respectively, uniformly on every com- 
pact subset of R. Let yix(u,v) be defined by 


(14™) = g™,du'du* —(dz™)?. 


Corresponding to any compact subset of RP, the line element (14™) is positive- 
definite for sufficiently large m. On those subdomains of R on which (14™) 
is positive-definite, let x” be the curvature of (14™), and let do™ = y™dudv, 
where y™ = det#(y”ix,) > 0. 

Let T be an admissible Jordan domain in R. Then the formula for x”, 
deduced at the beginning of this proof, and the case T = g*y~*, f™ = (g™)*(y™)3 


of (i) imply that lim Sf xk™do™, as m— >, exists and has the value 
T 


Sf Lar Les + Lot + Qhrtdude + Kgty dude. 


T 


Hence, the last expression is the “curvatura integra” of (12); cf. (11). 
Consequently, the above Definition of curvature shows that (12) has a 
curvature and that (13) holds. This completes the proof of (ii). 


3. The case K=0. If a positive-definite line element (1) is of class 
C? and has a curvature K=0 on a simply-connected domain R, then a 
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standard result of differential geometry states that there exist functions 
2=2(u,v), y=y(u,v) of class C? on RF such that 


(15) = (dx)* + (dy)?*; 


ef., e. g., [1], pp. 221-222. In [3], p. 767, this fact was extended to the case 
in which C? is replaced by C1 in both the assumption and assertion. However, 
as shown by the following theorem, much more can be proved under the 


mere C}-assumption : 


(iii) If a positive-definite line element (1) of class C1 possesses a curva- 
ture K=0 on a simply-connected domain R, then there exist functions 
r=x(u,v), y=y(u,v) of class C* on R satisfying (15). Furthermore, 
such functions x, y can be obtained by quadratures. 


The proof will follow that given in [1], pp. 221-222, for the case in 
which (1) is of class C?. It will show that if (1) if of class C", where n = 1, 
then x and y can be chosen of class C”*?. 

Proof of (iii). It is seen from (7) that if K =0, the line integral in 
(6) is 0 for all Jordan curves J in R which are piecewise of class C1. Hence, 
there exist functions 6 = 6(u,v) of class C* in R satisfying 


(16) 6,—=A and 6,—B. 


Such a @ can be obtained by quadratures and is determined by (16) to an 


additive constant. 
It follows from (16) and the definitions, (4) and (5), of A and B, that 


cos 9)» = (9129119 cos 6 + 9911? sin u 
and 
(91:3 sin 8) » = (91291174 sin 6 — cos 6) 


Hence there exist on FR functions r—z{u,v), y=y(u,v) of class C? 
satisfying 


Tu = COS 8, Ly = cos + sin 
and 
Yu = Sin 8, Yo = Ji29ir 4 Sin 6 — cos 8, 


and these functions can be obtained by quadratures. The relation (15), to be 


proved, is an immediate consequence of the last two formula lines. This 


proves (iii). 
In the proofs of (I) and (II), theorem (iii) will allow the avoidance of 
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the conformal normal form for (12), used in [2], pp. 555, 561, 562. This 
will permit the omission of the Holder condition in (II). 


4. Proof of (1). Following a device of Weingarten ([7], pp. 3-4; ef. 
[1], pp. 253-254), let a function z= z(u,v) be sought which is of class C? 
in a vicinity of (u,v) = (0,0) and makes (12) a positive-definite line element 
with curvature K =0. In view of (ii), this leads to a Monge-Ampére partial 
differential equation, obtained by equating to 0 the right-hand side of (13). 

The smoothness assumptions of (I) show that in this equation the 
coefficients, which are known functions of (u,v), are of class C°(A). The 
assumption K > 0 means that the Monge-Ampére partial differential equation 
is of elliptic type; cf. the assumptions of the Theorems, p. 554 and the 
lemmas on pp. 556-557 of [2]. Hence, Lemma 2 in [2], p. 557, supplies 
the existence of solutions z= z(u,v) of class C*(u) in a sufficiently small 
neighborhood of (u,v) = (0,0). The remarks on pp. 560-561 in [2] show 
that solutions z can be so chosen that (12) becomes positive-definite in a 
vicinity of (0,0). 

If z z(u,v) denotes such a solution, then (iii) states that there exist 
functions x = z(u,v), y= y(u, v) of class C? in a vicinity of (0,0) satisfying 
yixdu'du® = (dx)* + (dy)*. Actually, the proof of (iii) shows that z, y can 
be chosen of class C?(y), since the yi, are of class C'(y). In view of (12), 
the functions z, y, z form a solution of the system of partial differential 
equations (2). This completes the proof of (I). 


5. Proof of (II) and (III). It is clear from the preceding proof that, 
in order to prove (II), it is sufficient to verify, under the conditions of (II), 
the following fact: The Monge-Ampére equation obtained by equating to 0 
the right-hand side of (13), has, in a vicinity of (u,v) = (0,0), solutions 
z= 2z(x,y) of class C? which make (12) positive-definite. The smoothness 
assumptions of (II) mean that the known coefficient functions of (u,v) in 
this Monge-Ampére equation are continuous near (u,v) = (0,0), while the 
hypothesis K < 0 implies that this equation is of hyperbolic type. 

The existence statement supplied by Lemma 2 in [2] is not directly 
applicable. However, it is easy to see that, in the hyperbolic case, the proof 
of Lemma 2 (and that of Lemma 1, on which Lemma 2 depends) remains 
valid if. the Hélder conditions occurring there are ignored. In fact, in the 
proofs on pp. 556-560 in [2], it is only necessary to interpret the symbol | f |, 
as the maximum of | f| on the circle uw? + v? <r? and, as before, || w || as 
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greatest of the six numbers | w |,, | wu | Wo | | | Woo 
This proves (II). 

The remark following Lemma 2 in [2] remains valid if the Holder 
conditions there are ignored. This means that if the coefficient functions in 
the hyperbolic Monge-Ampére equation are of class C"- (as under the assump- 
tions of (III)), then the solutions z= z(u,v) furnished by the above 
existence proof are of class C"**. In addition, the remark following the 
statement of (iii), above, shows that the corresponding functions 7 = 7(u, v) 
and y= y(u,v) are of class C™**. This proves (III). 


Paris, FRANCE AND THE JOHNS HOPKINS UNIVERSITY. 
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ON AN OSCILLATION CRITERION OF LIAPOUNOFF.* 


By Hartman ** and AurEL WINTNER 


1. In the differential equation 
a” + q(t)x = 0, 


let q(t) be a real-valued, continuous function on a closed interval, say on 
[0,7]. Consider only the real-valued, non-trivial (540) solutions x(t) of 
(1). If no such solution has more than one zero on [0, 7'], let (1) be called 
disconjugate on [0,7]. A general approach to disconjugate equations (1) 
was considered in [3]; it easily leads to various criteria of explicit nature, 
in particuar to the following criterion, which goes back to Liapounoff (cf. 


[1]): If 


7 
Tf 


then (1) is disconjugate on [0,7]. It is also known ([2]; cf. also [1]) 
that the 4 in (2) cannot be improved to any 4 + « > 4 (if q(¢) is unspecified). 
But it will turn out below that (2) can greatly be improved in another 
direction. 

First, if the factor T in (2) is written beneath the integral sign and is 
then diminshed to t, where 0=t=T, it is natural to ask whether there 
exists a positive absolute constant having the property that (1) must be 
disconjugate on [0, 7’] whenever the value of 


(3) f 


does not exceed that absolute constant. It turns out that such an absolute 
constant exists, and that its best value is 1. In other words, (1) must or 
need not be disconjugate on [0,7] according as the value of (3) does not 


or does exceed 1. 


* Received December 4, 1950. 
** John Simon Guggenheim Memorial Foundation Fellow, on leave of absence from 
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It will also follow that if (3) is replaced by 


(4) f a(t) a, 

0 
then there does not exist for any 7 >0 and for any a>1 a positive 
C —C(a,T) having the property that (1) must be disconjugate on [0, 7] 
whenever the value of (4) is less than C(a, T). 


2. Clearly, neither is the sufficiency of 


T 
(5) f 


contained in that of (2), nor is the converse true. But the sufficiency of 
both (2) and (5) is contained in part (i), and the final nature of the 
respective absolute constants, 4 and 1, in part (ii), of the following theorem: 


Let r= r(t) be a positive, continuous function on the open interval (0, T). 


(i) Whenever q(t) ts a continuous function on the closed interval [0, T] 
satisfying 
T-0 
+0 


the equation (1) must be disconjugate on [0,7], but 


(ii) the assertion of (i) becomes false for every r(t) (and for every T) 
if the bownd on the right of (6) is increased by «, where « > 0 is arbitrary. 


Clearly, (2) and (5) result by choosing r(¢) —1 and r(¢) = ¢#, respec- 
tively. More generally, let r(¢t) —7¢*, where a=0. Then the integral on 
the left of (6) becomes (4), while the bound on the right of (6) has the 
value 0, 1 or T**(2 —a)?*/(1—a)** according asa >1,a—1 ora <l. 
In the more symmetric case, where is replaced by r(t) = — 
0=tST, the bound on the right of (6) has the value 0 or 41-4701 
according a >1ora<1. Thus the assertion made after (4), according to 
which there cannot exist a C = C(a,T) > 0 if a >1, is obvious. 


3. Let (6*) denote the inequality which results if | q(¢)| in (6) is 
replaced by the (non-negative, continuous) function g*(¢t) = max(0, q(t)). 
Then (6) implies (6*), but not conversely. The assertion of (i) remains, 


ive 
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however, true if its assumption (6) is relaxed to (6+). But this refinement 
of (i) is contained in (i) itself. In order to see this, it is sufficient to apply 
(i), as it stands, to the differential equation 2” + q*(t)z—0. Then if (6*) 
holds, this differential equation is disconjugate on [0,7]. Hence (1) is also, 
since g(t) = q*(t). In fact, if (1,), (12) denote the differential equations 
(1) which belong to coefficient functions = qi, = qe satisfying q.(t) Sq2(t), 
then it is clear from Sturm’s comparison theorem that (1,) must be discon- 
jugate on [0, 7] if (12) is. 

This Sturmian argument also shows that it is sufficient to prove (i) for 
non-negative g(t) —|q(t)|. In addition, it can be assumed that T—1 
(as seen if ¢ in (1) and (6) is replaced by ¢/7'). But if T—1 and q(t) 20, 
then (6) reduces to 


(8) f r@a(tyat Sy, 

where 

(9) geld. 

and, by assumption, 

(10) q(t) 20 on [0,1] and r(t) > 0 on (0,1). 


Thus it is sufficient to prove (i)-(ii) for (1) under the normalizations (8)-(10). 

The proof of (i) will lead to a generalization of an inequality of Beurling 
(cf. [1]), while (ii) will be proved by an adaptation of a method of Borg [1]. 
In principle, both (i) and (ii) must be deducible from the general criterion 
used in [3]. 


4. Proof of (i). If y-—0, then (8) and (10) imply q(t) =0, and so 
(1) is disconjugate. Thus, it remains to consider the case y, >0. It is 
clear from (8), (9) and (10) that 


1-0 1 


+0 


Hence, since y, > 0, it is sufficient to prove (i) for the case r(t) — p(t), 
where p(t) —¢(1—t). In fact, (9) shows that yp—1. Accordingly, (i) 
will be proved if it is shown that if q(t) = 0, then 


1 


(12) f >1 


0 


1-0 
1 
= 0 
| 
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must hold whenever (1) possesses some solution 2(¢) +£0 which has at least 
two zeros on [0,1]. 

Suppose that there exists such a solution z(t), and let a and t—8, 
where 


(13) 0<a<bX1, 


be two zeros of it. Since its zeros cannot cluster on [0,1], and since x(t) 
can be replaced by —2(t), it can be supposed that x(t) is positive on the 
open interval (a,b). Then, by (1), 


b-0 


a+0 


On the other hand, since q(t) = 0, it is seen from (1) that the graph of 
is a convex arch over (a,b). Since z(a) —0 and =0 
(hence, z(t) =0 being excluded, z’(a) ~0 and 2’(b) #0), this convexity 
implies that 


(15) t/x(t) 21/27’(a) > 0 and (1—?#)/z(t) 2—1/2’'(b) > 0, 


if ¢ is on the interval (a,b). Finally, if ¢ is any point of this interval, 
then it is seen from (13) that 1—¢ >1—c or tf > ¢€ according as ¢ is on 
(a,c) or on (c,b). It follows therefore from (15) that the integral on the 
right of (14) is greater than (not equal to) 


b 


(16) —(1—e) f +e (t)at/2(b). 


c 


Hence, this lower estimate holds for the integral on the left of (14). 

This lower estimate is valid for every choice of c on (a,b). Let ¢ now 
be so chosen that x’(c) 0 (such a choice is possible, since z(a) =0 and 
=0). Then (16) reduces to 


—(1— (0 —a"(a))/a’(a) + e(2’(b) —0)/2’(d), 


or simply to (l1—c) +c=1. Hence, the lower estimate, mentioned after 
(16), becomes 


‘ 
a 
c 
a a 
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7) 


(17) f (tat >1. 


Since q(t) = 0, it is seen from (13) that (17) implies (12). 


This completes the proof of (i). 


5. Proof of (ii). Assume the normalizations (8)-(10). Let s and e 
be arbitrary numbers satisfying 0<e<s<1—e, and let x(t), where 
0 =t=1, be any function having the following properties: x(t) has a con- 
tinuous, non-positive second derivative on [0,1], is positive on (0,1), finally 


a(t) =t on [0,s—e] and a(t) = (1 — t)(s — e)/(1 —s —e) on [s +1]. 


In terms of this z(t) = define a continuous q(t) = q(t; 5s, €) 
by (1), by placing g=—vz”/x. Then q(t) is non-negative on [0,1] and 
vanishes identically on both sub-intervals [0,s—e], [s+ <«,1] of [0,1]. 
Since, by the last formula line, the solution 7(¢) of (1) has two zeros on 
[0,1] (but does not vanish identically), the assertion of (ii) will be proved 
if it is shown that the value of the integral on the left of (8) can be made 
less than any number which exceeds the value (9), if s and e¢ are suitably 
chosen. 

The last formula line and (1) show that the integral on the left of (8) 
is identical with 

(18) 


8-€ 


But the value of (18) is less than 1/(s—e) times the value of the integral 
of —r(t)a”’(t) over the interval [s—e,s-+e], since =s—e on this 
interval. Hence, if m= m/(s,e) denotes the maximum of on [s—e, 
s+ e], then the value of (18) is less than m/(s—e) times 

f — (t)dt 

8-€ 
But the last difference is identical with 1+ (s—e)/(1—s—e), as seen 
from the definition of (#). Consequently, the value of (18) is less than that 
of the ratio 


(19) m(1— e)/{(s —e«) (1—s—e)}, where m= m/(s,e). 
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Since r(¢) is continuous at ts, it is clear from the definition of m 
that the ratio (19) can be brought arbitrarily close to r(s)/{s(1—s)} by 
choosing « small enough. Since s is an arbitrary point on (0,1), it follows 
that, if « and s are suitably chosen, the value of (19) will come arbitrarily 
close to the constant (9). Consequently, the value of (18) can be made 
less than any number that is greater than the constant (9). T.1is proves (ii). 


Paris, FRANCE AND THE JOHNS HOPKINS UNIVERSITY. 
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BOOLEAN ALGEBRAS WITH OPERATORS.* 
PART I. 


By Bsarni JOnsson and ALFRED TARSKI. 


Introduction. 


In the last few years various new kinds of algebraic systems have been 
defined and studied which can be referred to collectively as Boolean algebras 
with operators. These new algebraic systems have been obtained by enriching 
Boolean algebras by means of some new operations which are assumed to be 
additive, i.e., distributive under ordinary Boolean addition. As examples 
closure algebras, projective algebras, and relation algebras * may be mentioned. 
Like most other algebraic systems which have been studied in modern algebra, 
all these systems have arisen as results of generalizations of specific models 
studied in various parts of mathematics. Whenever a new kind of algebraic 
system originates in this way, the problem presents itself whether the abstract 
characterization is adequate in the sense that every system under discussion 
is isomorphic to one of the original models; this is the so-called representation 
problem for the given class of algebraic systems. As is well known, this 
problem has been completely solved for Boolean algebras without operators 
by showing that every Boolean algebra is isomorphic to an algebra formed by 
a field of sets under the set-theoretical operations of addition (formation of 
unions) and multiplication (formation of intersections). It is also well 
known that this representation theorem is a simple consequence of (and 
trivially equivalent to) the so-called extension theorem by which every 
Boolean algebra can be extended to a complete and atomistic Boolean algebra. 
The aim of this work is to extend these results to arbitrary Boolean algebras 
with operators. We first establish the extension theorem by showing that every 


* Received March 13, 1950. 

1 Axiomatic studies of closure algebras, projective algebras, and relation algebras 
were first undertaken in McKinsey-Tarski [1], Everett-Ulam [1], and Tarski [2], 
respectively. The operator lattices discussed in Duffin-Pate [1] constitute still another 
example of Boolean algebras with operators. The general notion of a Boolean algebra 
with operators was first introduced and the main result of the present work were briefly 
stated in J6nsson-Tarski [1] (the abstract of a paper read at a meeting of the American 
Mathematical Society in November 1947). The numbers in brackets refer to the 
bibliography which follows the introduction. 

2 Cf. Stone [2], Theorem 67. 
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algebra of this kind can be extended to a complete and atomistic Boolean algebra 
where, moreover, all the operations are completely additive, i. e., distributive 
under addition of infinitely many elements. We also show that every equation 
involving Boolean addition and multiplication and the operators, which. is 
identically satisfied in the original algebra, is also identically satisfied in the 
extended algebra. Hence, if the original algebra belongs to a class of algebras 
characterized by means of postulates all of which are algebraic identities 
(as, e. g., in the case of closure algebras), then the extended algebra belongs 
to the same class. This extension theorem implies a general representation 
theorem for Boolean algebras with operators; roughly speaking every such 
algebra is isomorphic to an algebra formed by a field of sets with the usual 
set-theoretical operations, and with operators defined as images under certain 
relations between elements of the universal set (the largest set) of this field 
of sets, the notion of the image under a relation being a generalization of the 
notion of the image under a function. We can also express this by saying 
that every Boolean algebra with operators is isomorphic to a subalgebra of the 
complex algebra of an algebraic system formed by a set and certain relations 
between its elements. When applying these general results to special Boolean 
algebras with operators, e. g., to those mentioned at the beginning of this 
introduction, we do not always obtain the natural representation theorem 
suggested by the origin of these algebras. In some cases a natural repre- 
sentation theorem can be obtained by combining our results with some argu- 
ments known from the literature. 

After deriving at the beginning of Section 1 certain rather elementary 
theorems concerning additive functions, we define the notion of conjugate 
functions and investigate its basic properties. In the last part of this section 
we introduce the notion of a perfect extension of a Boolean algebra and 
restate the extension theorem for Bolean algebras without operators in terms 
of this concept. 

In Section 2 the extension theorem for Boolean algebras with operators 
is proved. This result is used in Section 3 to obtain the representation 
theorem for Boolean algebras with operators. In the last part of this section 
both theorems are applied to closure algebras and to cylindric algebras (which 
present a generalization of the projective algebras mentioned above). 

In Section 4 the extension theorem is applied to relation algebras. From 
this we obtain a new kind of representation theorem for relation algebras 
which is not a special case of our general representation theorem and which 
in certain rather special cases proves to supply a natural representation for 


these algebras. 
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In the fifth and last section we study the complex algebras of Brandt 
groupoids and groups. Here we also introduce the notion of a generalized 
Brandt groupoid and show that a relation algebra has a natural representation 
if, and only if, it is isomorphic to a subalgebra of the complex algebra of a 


generalized Brandt groupoid. 
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Notations. 


Throughout this work the letters j, m, n, p, g, and r will denote non- 
negative integers. By a sequence we shall, unless otherwise specified, mean 
a finite sequence. If x is an m-termed sequence, then for 7 < m we under- 
stand 2x; to be the (7 + 1)-st term of x. If xz is an m-termed sequence and 
y is an n-termed sequence, then 2“y denotes the (m + n)-termed sequence z 
such that 2; for j < m and 2; for mSj<m-+n. No distinc- 
tion is made between an element a and the one-termed sequence zx such that 
% =a. Thus, given two elements a and b, we write alternatively a%b or 
<a, b> for the two-termed sequence, or ordered couple, z such that rt =a 
and z,—b. If X is an m-termed sequence of sets, then K X1 KXma 
denotes the set of all m-termed sequences x such that 2; X; (2; is in Xj) 
for 7 << _m; in case X;—A for every 7 < m, we agree that A™— YX, X X, 

A family A of sets is called a set-field if the union XUY and the 
difference X —Y of any two sets X and Y in A are themselves members 
of A and if there exists a largest set in A, i.e., a set Ve A such that X CU 
whenever X eA. This set U can be defined as the union of all sets in A: 

X; 
XeA 
it is called the universal set of A. From this definition it follows that the 
intersection XMY of any two members of A is itself a member of A and 
that the empty set A belongs to A. 

As is well known, m-ary relations can be thought of as sets of m-termed 
sequences. We can therefore apply to them the usual set-theoretical operations. 
In the case of binary relations we shall need two other operations, namely 
relative multiplication and conversion. The relative product of two binary 
relations R and S, denoted by RIS, is the set of all ordered couples <z, y> 
such that <z,z>e R and <z,y>e8S for some element z, while R-1, the con- 
verse of R, is the set of all ordered couples <z, y> such that <y,z>eR. A 
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function of rank m (or a function in m variables) may be thought of as a 
special kind of (m+ 1)-ary relation. Thus an (m-+1)-ary relation R is a 
function if, and only if, for each m-termed sequence zx there exists at most 
one element a such that 7 ae R. 

If f is a function and A is a subset of the domain of f, then f/A will 
denote the function f with its domain restricted to A, i.e., {/A is the function 
g with domain A such that g(x) =f(z) whenever ze A. Given three sets 
A, B, and C, a function f on B™ to C, and an m-termed sequence g of func- 
tions on A” to B, we shall understand by f[g] or f[go,91,- °°, 9m-+] the 
function h on A” to C such that 


h(x) =f(Go(%), * whenever xe A”. 


Under the same conditions, f<g> or f<9o, 91," * *>Jm-1> Will denote the func- 
tion k on A™" to C such that 


whenever 7,- - -,a(™ A”, 


We shall refer to f[g] and f<g> as the composition and the superposition, 
respectively, of f and g. The notion of superposition could clearly be extended 
to functions go, 9:,: °° of different ranks, but this generalization is not 


important for our purposes. A function f of rank m will be called an 
identity function if, for some 7 < m, we have f(x) = 2; whenever z is an 
m-termed sequence belonging to the domain of f. 

By an algebra we shall mean a finite, infinite, or transfinite sequence 


where A is a non-empty set and each f¢ is a function of some finite rank m¢ 
with domain A”¢ and counterdomain a subset of A. In this context the 
term ‘ operation ’ is sometimes used instead of the term ‘ function ’; fo, f1,---, 
fe, - + are referred as fundamental operations of M. By a subalgebra of 
we understand a sequence 


where B is a non-empty subset of A such that f¢(x) e B whenever re Bs. 
Sometimes we shall, however, speak of the subalgebra 


of Mf, meaning actually the algebra 8 described above. Frequently we con- 
sider an algebra as a sequence where the first term is a non-empty set A 


= 
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while the remaining terms are functions or certain distinguished elements 
of A. This is justified since we could replace each such element a by a 
function f of rank 0 such that f(A) =a. Thus we shall consider a Boolean 
algebra as a system 


where 0,1 ¢ A, and + and - are binary operations subject to certain familiar 
conditions. 

We shall employ such familiar notions from general algebra as those of 
isomorphism (2{ = %8), homomorphism, cardinal—or direct—product of two 
algebras (2 X B), or of arbitrarily many algebras, cardinal—or direct—power, 
simple algebra, and indecomposable—or directly indecomposable—algebra. 
Also the less familiar notions of a similarity class of algebras, an algebraic 
function over a similarity class, and an equationally definable class of algebras 
will play some part in our discussion.* Two algebras 


and 
B <B, 90,91," 9° withE< BP 


(where a and £ are any finite or transfinite ordinals) are called similar if 
a =, and fg and gg are functions of the same rank for every <a. The 
class consisting of all algebras which are similar to a certain given algebra 
is referred to as a similarity class. Given a similarity class K, a function f 
is called algebraic over K if roughly speaking, f correlates with every algebra 
% in K a function fy on A” to A (m being some natural number) which is 
obtained by iterated composition from the fundamental operations of YW. 
If, e.g., K is the similarity class to which the Boolean algebras belong, 
and if, for every algebra 2 —<A,+,0,-,1> in K, fa is a function on A? 
to A such that 


fu(z, y, 2) = (z+ for any @,y,zeA, 


then f is an algebraic function over K. A subclass L of K is called equa- 
tionally definable if it can be characterized by means of a finite or infinite 
system of axioms all of which have the form of equations between algebraic 
functions over K. Speaking more precisely, L is equationally definable if 
there is a set S of couples <f,g> of algebraic functions over K such that an 
algebra 2 in K belongs to L if, and only if, fa = ga for every couple <f, g> € 8. 


’ For these notions see McKinsey-Tarski [1] where further bibliographic references 
(in particular to papers of G. Birkhoff) can also be found. 


= 
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Thus, for instance, Boolean algebras as they are conceived here do not con- 
stitute an equationally definable class; if, however, we agree to treat Boolean 
algebras as systems 


with an additional unary operation ~ (the operation of complementation), then 
the class of Boolean algebras becomes equationally definable—though, of 
course, within a different similarity class. 

In connection with the representation theorem we shall consider systems 


where A is a non-empty set and each F¢ is a subrelation of A™;*? for some 
finite mg. Such systems will be called algebras in the wider sense. 

When referring to Boolean algebras, the symbols +, -, }, I], =, =, 0, 1 
will have their usual meaning; the complement of an element z will be 
denoted by and the difference of two elements and y, i. e., by x — y. 
Even when several Boolean algebras are being considered at one time these 
symbols will be used for all of them, it being clear from the context which 
algebra is referred to each time. However, in the case of two Boolean algebras 
where one is a subalgebra of the other, the symbols } and [] will always 
refer to the larger algebra. When applied to sequences of elements of a 
Boolean algebra, the symbols +, -, —, -, ©, [], S, and = should be inter- 
preted in the sense of the cardinal power of the given algebra. Thus, e. g., 
if x and y are two such m-termed sequences, then «= y will mean that 
a; y; for every 7 << m. Similarly, if f and g are functions on an arbitrary 
set J to a Boolean algebra, then f=g will mean that f(t) = g(t) for 
every 


Section 1. 


Additive Functions and Conjugate Functions. 


Throughout the first part of this section we consider a fixed Boolean 
algebra 


<A, +; 0, 1» 
and let At denote the set consisting of 0 and all the atoms of Y. 


DEFINITION 1.1. A function f on A™ to A 1s called 
(i) normal if, given any j < m and a sequence xe A™ such that x; =0, we 
always have f(x) =0; 


1 
s 
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(ii) monotonic if, given two sequences z,ye A™ such that xSy, we always 
have f(r) =f(y); 

(iii) additive if, given any 7 << m and two seqwences z,yeA™ such that 
Lp = Yp Whenever j ~ p< m, we always have 


f(c+y) =f(t) +f(y); 


(iv) completely additive if, given any j<m, a non-empty set I, and 
sequences A™ with tel such that whenever eI and 


jxA~p<m, and such that S2 exists, then S f(z) also exists and 
iel tel 
we have 


Efe). 


Obviously, every additive function is monotonic, and every completely 
additive function is additive. 


THEOREM 1.2. The operations of addition and multiplication in U are 
completely additive functions, the latter being also normal. Furthermore, 
if f is an identity function on A™ to A, or tf ae A and f ts the function on 
A™ to A defined by the formula 


f(x) =a for any ze A”, 
then f is completely additive. 
Proof. Obvious. 


THEOREM 1.3. If f ts an additive (or completely additive) function on 
A™ to A and tf g is the function on A™*" to A defined by the formula 


g(x °y) =f(x) for any re A™ and ye A’, 
then g is additive (or completely additive). 
Proof. Obvious. 


THEOREM 1.4. If f ts an additive (or completely additive) function 
on A™*" to A and tf ae A" and g 1s the function on A™ to A defined by the 
formula 

g(x) =f for any re A”, 


then g ts additive (or completely additive). 
Proof. Obvious. 


THEOREM 1.5. A function f on A to A ts additiwe (or completely 


| 
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additive) if, and only tf, there exist a normal and additive (or completely 
additive) function g on A to A and an element ae A such that 


f(z) =g(z) +a for any 


Similarly, a function f on A? to A is additive (or completely additive) tf, 
and only if, there exist a normal and additive (or completely additive) 
function g on A* to A, two normal and additive (or completely additive) 
function h and k on A to A, and an element ae A such that 


f(t) = + h(t) + +4 for any xe A’. 
Proof. Assume that f is an additive function on A to A. We let 
a=f(0), and g(x) =f(r) —a for every re A. 
By 1.1, g is normal and additive, and we have 
(1) f(x) = g(r) +a for every ze A. 


(Similarly, if f is completely additive, then g is also completely additive.) 
Conversely, if ae A, g is a normal and additive (or completely additive) 
function on A to A, and (1) holds, then f is additive (or completely additive) 
by 1.1. 

To prove the second part of the theorem we proceed in an analogous 
manner; we let 


a—f(0,0), 
h(x) =f(z,0) —a and k(x) —f(0,z) —a for every re A, 
g(x) =f (xz) — (h(a) + +a) for every re A?. 
Similar theorems can of course be obtained for functions of higher rank. 
From this we see that it would not be a serious loss of generality if we 


restricted our discussion to normal functions, as in fact we will do in 
Section 3. 


THEOREM 1.6 (GENERAL DistRIBUTIVE Law). Let f be a function on A™ 
to A. Then the following conditions are equivalent: 


(i) The function f is additive. 
(ii) If Ko, K:,--+,Km+ are finite, non-empty subsets of A and if 
L= Ky X Ki X Kms, then 


f( Xz) = 
zeL zeL 


] 
| 
4 
ly 
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Similarly, the following conditions are equivalent: 
(i’) The function f is completely additive. 


(ii’) If Ko, Ki,-++,Km+ are non-empty subsets of A, if K, 


X:*** XK Kms, and tf Sx exists, then f(x) also exists and we have 
veL zeL 


f( 22) =X f(z). 
vel vel 
Proof. By induction using 1.1 and 1. 4. 


THEOREM 1.7. Suppose W is atomistic and f is a function on A™ to A. 
Then f is completely additive if, and only ‘if, 
3S for any ze A. 
v=ueAt™ 
Proof. The necessity of this condition follows from 1.6. Assume that 
the condition is satisfied. Consider a number j < n, a non-empty set J, and 
sequences xz) ¢ A™ with te] such that 


whenever and j~Ap<m, 


and such that 2 exists. Let 
iel 
[we At” and u= 2] for any ie J, and K=U 
u tel 
Observe that 
ueK if, and only if, }c2® =we At”. 
iel 


Therefore 


ueLi 


Hence f is completely additive by 1. 1(iv). 
THEOREM 1.8. Suppose U is atomistic. For any completely additwe 
functions f and g on A™ to A we then have: 
(i) fg if, and only if, f(x) Sg (x) for any re A”. 
(ii) f=—g if, and only if, f(x) =g(x) for any re A™. 
Proof. By 1.7%. 


THrorEM 1.9. Let f be an additive (or completely additive) function 
on A™ to A and let go, 91, * *;9m-+ be additive (or completely additive) 
functions on A" to A. Then f<G0, 915° * *>G9m-1> 18 an additwe (or com- 
pletely additive) function on A™ to A. 


= 
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Proof. Assume that f, 90, 9:,° - *;9m-1 are additive and let 
(1) h = * * Jm-1>- 
Suppose 7 < mn, and consider two sequences z, ye A™ such that 
(2) Lp = Whenever 7 ~ p < mn. 


Then there exist sequences 2, 2@),-- 2), De An 
such that 
(3) um Ng(m-1) and y= YOOYOO Ny (m-1), 


Let q be the greatest integer such that g=j/n. Then, by (2) and (3), 
(4) uy") whenever gs4r < m, 
Hence, by 1. 1(iii), 
(6) gr(2 + = 9,(2") + 9,(u™) whenever r m. 
Let the sequences v,weA™ be defined by the formulas 
(7) Vr = 9r(2) and w,=g,(u™) whenever r< m. 
Then, by (1) and (3), 

h(x) =f(v) and h(y) =f(w). 
Therefore, by (4), (7), and 1. 1(iii), 

+h(y) =f(v+w). 
But by (1), (3), (6), (7), and 1.1(iii) we have 
h(c+y) =f(v+w). 


Consequently, 


(8) h(x + y) =h(z) + h(y). 


Since (2) implies (8), we see by 1.1(iii) that h is additive. (In the case 
of complete additivity the proof is similar.) 


It is not in general true that, under the hypothesis of the preceding 


theorem, the function f[9o, 91,° * *,Jm-1] is additive (or completely additive). 
In fact, it is precisely for this reason that we introduced the notion of the 


superposition of functions. We have, however, the following 


12 
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THEOREM 1.10. Let ® be the smallest family of functions which satisfies 
the following conditions: 
(i) If, for some m, f is an additive function on A™ to A, then fe®. 
(ii) If, for some m and n, fe® is a function on A™ to A and gp, 9, 
are functions on A” to A, then f[go,91,° 9male®. 


For a function f on A” to A to belong to the family ® it is necessary 
and sufficient that there exist, for some m, an additive function f’ on A™ 
to A and m identity functions ho, hi,: - +,hm+ on A" to A such that 


f=f [ho hms]. 


Proof. Consider the family ®’ consisting of all functions f such that, 
for some m and n, f is of the form 


f= f’[ho; hms], 

where is an additive function on A” to A and fo, +, hm-+ are identity 
functions on A” to A. If we replace ® by ®’, then (i) is clearly satisfied, 
and we shall show that (ii) is also satisfied, whence  C #’. 

In fact, consider a function fe®’ on A™ to A and m functions 
Jos 91° * *>Im1€®’ on A" to A. We then have, for some p, 
where f’ is an additive function on A? to A and ho, are identity 
functions on A™ to A. Let 
(2) kj = hj[Go, 91," for every 7 < p. 
Then each &; is a g, for some g< m. Hence, for some r, 
(3) key = 10, - for <p 


where the are additive functions on A” to A while 1,9,- - -,1,. are 
identity functions on A” to A. The assumption that we have the same 
number r for all values of j is justified by 1.3. Let 


Then, by 1.9, g is an additive function on A™ to A. By (1) and (2) 


we have 


Hence, if we let 
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then, by (3) and (4), 


Thus f[90, 9:1," We conclude that 6 The inclusion in 
the opposite direction follows from 1.2. Hence ®=®’, and the proof is 


complete. 


We are now about to introduce and study the notion of conjugate 
functions.* The simple definition of conjugate functions proves to be very 
rich in consequences. At the first glance the new notion may apepar to be 
rather special; it is not involved in the formulations and proofs of the main 
theorems of this paper. However, our general discussion will lead to con- 
jugate functions in quite a natural manner (compare Theorem 3.6 below) ; 
we shall also apply this notion in the discussion of cylindric algebras and 
relation algebras. 


DEFINITION 1.11. Let f and g be functions on A to A. We say that 

g is a conjugate of f if, for any xz, ye A, we have 
f(x)+y—=0 if, and only éf, 

If, in particular, a function f is a conjugate of itself, then we call f self- 
conjugate. 

THEOREM 1.12. If f and g are functions on A to A and g is a conjugate 
of f, then f is a conjugate of g. 

Proof. Obvious. 

In view of this theorem we shall usually say “f and g are conjugate ” 
instead of “g is a conjugate of f.” 


THEOREM 1.13. A function f on A to A has at most one conjugate 
function g, and this function (if it exists) is determined by the formula 
g(y) = II for any yeA. 
f(x) 
Proof. Let g be a conjugate of f. By 1.11 we have, for any elements 
f(z): y= 0, if, and only if, eS [g(y)]-. 


‘This notion was first discussed in Tarski [3] (though no special term to denote 
it was introduced there). Recently the same notion was studied (under another name) 
in Biichi [1], pp. 157 ff. 
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Thus, given an element A, the largest element ze A for which f(z) -y —0 
is [g(y)]-. Consequently 


[9(y)]-= for yeA. 
Taking complement on both sides we obtain the desired formula for g(y). 


THEOREM 1.14. A function f on A to A has a conjugate tf, and only 
if, the following conditions are satisfied: 
(i) f ts normal, 
(ii) f is completely additive, 


(iii) exists for every element ye A. 
f(2)Sy 

Proof. Suppose that f has a conjugate g. Since g(1)-0—0, we have 
f(0)-1—0 by 1.11. Therefore f{(0) —0, and f is normal by 1.1(i). 
Let J be an arbitrary non-empty set and let the elements z;¢ A with ie I be 
such that 2; exists. Let 


tel 


(1) y= 2%. 


Consider any element ze A such that 

(2) f(a) Sz for every te 1. 

For each 1¢ I we then have f(2;)- 2 —0 and hence, by 1. 11, 
g(z-): a =0 for any tel. 

By (1) this implies that g(z-)-y —0, and therefore, by 1.11, that 


(3) f(y) Sz. 


It is easy to check that every step in the derivation of (3) from (2) is 
reversible and, hence, that the two formulas are equivalent for any ze A. 
Consequently 


(4) f(y) — F(a). 


Since (1) always implies (4), f is completely additive by 1.1(iv). An 
elementary transformation of the formula in 1.13 gives 
x for any ye A. 
Therefore the right-hand member of this equation exists for every ye A. 
We have shown that if f has a conjugate, then conditions (i)-(iii) all 
hold. Conversely, assume now that (i)-(iii) are satisfied. Then the formula 


ve 


De 
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(5) 9(y) =[ & for any ye A 
f(2)Sy- 
defines a function g on A to A. We can write (5) in the form 


9(y) = II for any ye A, 


f(a) *y=0 
and it follows that 


(6) f(z): y=0 implies that g(y)-2—0 for any z,yeA. 


By (5) we have 
[9(y)]-= > for any yeA. 
f(@)Sv- 


Hence by (i), (ii), and 1.1(i) (iv) 
(7) f(Lg(y)]-) = <y for any yeA. 


If now z,yeA are such that then tx=[g(y)]-. Applying 
first (11) and then (7) we obtain f(z) Sf([g(y)]-) and f(z) Sy. 
Consequently, 


(8) g(y)*x=0 implies that f(z): y—0 for any z,yeA. 


From (6) and (8) we conclude by 1.11 that f and g are conjugate. The 
proof is complete. 


The function f defined by the formula 
f(z) 
is of course selfconjugate. Hence Theorem 1.14 implies as a particular case 


the familiar distributive law for binary multiplication under general addition 
(for - under >). 


THEOREM 1.15. If f and g are functions on A to A, then the following 
conditions are equivalent: 
(i) f and g are conjugate. 
(ii) f(*—g(y)) Sf@)—y and g(y—f(z)) S for any z,yeA. 
(iii) f and g are normal, and we have f(z)-ySf(z-g(y)) and g(y):z 
f(z)) for any z,ye A. 

Proof. Suppose f and g are conjugate, and let z,yeA. Then 
f(tc—g(y)) Sf(z) by 1.1(iv) and 1.14, while by 1.11 we have 
f(e—g(y))-y—0. Hence 


(1) f(t—g(y)) =f(z)—y. 
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Analogously we have . 
(2) 9(y—f(z)) S9(y)—e. 
Assume, conversely, that (1) and (2) hold for any elements z,yeA. If 
f(x)-y=0, then y= y—f (zx) and we have, by (2), 
9(y) =9(y—f(®)) 


so that g(y):x=0. Similarly, by (1), 9(y)-x —0 implies that f(z) = 0. 
Hence f and g are conjugate functions. Thus (i) and (ii) are equivalent. 

Suppose f and g are conjugate functions. Then f and g are normal 
by 1.14. By 1.1(iv) and 1. 14 we also have, for any elements 2, ye A, 


f(x) =f(e«—g(y)) +fle-g(y)). 
Since (i) implies (ii), we infer that 

f(x) S (f(@)— + f(z-9(y))- 
Consequently 

f(x)-yS (f(@)—y) + f(@-9(y)) -y 9(y)). 
Similarly, 
g(y) 9(y'f(z)). 

Conversely, assume that (iii) holds. If z,yeA are such that f(r)-y—0, 
then 

=9(0) =0 
Similarly, g(y)*x—0O implies that f(z)-y—0. Hence f and g are con- 
jugate by 1.11 and the proof is complete. 


The next three theorems are of a rather special nature, but they will 
have added significance in connection with Theorems 3.5 and 3. 7. 


THEOREM 1.16. If f is a function on A to A, then the following con- 
ditions are equivalent: 
(i) f ts selfconjugate. 
(ii) f ts additive, and for any ve A. 
(iii) f ts normal, and f(x):ySf(x-f(y)) for any z,yeA. 
Proof. If (ii) is satisfied, then by 1. 1(ii1). 


f(0) =f([f@) -1=0. 


Hence f(0) 0, and f is normal by 1.1(i). Furthermore, if z, ye A, then 
1. 1(iii) gives with the aid of (ii) 


| 
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Sf(z-f(y)) 


Thus, (ii) implies (iii). That (iii) implies (i) and that (i) implies (ii) 
are immediate consequences of 1.14 and 1. 15. 


THEOREM 1.17. If f is a function on A to A, then the following 
conditions are equivalent: 


(i) f ts additive, and f(f(x)) =a-f(1) for any ze A. 
(ii) for any z,ye A. 
Proof. Suppose (i) holds. Then, by 1.1(iii), 
f(0) Sf(f(0)) =0. 
Hence f is normal by 1.1(i). We shall next show that 
(1) implies that f(z)-f(y) =0 for any z,yeA. 
In fact, if = 0, then by (i) and 1. 1(iii) 
Sf (f(#)) = fA) = 0, 
and consequently 
f(z) f(y) f(y) =f(F(F (2) -F(y))) = f(0) = 0. 
Thus (1) holds. For any elements 7,y¢A we have, by (i) and 1.1(iii), 
f(z)-y=f(x) = F(z) F(F(y)) 
Hence, by (1) and 1. 1(iii), 
for any z,yeA, 
and (ii) is satisfied. Conversely, if (ii) holds, then 
f(0) =f(0-f(0)) =f(0)-0—0, 


so that f is normal by 1.1(i). Hence the first part of (i) follows from 1. 16. 
The second part of (i) is but a special case of (ii). 


THEOREM 1.18. Jf f is a function on A to A, then the following con- 
ditions are equivalent: 
(i) f ts additive and f(f(x)) =a for any rveA. 
(ii) f(1) =1 and f(x)-y=f(u-f(y)) for any 
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Proof. Suppose (i) holds. Then f(f(1)) —1 and hence, by 1. 1(iii), 
f(1) =1. Therefore, by 1.17, (ii) is satisfied. The converse is an imme- 
diate consequence of 1.17. 


The representation theorem and the extension theorem for Boolean 
algebras were mentioned in the introduction, but for our later purposes the 
form in which they were given there is not strong enough. As regards the 
representation theorem, the stronger form which we have in mind is usually 
stated as follows: 


Every Boolean algebra is isomorphic to a set-field consisting of all open 


and closed sets in a totally-disconnected compact space.® 


Before stating the corresponding form of the extension theorem, we shall 
introduce the notions of a regular subalgebra and a perfect extension. The 
results contained in the last part of this section are substantially known, 
and the proofs will therefore be omitted. 


DEFINITION 1.19. -Let 
Y= <A,+,0,-,1> and B= <B, +,0,°, 1» 
be two Boolean algebras. We say that 8 is a regular subalgebra of UX and 
that M is a perfect extension of B if the following conditions are satisfied: 


(i) Y is complete and atomistic, and B is a subalgebra of Y. 


(ii) If I is an arbitrary set, and tf the elements x,¢ B with ie I are such that 


y= 1, 
tel 
then there exists a finite subset J of I such that 
tel 


(iii) If u and v are distinct atoms of U, then there exists an element be B 


such that 
u=b and v-b=0. 


DEFINITION 1.20. Let 
A= <A, +, 0, *,1> 
be a complete atomistic Boolean algebra, and let 


B= <B, +, 0, 15 


5 Cf. Stone [1], Theorem 1. See the same work, Theorem 4, in connection with our 
Theorem 1, 23. 
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be a regular subalgebra of 2. An element xe A is said to be 
(i) open if 
a=yeB 


(ii) closed if r= [TI y. 
asyeB 


THEOREM 1.21. Let 
Y= <A, +,0,°,1> 
be a complete and atomistic Boolean algebra, and let 
= <B, +, 0,°,1> 
be a regular subalgebra of MX. We then have: 
(i) For any xe A, x ts open if, and only if, x is closed. 


(ii) For any xe A, x 1s open and closed if, and only tf, xe B. 


(iii) If we A is closed, I ts an arbitrary set, the elements ye A with tel 
are open, and 


= > Yiy 
tel 
then there exists a finite subset J of I such that 


ted 
(iv) If ce A is open, I is an arbitrary set, the elements ye A with tel 
are closed, and 


Il Yi 
tel 
then there exists a finite subset J of I such that 
Il Yie 


ieJ 
(v) If wis an atom of U, then u ts closed. 


(vi) If u is an atom of B, then u is an atom of XY. 
The extension theorem for Boolean algebras can now be stated as follows: 


THEOREM 1.22. For any Boolean algebra B there exists a complete and 
atomistic Boolean algebra U which is a perfect extension of B. 


That the perfect extension % is essentially determined by the Boolean 
algebra 8 is shown in the next two theorems. 


THEOREM 1.23. Let 
<A, +, 0, -,1> and W = <A’, +, 0, +, 15 
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be two complete and atomistic Boolean algebras, and let 
= <B,+,0,-,1> and B’ = <B’,+, 0, +, 15 


be regular subalgebras of UX and YX’ respectively. If a function @ maps B 
isomorphically onto %’, then there exists a unique function y which maps % 
isomorphically onto YX’ in such a way that y/B = ¢. 


THEOREM 1.24. If 
B= <B, +, 9, °, 1> 


is a Boolean algebra, and if MX and YW’ are two perfect extensions of B, then 
there exists a unique function y which maps WM isomorphically onto XM’ in such 
a way that for every re B. 


In the following we shall use various definitions and theorems from this 
section without always explicitly referring to them. 


Section 2. 


The Extension Theorem. 


Throughout the first part of this section we shall consider a fixed 
Boolean algebra 


<A, +, 0, °, 
which is complete and atomistic, and a regular subalgebra 
B= <B, +, 0, 1> 


of 2. The set consisting of 0 and all the atoms of Mf will be denoted by Af, 
the set of all closed elements by C. Although we associate with every function 
f on B™ to B a function ft on A” to A (see Definition 2.1), we shall be 
mostly concerned with those functions f which are additive or obtainable 
from additive functions by means of composition. In this case f* is an 
extension of f. It is shown that if f is additive, then f* is completely 
additive. We shall also prove that if an equation involving additive func- 
tions on B” to B is identically satisfied, then the corresponding equation 
involving their extensions will also hold identically. In the last part of the 
section these results are applied to Boolean algebras with operators. 
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DEFINITION 2.1. For any function f on B™ to B, f* is the function on 
A™ to A defined by the formula 


f*(z) Il f(z) for any xe A”, 


yeC™ ySzeB 


THEOREM 2.2. If f is a function on B” to B, then 


f*(y) for any ye O™, 
- Proof. By 2.1. 


THEOREM 2.3. If f is an additive (or, more generaliy, a monétonic) 
function on B™ to B, then 


Proof. By 2.2 with the aid of 1. 21(ii). 


THEOREM 2.4. If f is an additive function on B™ to B, then ft is a 
completely additive function on A™ to A. 


Proof. Let g be the function on A” to A such that 
(1) g(z) = 3 ft(u) for any ze A, 


aw=ueAt™ 


By 1.7%, g is completely additive. In order to prove that ft 4g, we shall 
first show that 


(2) f(y) S9(y) for any ye 
Consider a fixed sequence ye C™ and an atom v of Y such that 
(3) v-g(y) = 0. 


We shall show that there exists a sequence z such that 


(4) y =zeB" and v- f(z) =0. 
Let 
(5) K=Bly=we Ai]. 


For any sequence we K we then have, by (1) and (3), v-ft(w) =0. 
Hence, by 2. 2, we can correlate with each we K a sequence wu’ such that 


(6) usu’ e B™ and v-f(u’) =0 whenever we K. 


We shall correlate with each sequence ue K elements ¢; (uw) € B with 7 < m 
and p< ™m such that the following conditions are satisfied: 


(7) Y; = p(u) whenever j < p =m and wek, 


B 
n 
t, 
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(8) Uj = Whenever p=j< m and uc K. 


(9) (do p(), $1 p(U),* whenever p= and we kK, 
The elements ¢jp(u) will be defined recursively. We let 
$j o(u) =w’, for any j< m and ue K. 


Assume that p < m, that $;»(u) has been defined for any 7 << m and ue K, 
and that (7), (8), and (9) are satisfied for this fixed value of p. Consider 
a fixed sequence ue K and the class L of all sequences we K such that w; = u; 
wheneyer j << m andj p. For each atom yp we have a sequence we L 
such that w, =a and hence a= ¢pp(w). Consequently, 


Yp = 2 dp p(w). 


Since yp is closed and ¢),(w) eB, there exists, by 1. 21(ii),(iii), a finite 
subset M of Z such that 
Yp 2 p(w). 
Let 
(U) = dp p(w), 


$j p11 (U) = IT ¢;9(w) whenever << m and jp. 


It is easy to see that (7), (8), and (9) are satisfied with p replaced by p + 1. 
We now take any sequence we K, define the m-termed sequence ze B™ by 
the formula 

$j m(U) for I< m, 


and use (7) and (9) to check that (4) is satisfied. Hence, by 2.2, 
v:ft(y) =0. Since this is true whenever ye C™”, v is an atom of %, and 
(3) is satisfied, we conclude that (2) holds. 

By (1), (2), 2.1, and 2.2 we have, for any re A”, 


Thus rs <= g. The opposite inequality follows sirige-aete from (1) and 2.1. 
Hence ft = g, and the proof is complete. 


THEOREM 2.5. If f is an additive function on B™ to B and g 1s a 
completely additive function on A™ to A such that 9/B™<f, then g Sf. 


Proof. For any ue At™ we have, by 2.2 and the hypothesis, 
f(uy= I Il gy) =9(u). 
usyeB™ usyeB™ 


Hence the conclusion follows by 1. 8(i), 2.4, and the hypothesis. 


i 
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It may be interesting to notice that, in general, if f is an additive 
function on B” to B, then there exist, besides f+, other completely additive 
functions g on A” to A which satisfy the condition g/B™ =f. To give a 
simple example, let f be the function on B to B such that 


f(0) and f(z) whenever 0AzweB. 


It follows immediately from 2.1 that 
ft(0) = 0, and ft(x) whenever 0 


Observe that, if B is infinite, then At is not a subset of B. For, assume that 


AtC B. Since 
1, 


uecAt 


there exists, by 1. 19(ii), a finite subset K of Aé such that 
u—1. 


uek 


But this clearly implies that K contains all the atoms of Y&. Hence A? is 
finite, which in turn implies that A and B are finite. Assuming that B is 
infinite, we can therefore choose an atom u of Y& such that u¢ B. Let the 
function g on A to A be defined by the formulas 


g(0) =0—g/(u), and g(x) =1 whenever ze A and tr 0, u. 


Obviously, g is completely additive, and we have g/B =f while g ~ft*. 

If f is an additive function on B” to B, and if g is a completely additive 
function on A” to A such that g/B™=—f, then gS f* by 2.5. We may 
express this by saying that f* is the largest possible extension of f which is 
completely additive. However, if we drop the condition that the extension 
is completely additive and consider instead all additive extensions of f, then 
f* no longer has this property. In fact, the largest possible extension of f 
which is additive is the function g such that 


g(x) = f(y) for any ze A”, 
asyeB™ 


and it is easy to show by examples that we do not in general have g —f*. 
As a matter of fact, if B is infinite, and if f is an identity function on B” 
to B, then f*t+4g. For, as we will prove in the next theorem, f* is then 
the corresponding identity function on A” to A. Hence ft =g implies that 
every element of A is closed and, therefore, by 1.21{i), (ii), that A = B. 
But we have already shown that this is true only when B is finite. 
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THEOREM 2.6. If f and g are the functions on B? to B defined by 
the formulas 


f(z) =2% +2, and g(r) =z: 2, for any re B’, 


then 


= 2, and g*(x) x, for any we A’, 


Furthermore, 1f j << m and be B, and if h and k are the functions on B™ 
to B defined by the formulas 


h(x) =b and k(x) for any ze B", 


then 


h*(x) =b and k*(x) =a; for any re A”. 


Proof. For any we At? we have, by 2. 2, 


(1) ft(u)= IT 

B? 
Therefore 
(2) Up +u Sf*(u). 
Consider any atom a of Y with a-u—0—a-u,. By 1.19(iii) there exists 
a sequence ye B? such that uy and a-y,=0—a-y,. It follows by (1) 
that a-f*(w) —0 for every such atom a. Consequently ft(w) S w+ u. 
Together with (2) this gives 


fi(u) =U + 


Since this formula holds whenever ue At*?, we conclude by 1. 8(ii) and 2.4 
that 


f*(z) = 2% + % for any ze A’. 


To show that 


g* (x) = 2° 2, for any re A?, 


we proceed in an analogous manner. 
By 1.20(ii), 1.21(v) and 2.2 we have k*(w) =u, for any we At”. 
Hence, by 1. 8(ii) and 2. 4, 


k*(x) =a; for any re A”. 
By 2.1 we have 


h*(x) =b for any ze A™. 


The proof is complete. 


THEOREM 2.7. If f is a function on B™ to B and g is the function 
on B™” to B such that 


| 
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%y) =f (x) for any ce B™ and ye B’, 
then 
=ft(z) for any re A™ and ye 
Proof. By 2.1. 


THEOREM 2.8. Let f be an additive function on B™ to B, and let 
Jo. be additive functions on B" to B. Then 


Proof. Let 


Then h* and & are completely additive functions on A™ to A by 1.9 and 2. 4. 
In order to prove that h* —k, it is therefore sufficient to show that 


(2) h*(y) =k(y) for any ye C™. 
For each sequence ye C™ let y’ be the m-termed sequence defined by the 


formula 
(3) = 97 Yin’ Yjnma) for any j<m. 


If ye O™, then ye C™ by (3) and 2.2. Hence, by (1) and 2. 2, 


(4) ht(y) = f(#) and k(y) for any ye C™. 


<zeBmn 


By (3), 2.3, and the additivity of go, 91,° ° -,;9m-+1 we have 
y eB" whenever ye C™, ze B™, and yz. 
Consequently, by (4) and the additivity of f, 
k(y) Sht(y) for any ye C™. 


To prove the inequality in the opposite direction, it is clearly sufficient to 
show that if 
(6) ye Cr and y Ste B, 


then there exists a sequence z such that 
(7) yszeBm and St. 
Assume that (6) holds and let 


Then 
9;)(v) =y¥; St, for any j<m. 


uD) Br 
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Since t;e¢ B by (6), and g;(v) ¢ B for ve B", it follows by 1. 21(ii) (iv) that 
there exists, for each 7 < m, a finite set K; of sequences v with uw) = ve Bn 
such that 

II 9;(v) St; for any j< m. 


Let z be the mn-termed sequence defined by the formula 


= I] vp for any < m and p< n. 


veK; 


It is easy to check that (7) is satisfied. Thus (6) always implies (7), and 
we conclude that the inclusion in (5) can be replaced by an equality. The 
proof is complete. 


THEOREM 2.9. Let f be a monotonic function on B™, to B, and let 
Jos 919° be tdentity functions on B" to B. Then 


Proof. Let 
(1) h =f[9o, 91° Gm]. 
For each ze A”, let x’ be the m-termed sequence such that 
(2) for any << m. 


We shall prove the following two statements which will be needed later: 


(3) If and =zeC”, then and =z for some yeC". 
(4) If ce A” and Ste B, then eSs and s’ for some se B". 


For each p= 17, let ky be the function on B" to B such that 


(5) =p for any ze B*, 

and let 

(6) < and g;—= kp]. 

The sequences y and s are defined by the formulas 

(7) Yp= 2; and ¢; for any p<n. 
jeKp jeKp 


From the finiteness of the sets K, it follows that ye C™ and te B. If 
je Ky, then, by (2), (5), and (6), 


a’; = = (x) = ap. 
Consequently, by our assumptions regarding z and f, 


= 2, St; whenever p< n and je Kp. 


t 
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Therefore, by (7), 


(8) Yp = Vp S Sp for any p<n. 
If 7 < m, then je Ky for some p< n. Hence, by (2), (5), (6), and (7), 


Y j= Yp = 2; and = 5) S fy. 


We therefore have 
y =zand s’ St. 


Together with (8) this shows that the conclusions of (3) and (4) are 
satisfied. 
Consider now a fixed sequence re A”. By (1), (2), and 2.1 we have 


(9) hi(t)= IT f(s’), 


w=yeC™ ySseBr 


(10) IT f(t). 


For any sequence y with t=yeC", we have, by (2), 2.1, and 2.2, 
e=yeC™. Furthermore, if Ste then there exists, by (4), a 
sequence se B" such that ys, s’ St, and hence f(s’) Sf(t). We thus 
have 


= 


ysse Br 


Since this is true whenever x = ye C”, we conclude, by (9) and (10), that 
(11) h*(x) 


For any sequence z with 7 =zeC™ there exists, by (3), a sequence ye C” 
such that x = y, y’ = z, and hence 


= 


zSte Bm 


Furthermore, since y = se B" always implies that y’ Ss’ B™, we have 


= I, 


y’sSteB™ 


For each sequence z with 7’ =zeC™ there exists, therefore, a sequence y 
such that = ye C” and 


= Tf). 


este B™ 
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Consequently, by (9) and (10), 
(12) Sk (z). 


Since (11) and (12) hold for any ze A”, the conclusion of the theorem 
follows from (1) and (2). 


THEOREM 2.10. Let ® be the smallest family of functions which 
satisfies the following conditions: 


(i) If, for some m, f ts an additive function on B™ to B, then fe®. 


(ii) If, for some m and n, fe® is a function on B™ to B while 
Jos are functions on B to B, then f[ Go, 915° €®. 


Given any function f ¢ ® on B™ to B and m functions 9o, 91,° °°» Jm1€® 
on B" to B, we then have 


Proof. By 1.10 there exist, for some p, an additive function f’ on B? 
to B, and identity functions ho, hi,: - -; Ap. on B™ to B such that 


Let 

(2) kj = Jo, 91," > Gm-+] for any j < p. 

Then each k; is one of the functions go, 91,° * *,;9m+, Whence kje®. We 


can therefore represent k; in the form 


where k’; is an additive function on B2 to B, and - are 
identity functions on B” to B. The assumption that we have the same 
number gq for all values of j is justified by 1.3. By (1) and (2) we have 


Let 


Then, by (3) and (4), 


i 
¥ 
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Consequently, by 2. 9, 
By (1) and 2.9 we have 


while, by 2. 6, 


= G'm-a] for any j < p. 
Consequently 
From (3) and 2.9 it follows that 
(8) ket; = 9*, 1. for any j < p 
while, by (5) and 2. 8, 

= +, tp a>. 

Hence, by (5), (7), and (8), 
The conclusion follows from (6) and (9). 


It follows from the preceding theorem that if an equation involving 
additive functions fo, f1,- - -, fm-+ on B” to B holds for every sequence z € B", 
then the corresponding equation with the functions f*o, f*:,- - -,ftm-+. holds 
for every sequence ze A”. It would be natural to ask at this point what 
other properties are preserved by the extension. We have not made a detailed 
study of this question, and shall only make a few remarks here. 

We first notice that a similar result can be obtained for certain impli- 
cations between two equations, as well as between an inequality and an 
equation. In fact, we have 


THEOREM 2.11. Let ® be as in Theorem 2.10, and let f,g,he® be 
functions on B™ to B. 


(i) If 
f(x) =0 implies that g(x) for every re B”, 


ile 
®, 
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then 

ft(x) =0 implies that g*(x) =h*(x) for every xe A”. 
(ii) Tf 

f(x) 40 implies that g(x) =h(x) for every re 
then 


ft(x) implies that g*(x) =h*(x) for every xe A™. 


Proof. Let k be the function on B to B such that 
k(0) =0, and k(x) =1 whenever B. 
By the hypothesis of (i) we then have 
(1) k(f(z)) + 9(@) =k(f(x)) + h(x) for every xe B. 
Consequently, the function & being additive, we get by 2.6 and 2. 10 
(2) + + for every ce Am, 
By 2.1 and the definition of & we have 
k*(0) =0, and k*(x) =1 whenever 0 
Hence, by (2), we obtain the conclusion of (1): 
ft(x) =0 implies that g*(z) =h*(x) for every re A™. 
The proof of (ii) is analogous; we change + to - in (1) and (2). 
As a corollary of the preceding theorem we obtain 


THEOREM 2.12. Let f and g be functions on B to B. If f and g are 
conjugate, then ft and g* are conjugate. 


Proof. By 1.11, 1.14, and 2. 11. 


Theorem 2.11 can be generalized by considering implications in which 
the hypothesis is, not an equation of the form f(z) —0 or an inequality of 
the form f(z) 0, but a conjunction or disjunction of formulas of both these 
types. To obtain this generalization, we argue as in the proof of 2.11 and, 
by applying the function & defined there, we show that every implication 
of the kind considered can be equivalently replaced by a single equation or a 
conjunction of equations. For instance, the implication 


if fo(z) =0 and then g(x) =h(z) 


fi 


are 
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proves to be equivalent to the equation 


k(fo(x)) + k(fi(x)) g(x) = k(fo(x)) + A(z). 


On the other hand, we can give an example of a simple formula which 
is identically satisfied by an additive function f in a certain Boolean algebra 
8 = <B,+-,0,+,1>, but which is not satisfied by any additive function g 
(whether an extension of f or not) in Y—<A,+,0,-,1>; W is assumed 
to be, not necessarily a perfect extension of $8, but an arbitrary complete 
Boolean algebra of which 8 is a subalgebra. In fact, let U be the set of all 
positive integers, and let B be the family consisting of all finite subsets of U 
and of their complements (with respect to U). Suppose that —+- and - are 
set-addition and set-multiplication, 0 is the empty set, and 1 is the set U. 
For every x in B, let f(x) be the set consisting of the integer 2 and of all 
integers n+ 2 where n is in x. As is easily seen, f is an additive function 
on B to B satisfying the condition: 


f(z) Az for every re B. 


This condition implicitly involves, in addition to f, another additive function, 
namely the identity function on B to B, but it implies the following con- 
dition which involves only f: 


f(f(x)) ~f(x) for every ve B. 


On the other hand there is no additive function g in & which satisfies the 
corresponding condition 


g(g(x)) ~ g(x) for every ze A. 


For, g being any additive (or, more generally, monotonic) function on A to 
A, we obtain an element ce A for which g(c) = c and hence g(g(c)) —g(c) 
by putting 


One might ask whether Theorem 2.10 could be generalized by replacing 
® by some larger family of functions; in particular, it would be natural to 
consider the family of all monotonic functions. However, it can be shown 
that there exist monotonic functions f and g in one variable such that 


(f[9])*¥ftlg*]. In fact let 


° Cf. Tarski [1]. 
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D = <D, +, 0, and € = +, 0, *, 15 


be Boolean algebras such that D is infinite and complete, and € is a perfect 
extension of D. Let U be the set of all the atoms of ©, let B be the set of 
all functions on U to D, and let 6 and I be the functions on U to D such that 


@(u) =0 and I(w) —1 for any we U. 


Suppose 
Y= <A, +, 


is a perfect extension of the Boolean algebra 
B= <B, +, 9, I>. 


We now take a fixed element we U and define the functions f and g on B 
to B by the formulas 


f(«) whenever ae B and a(w) 
=I wheneveraeB and a(w) —1, 


g(a) (w) =>’ a(u), and g(a) (v) —0 whenever ae B and wAveU. 
ueU 


Here >’ refers to the sum in the Boolean algebra D. Clearly g is additive 
and f is monotonic. It will be shown that (f[g])*¥~f*[g*]. 


For each we JU let 


K,= and w= B(u)], I, = B and u= B(w)], 
B B 


IT 8B, a= IT £. 


Be Ku BeLu 
Furthermore, for each ue U, let y, be the function on U to D such that 
yu(u) =1, and yy(v) =0 whenever uveU. 


Finally, let 


; ueU ueU 
It is easy to see that 


g* (xu) = Ax for any we U 
and hence 
g* (€) = yw. 


a 

b 

| 

i 
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Since y, B and y»~(w) it follows that 


(€)) =1. 
Letting 
h=flg], 


we are going to show that h*(€) = ©. In fact, for any closed element {<= é 
we have {= » and, therefore, 


{= 


ueM 


for some finite subset M of U. Thus 


ueM ueM 
Since D was assumed to be infinite, there exists an element ae D such that 
a=41 and ua for every ue M. If 8 is the function on U to D such that 


8(u) =a for any ue U, 
then 
h*(£) Sh(8) 


Thus h*(£) whenever and is closed. Consequently h*(€é) 


The results of this section can be generalized in another direction, 
namely by considering functions on one Boolean algebra into another Boolean 
algebra. Given two complete and atomistic Boolean algebras 


— <a, +,0,°, and = +, 05°, 1), 


and regular subalgebras 
= <B,+,0,°,1> and = <B’ +, 0, -,1> 


of 2% and 2’ respectively, we can associate with any function f on B” to B’ 
a function f* on A to A’ defined by the formula in Definition 2.1. The 
changes which have to be made in the formulation of Theorems 2. 2-2. 7 and 
2.9 are quite obvious, and the proofs require no new ideas. The generaliza- 
tion of Theorem 2.8 involves six Boolean algebras, three complete and 
atomistic Boolean algebras 2’, and and regular subalgebras 
and %” of and respectively. The generalization of Theorem 
2.10 is perhaps less obvious. Instead of the class ® of functions described 
there we consider, for any Boolean algebras @—<B,+,0,-,1> and 
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<B’, +, 0, -, 15 and for any non-negative integer m, the class n(¥B, B’) 
consisting of all functions f on B™ to B which are of the form f = g[No, hy, 

-,hn+] where n is a non-negative integer, ho, hi,- +,hn+ are identity 
functions on B” to B, and g is an additive function on B” to B’. We then 
have: 


Let UM, WU’, and A” be perfect extensions of the Boolean algebras B, B’ 
and respectively. If °;9n1€ Pm(B, B’) and fe,(B’, B”), 
then f[ go, 913° *>Gn1] € Pm(B, B”) and 


Observe that Theorems 1. 23 and 1. 24, as well as Theorems 2.16 and 2.17 
that follow, are easy consequences of this result. 

The generalization of Theorem 2.11 now offers no difficulty; the func- 
tions f,g, and hf involved are assumed to belong to ,(%,%’). In order to 
generalize Theorem 2.12 we must first extend the notion of conjugate func- 
tions. A function g on B’ to B will be called a conjugate of the function f 
on B to B’ if, for every xe B and ye B’, the formulas 


f(r)-y=0 and 


are equivalent. Theorem 2.12 can then be extended to conjugate functions 
in this new sense. 

It is interesting to notice that in the proofs of some of the theorems of 
this section—as well as in the proofs of their generalizations just indicated— 
the use of condition (iii) of Definition 1.19 can be avoided. This leads to 
the following results: 


Consider two complete and atomistic Boolean algebras 


<A, +,0,+,1> and <A’, +, 0, +, 1> 
and let 
B <B, 0, 1» and <B’, +, 0, 1> 


be subalgebras of 2 and 2’ respectively. We then have: 


(i) If f is an additive function on B™ to B, then there exists an additive 
function g on A” to A such that 9/B™ =f. 

(ii) If & and B satisfy condition (ii) of Definition 1.19, and if f is an 
additive function on B™ to B, then there exists a completely additive func- 
tion g on A” to B such that g/B™ =f. 
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To prove (ii) we define g as in the proof of Theorem 2.4. Then g is 
clearly a completely additive function with g/B™=f. In order to show 
that f = g/B”, we repeat with certain obvious changes the argument used 
in establishing formula (2) in the proof of Theorem 2. 4. 

Part (i) follows easily from (ii). In fact, there exists a complete and 
atomistic Boolean algebra which is a perfect extension 
of &%. Then condition (ii) of Definition 1.19 holds if we understand > to 
denote summation over %,, and it follows from (ii) that there exists a 
completely additive function h on A,” to A’ such that h/B™ =f. Conse- 
quently the function g =h/.A™ is additive and we have g/B™ =f. 

One might ask what properties of the function f beside its additivity 
are preserved by the extension considered in (i) and in (ii). We have not 
studied this problem in detail, and shall only remark that if in (ii) we 
assume that 2% is a perfect extension of 8 and that f maps 8 homomorphically 
into 8’, then it can be shown that g maps 2% homomorphically into Y’. 
However, we omit the proof of this statement, since a much more general 
theorem of the same type is known from the literature.’ 

To conclude this section, we define formally the notion of a Boolean 
algebra with operators and we extend the notion of a perfect extension to 
this kind of algebras (Definitions 2.13 and 2.14). Using these new notions, 
we shall be able to summarize the main results so far achieved in a concise 
and convenient manner (Theorems 2.15 and 2. 18). 


DEFINITION 2.13. By a Boolean algebra with operators we shall mean 
an algebra 


such that <A,+,0,-,1> is a Boolean algebra and the functions fe are 
additive. 

Suppose X is a Boolean algebra with operators. By an atom of U we 
mean an atom of the Boolean algebra <A,+,0,°,1>. We say that U ts 
atomistic if the Boolean algebra <A,+,0,-,1> is atomistic. We call 
complete if the Boolean algebra <A,+,0,+,1> is complete and tf each of 
the operations fe is completely additive. Finally, we say that & ts normal 
if each of the operations fe 1s normal. 


DEFINITION 2.14. Let 


7 Cf. Sikorski [1], p. 332. Related problems are discussed in Sikorski [2]. 
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and 
B= <B,0, +, Jo; Jr; ° > 


be two Boolean algebras with operators. We say that X& is a perfect exten- 
sion of B and that B is a regular subalgebra of U if the following conditions 
are satisfied: 

(i) YW is complete and atomistic and B is a subalgebra of Y. 

(ii) <B,+,0,°,1> ts a regular subalgebra of <A, +, 0, -, 1). 


(iii) For each of the functions fe we have 


fe(xz) = II ge(y) whenever re At”, 
= 4 


where m¢ is the rank of fe and At has its usual meaning. 
If 2% is a perfect extension of 8, we clearly have fg = g*¢. 


THEOREM 2.15 (Extension THEOREM). For any Boolean algebra 
with operators 8 there exists a complete and atomistic Boolean algebra with 
operators YM which 1s a perfect extension of B. 


Proof. Let 
B= <B, +, 0, "51, Jo, 91° 


be a Boolean algebra with operators. By 1.22 the Boolean algebra 
<B,+,0,-,1> is a regular subalgebra of a complete and atomiistic. Boolean 
algebra <A,+,0,-,1>. If we put fe —g*e for each €, then, by 2.3, B is a 
subalgebra of the algebra 


<A, +-, 0, 1, fo, fis 


Moreover, by 2.4 and 2.13, 2 is a complete and atomistic Boolean algebra 
with operators. Finally, 2. 14(iii) is satisfied by 2.2. Hence Wf is a perfect 
extension of %. 


Just as in the case of ordinary Boolean algebras, the perfect extension 
is essentially determined by the Boolean algebra with operators 8. This is 
shown in the next two theorems. 


THEOREM 2.16. Let 
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and 


be two complete and atomistic Boolean algebras with operators, and let 


B = <B, +, 0, Jo, 91° > 
and 


= <A’, +; 0, =) 1, 7% 


be regular subalgebras of U and MN’, respectively. If a function d maps B 
isomorphically onto B’, then there exists a unique function py which maps U 
isomorphically onto YW’ in such a way that y/B = ¢. 


Proof. By 1.23 there exists a unique function y such that 


(1) and <A, +,0, = <A’, +, 0, *, 1. 


Let At be the set consisting of 0 and all the atoms of M%. By (1) we have 


(2) y(z)= > II ¢(y) for any ze A. 


a=ueAt uSyeB 


Consider any operation fg. If the rank of fe is m, then, by 2.14, 


II ge(y) for any re A”. 


w=ueAt™ uSyeBr 


Therefore, by (1) and (2), 


wueAt™ 


for any ze A”, and we easily conclude by (1) and 2.14 that 


= (20), for any ze 


Consequently, 


THEOREM 2.17. If 
B = <B, +, 0, 1 5 4 > 


is a Boolean algebra with operators, and if X% and WN’ are two perfect exten- 
sions of 8, then there exists a unique function ~ mapping X isomorphically 
onto XM’ in such a way that p(x) —« for every ce B. 


Proof. By 2.16. 
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THEOREM 2.18. Let 
Y= <A, +, 0, -, 1, fos fis fe | 


B= <B, +, 0, "51,90, 91." 


be Boolean algebras with operators such that UM is a perfect extension of %. 
If L is any equationally definable class of algebras such that 8 belongs to L, 
then % also belongs to L. 


Proof. By 2.2, 2.4, and 2.14 we have f¢—g’*¢ for each . By 2.6, 
the same relation holds between the corresponding Boolean operations in 
and 8; since 8 is a subalgebra of %, this also applies to 0 and 1 (if they 
are treated as operations with rank 0). If now h is an algebraic function 
over the similarity class to which Y& and % belong, then hy can be obtained 
by means of a definite process of iterated composition from the fundamental 
operations of 2, and hg can be obtained by means of the same process from 
the corresponding operations of 8. Hence, by 2. 10. 


hy 


Similarly, if & is another algebraic function over the same similiarity class, 


we have 
ky k*g. 


Consequently, hy = kg implies hy = ky; i. e., every equation between alge- 
braic functions which holds (identically) in @ holds in Mf as well. (For 
notions involved in this theorem and in its proof see Introduction.) 


Section 3. 


The Representation Theorem; Application to Closure Algebras 
and Cylindric Algebras. 


A set-field B whose universal set is U will be called regular if the 
Boolean algebra <B,U,A,M,U> is a regular subalgebra of the Boolean 
algebra <A,U,A,M,U>, where A is the family of all subsets of U. The 
representation theorem for Boolean algebras can then be stated as follows: 


THEOREM 3.1. Given any Boolean algebra 


B= <B, +, 0, *y 1), 


and 
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there exists a regular set-field B’ such that B is isomorphic to the Boolean 


algebra 
(B’,U, A, N,V), 


where U is the universal set of B’. 


As a consequence of this theorem, the study of Boolean algebras reduces 
to the study of regular set-fields. We shall therefore proceed to investigate 
additive functions over regular set-fields. This will lead us to a repre- 
sentation theorem for Boolean algebras with operators (Theorem 3.10). In 
the second part of this section we apply the extension theorem and the 
representation theorem to closure algebras and cylindric algebras. 

Throughout the first part of this section we fix a regular set-field B, 
let U be the universal set of B, and let A be the family of all subsets of U. 
In accordance with our previous convention, At will denote the set consisting 
of the zero element and all the atoms of the Boolean algebra <A, N, A, U, U>, 
i.e., At consists of the empty set A and all sets of the form {z} with ze U. 

We begin by establishing a one-to-one correspondence between all normal 
and completely additive functions on A” to A and all (m+ 1)-ary relations 


DEFINITION 3.2. If R@CU™*", then the function R* on A™ to A is 
defined by the formula 


R*(X) = [ce yeR for some Xi for any Xe A. 
y 


In this definition the last terms of the sequences belonging to R play a 
special role. This may be somewhat unnatural in case FR is not a function 
and we would of course correlate with R m other functions on A” to A besides 
R*. However, these functions will not be needed in the present work. 


THEOREM 3.3. If RCU™*+!", then R* is a normal and completely 
additive function on A™ to A. 


Conversely, if F is a normal and completely additive function on A™ 
to A, then there exists a unique relation RC U™*+"* such that F = R*. This 
relation is defined by the formula 

R=E [re U™ and ye F( {2}, 


® Theorem 3.3 (restricted to functions of rank 1) is stated without proof in 
Tarski [3]. The same applies to Theorem 3.6 and to that part of Theorem 3.5 which 
concerns the equivalence of (i,) and (t%,). 
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Proof. The first part follows from 1.6(i’) (ii’) and 3.2. To prove the 
second part, suppose F is a normal and completely additive function on A” 
to A, and let R be defined as above. Since R* is a normal and completely 
additive function on A” to A by the first part of the theorem, we see by 
1.8(ii) that F — R* is equivalent to the formula 


(1) F(X) = R*(X) whenever X ce At”. 


If X;—= A for some 7 < m, then this follows from the normality of F and R*. 
If X;+4 A for every 7 < m, then there exists a sequence xe U™ such that 


X;= for every 7 < m. 
For any element ye U we then have 


ye F(X) if and only if eye R. 
By 3.2 we have 
ye R if and only if ye R*(X), 


and we conclude that (1) holds in this case also. The uniqueness of F is 
an immediate consequence of 3. 2. 


THEOREM 3.4. If F is a normal and additive function on B™ to B, 
then there exists a relation RC U™!* such that F = R*/B". 


Proof. By 2.3, 2.4, and the hypothesis, /* is a normal and completely 
additive function with F = F+/B™. Hence, by 3.3, there exists a relation 
RCU™"* such that F+ = R* and, consequently, F = R*/B”. 

It follows from 3.3 and 3. 4 that given a normal and completely additive 
function F on A™ to A, or a normal and additive function F on B” to B, 
we can express any property that /’ may possess as a property of the corre- 
sponding relation R. In the next three theorems we provide some examples 
of how this can be done. In order to state these theorems, we shall need 
certain familiar notions from the calculus of binary relations. The domain 
of a binary relation FR is the set consisting of all elements x such that 
<x,y>eR for some element y; the field of R is the union of the domain of 
R and the domain of R-. A binary relation RF is said to be reflexive if 
<x, z> © R whenever = is in the field of R, symmetric if RC R, and transi- 
tive if R|RCR. If R is both symmetric and transitive (and hence also 
reflexive), then we call it an equivalence relation. 


TuroreM 3.5. Let F be a function on A to A. Assume that F is 
normal and completely additive and satisfies one or more of the following 
conditions: 
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X CF(X) for any XeA, 

(in) F(F(X))C F(X) for any zeA, 

(is) F ts selfconjugate, 

(is) F(XNY) =F(X)NF(Y) for any X,Y eA, 

(is) F(F(X)) =XNF(V) for any XeA, 

(is) F(F(X)) =X for any XeA. 

Then there exists a relation R C U? with F = R* which satisfies the corre- 
sponding condition, or conditions, in the following list: 


(ii) R is reflexive and the domain of R is U, 
(ii2) ts transitive, 
(iis) & ts symmetric, 
(ii,) is a function, 
(iis) 2 ts symmetric and 1s a function, 
(iis) R ts symmetric and is a function whose domain is U. 
Conversely, if there is a relation R C U? with F = R* which satisfies one 
or more of the conditions (1i,)-(iig), then F 1s normal and completely additive 
and satisfies the corresponding conditions (i,)-(is). 


Proof. By 3.3, F is normal and completely additive if and only if 
F = R* for some RC U*, Assuming that / — R* we shall prove that the 
conditions (i;) and (iis) are equivalent (assuming that the equivalence of 
(is) and (iis) has already been established) ; the corresponding proofs for 
the remaining conditions will be omitted. 


Assume that (i;) holds. For any element ze U we then have 
(1) F(F({x})) = {2} if ee F(O), and F(F({z})) =A if F(U). 


Consider two elements z,yeU with <z,y>eR. Then, by 3.2, ye F({z}) 
whence, by the additivity of F, ye F(U). By (1) we therefore have 
F(F({y})) = {y} and, F being normal, this implies that F(y) 4 A. Conse- 
quently, by the additivity of Ff, F(F({z})) # A. By (1) this implies that 
F(F{x})) = {x} and hence F({y}) — {x}. We therefore see by 3.2 that 
<y,z>eR. Thus FR is symmetric. To show that FR is a function, consider 
two elements x,yeU such that <y,2>eR. Since R is symmetric, we have 
<c,y>eR; as we have already shown, this leads to the conclusion 
F({y}) = {a}. Together with 3.2 this shows that for each element ye U 
there is at most one element ze U such that <y,z>eR. Hence PR is a 
function and (ii;) holds. 


q 
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If (ii;) is satisfied, and if z,yeU are such that ye F(F({z})), then, 
by 3.2, there exists an element ze U such that <z,2>eR and <z,y>eR. 
Since # is symmetric and is a function, this implies that <z,z>eR and, 
hence, zy. Thus F(F({x})) C {x} for any ze U, and, consequently, by 
1.8(1), F(F(X)) CX for any Xe A. Therefore, by the additivity of F, 


XNF(U) =F(F(X)) UV [XN F(F(X)-)]. 
Since (i;) is satisfied, it follows that (i;) holds. 


THEOREM 3.6. Two functions F and G on A to A are conjugate tf, 
and only if, there exists a relation R C U? such that 


F = R* and G = (R")*. 


Proof. If F and G are conjugate, then F and G@ are normal and com- 
pletely additive by 1.14. It follows by 3.3 that there exist relations 
R, S C U? such that F = R* and G=—S8S*. Consider two elements z,yeU 
with <z,y>¢R. Then, by 3. 2, ye F({zx}) or, equivalently, F({x})N {y} KA. 
By 1.11 this gives G({y})NM {x} ~ A, so that re G({y}) and, consequently, 
<y,z>eS. We thus have R*CS. Similarly SCR, and we conclude 
that S= Rk. 


Assume that F = R* and G=(R")*. Consider two sets Y¥,Y CU 
with F(X) YA. For any elements re X and ye Y we then have 
<x, y>f#R and, hence, <y,z>¢R. It follows that G(Y)QNX—A. Simi- 
larly, if CU are such that G(Y)N X—A, then F(X)N Y =A. 
Hence F and G are conjugate by 1.11. 


THEOREM 3.7. Theorem 3.5 remains valid if we replace there ‘A’ by 
“B, ‘completely additive’ by ‘additive’ and ‘R*’ by ‘R*/B? Similarly 
Theorem 3.6 remains valid if we replace there ‘A?’ by ‘B, ‘ R*? by ‘ R*/BY 
and ‘(R-*)*? by ‘(R-*)*/B 


Proof. Suppose F is a normal and additive function on B to B. If F 
satisfies one or more of the conditions 3. 5 (i,)-(ig) with ‘A’ replaced by ‘ B,’ 
then, by 2. 18, the same condition will be satisfied if we replace ‘ F’ by ‘ F*’ 
but leave ‘A’ unchanged. Since, by 2.3 and 2.4, F* is normal and com- 
pletely additive, there exists, by 3.5, a relation R C U? which satisfies the 
corresponding conditions 3. 5(ii,)-(iig) and for which R* = F* and, hence, 
R*/B=F. 


If, conversely, there exists a relation R C U? such that F = R*/B, then 
F is normal and additive by 3.3. If, in addition, R satisfies one or more of 


932 


BOOLEAN ALGEBRAS WITH OPERATORS. 933 


the conditions 3. 5(ii,)-(iig), then, by 3.3 and 3.5, the corresponding con- 
ditions 3. 5(i,)-(is) will be valid if we replace there ‘F’’ by ‘ R*.’ Conse- 
quently the same conditions will hold if we leave F unchanged but replace 
‘A’ by ‘B.”’ The proof of the second part of the theorem is similar. 


DEFINITION 3.8. By the complex algebra of an algebra in the wider 


SENSe 
U= <U, Ro, Ry, 


we mean the algebra 


where A is the family of all subsets of U. 


THEOREM 3.9. The complex algebra of any algebra in the wider sense 
is a normal, complete, and atomistic Boolean algebra with operators. 

Conversely, every normal, complete, and atomistic Boolean algebra with 
operators is isomorphic to the complex algebra of some algebra in the wider 


sense. 


Proof. The first part follows from 2.13, 3.3, and 3.8. Suppose 


is a normal, complete, and atomistic Boolean algebra with operators. Let 
the rank of fg be mg. Then 2% is isomorphic to an algebra 


Y’ == <A, U, A, N, U, Fo, Fi, 


where U is some set, A is the family of all subsets of U, and F¢ is a normal 
and completely additive function on A”: to A. By 3.33 there exist relations 
Ro, -, such that Re C and Hence, by 3.8, 
Y’ is the complex algebra of the algebra in the wider sense 


U= <U, Ro, Reg: ». 


THEOREM 3.10 (REPRESENTATION THEOREM). Every normal Boolean 
algebra with operators is isomorphic to a regular subalgebra of the complex 
algebra of some algebra in the wider sense. 


Proof. If 8 is a normal Boolean algebra with operators, then there 
exists, by 2.15, a complete and atomistic Boolean algebra with operators %f 
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which is a perfect extension of 8. By 2.13 and 2.14, 2 is also normal, ana 
the conclusion follows by 3. 9. 


We now turn to the applications of our results to closure algebras and 
cylindric algebras. 


DEFINITION 3.11. An algebra 


<A, +, 0, 1, C> 


(where + and - are operations on A? to A, C 1s an operation on A to A, 
and 0 and 1 are elements of A) is called a closure algebra if it satisfies the 
following conditions: 


(i) <A,+,0,-,1> ts a Boolean algebra. 


(ii) C ts an additive function on A to A. 
(iii) C(C(x)) =C(a) for any ze A. 
(iv) x+C(r) =C(z) for any ze A. 
(v) C(0) =0. 


Since each of the conditions (iii)-(v) has the form of an equation, we 


can apply Theorem 2.15 to closure algebras. This gives 


THEOREM 3.12. For any closure algebra 8 there exists a complete and 
atomistic closure algebra XU which ts a perfect extension of B. 


Proof. By 2.15, 2.18, and 3. 11. 


Before applying Theorem 3.10 to closure algebras, we ask when the 
complex algebra of a given algebra in the wider sense is a closure algebra. 
The answer to this question is given in the following 


THEOREM 3.13. Suppose U is an arbitrary set, A is the family of all 
subsets of U, and RC U*. Then the algebra 


Y= <A, U,A,N, U, R*> 


is a closure algebra if, and only if, R is reflexive and transitive, and the 
domain of R is U.® 


® This theorem is essentially known from the literature; compare Birkhoff [1], 
Theorem 1. 
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Proof. Since, by 3.3, R* is normal and completely additive, we see by 
3.11 that 2% is a closure algebra if, and only if, 


X C R*(X) and R*(R*(X)) C R*(X) for any XeA. 
Hence the conclusion follows from 3.3 and 3. 5. 


THEOREM 3.14. An algebra 
B= <B, +, 0, -, 1, C> 
is a closure algebra if, and only if, 8 is isomorphic to an algebraic system 


— <B, U, A,N, U, 


where B is a regular set-field whose universal set is U, and R is a reflexive 
and transitive relation whose domain is U and which satisfies the condition: 
R*(X) €B for every X eB (1. e., R*/B is an operation on B to B). 


Proof. Assume that % is a closure algebra. By 3.12, there is a complete 
and atomistic closure algebra %{ which is a perfect extension of 8. By 3.8, 
3.9, 3.11, and 3.13, 2 is isomorphic to an algebra 


= <A, U, A, N, U, R*> 


where U is a certain set, A is the family of all subsets of U, and R is a 
reflexive and transitive relation whose domain is U. By 2.14, 8 is a regular 
subalgebra of 2, and hence it is isomorphic to a regular subalgebra 


— <B,U, A, N, U, R*> 


of &’. Since, by 3.11, B is a Boolean algebra supplemented by a unary 
operation, B is a regular set-field, and R*/B is an operation on B to B. 

If, conversely, 8 is isomorphic to an algebra %’ with the properties 
listed in the theorem, then, by 3.13, ® is isomorphic to a subalgebra of a 
closure algebra and hence, by 3.11, it is itself a closure algebra. 


The theorem just proved clearly remains valid if we omit in it the 
term ‘regular.’ An analogous remark applies to Theorem 3.18 below. 

By a representation theorem for closure algebras which is known from 
the literature, every closure algebra 6 is isomorphic to an algebra 


<B,U,A,N, 0, C>» 
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where U is a topological space with the closure operation C, and B is a set- 
field whose universal set is U and which satisfies the condition: C(X) e¥% 
for every X €B; in addition, in this topological space we have C(X) =X 
for every set X CU consisting of just one point.*° On the other hand, 
Theorem 3. 14 implies that every closure algebra 8 is isomorphic to an algebra 
%’ as described above, in which, however, we do not necessarily have C(X) = X 
for every one-point set X C U, but in which instead the closure operation 0 
is complete additive. The new representation theorem appears to have 
interesting implications for every topological space whose closure operation 
is not completely additive; for it shows that the closure algebra of all subsets 
of such a space can be isomorphically embedded in a topological space with 
a completely additive closure operation. 


DEFINITION 3.15. An algebra 
Y= <A, +, 0, “5 1, Co, Cy 


(where + and - are operations on A? to A, Cy and C, are operations on A 
to A, and 0 and 1 are elements of A) is called a cylindric algebra if the 
following conditions are satisfied: 


(i) <A,+,0,-,1> ts a Boolean algebra. 


(ii) Cy and C, are selfconjugate functions (1.e., for any elements x, ye A, 
if Co(x)> y=0, then and tf y=0, then 
Ci(y)*v=0). 


(ili) Co(Co(x)) =Co(x) and C,(Ci(x)) =Ci(x) for any ze A. 
(iv) =1 for any element xe A with 


THEOREM 3.16. For any cylindric algebra 8 there exists a complete 
and atomistic cylindric algebra XM which is a perfect extension of B. 


Proof. Suppose that 
B <B, +; 0, 1, Co, Cy» 
is a cylindric algebra. By 1.14, 2.13, and 3.15, 8 is a Boolean algebra with 
10 Cf. McKinsey-Tarski [1], Theorem 2. 6. 


11 A slightly different, though equivalent, definition of these algebras is given in 
Chin-Tarski [2] (where, however, the term “cylindric algebra” is not used). 
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operators. Hence, by 2.15, there exists a complete and atomistic Boolean 
algebra with operators 


<A, +, 0, fos 


which is a perfect extension of 8. Thus 2% satisfies 3.15(i). By 2. 2, 2.4, 
2.13, and 2.14 we have fy —C*,) and f, = C*,; hence, by 2.10 and 2.12, 
satisfies 3.15(ii) (iii). Finally, by arguing as in the proof of 2.11(ii), we 
show that Ff satisfies 3.15(iv). Consequently, 2 is a cylindric algebra. 


THEOREM 3.17. Suppose U is an arbitrary set, A is the family of all 
subsets of U, Ry C U*, and R, CU*. Then the algebra 


== <A, U, A, U, 
is a cylindric algebra if, and only if, the following conditions are satisfied: 


(i) Ry and R, are equivalence relations. 


Proof. If Y% is a cylindric algebra, then Ry and R, are equivalence 
relations by 3.3, 3.5, and 3.15(ii) (iii). By 8.2 and 3.15(iv) we have 
R,|R) = U? and, hence, Ro|R, = = Thus (i) and (ii) hold. 


If (i) and (ii) are satisfied, then we see by 3.2 that 3.15(iv) holds 
(with the obvious substitutions) while conditions (ii) and (iii) of 3.15 
follow from 3.3 and 3.5 and the fact that R, and R, are transitive. 


THEOREM 3.18. An algebra 
B= <B, +, 0, -, 1, Co, C1 
is a cylindric algebra if, and only if, B is isomorphic to an algebraic system 
satisfying the following conditions: 


(i) Bis a regular set-field; U is the universal set of B; R*.(X) ¢ B and 
R*,(X) B whenever X cB. 
(ii) Ryo and R, are equivalence relations. 
(iii) Ry | By = 
Proof. Analogous to that of 3.14, with 3.11, 3.12, and 3.13 replaced 
by 3.15, 3.16, and 3.1%, respectively. 
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An important modification of Theorem 3.18 is known (which, however, 
requires an essentially new method of arguing).’* It can be shown that, after 
omitting the term “regular” in condition (i), the following condition can 
be added: 

(iv) R,M R, is the identity function on U to U. 


The result thus obtained admits an interesting geometric interpretation. For, 
as is easily seen, it implies that the set U and the relations R, and R, can 
be chosen in 3. 18 in such a way that: (i) U is a set of the form U =X & Y, 
and hence can be regarded as an abstract two-dimensional analytic space with 
the axes X and Y; (ii) R, is the relation which holds between any two 
couples <z,y> and <2’,y’> in U if, and only if, yy’, and hence f*, 
coincides with the so-called operation of cylindrification parallel to the axis 
X; similarly, (iii) R, holds between <z, y>, <a’, y’> e U if, and only if, =z’, 
and hence #*, coincides with cylindrification parallel to Y. In this geometric 
form, the modified Theorem 3.18 motivates the choice of the name given 
cylindric algebras, and it becomes the natural representation theorem for this 
class of algebraic systems. 

It can readily be shown that every cylindric algebra % satisfies the 
condition 


(iv’) Co(Ci(z)) =Ci(Co(x)) for every re A. 


If we replace (iv) by (iv’) in 3.15, we obtain the definition of a more 
comprehensive class of algebras, which can be referred to as generalized 
cylindric algebras. Cylindric algebras as originally defined prove to coincide 
with those generalized cylindric algebras which are simple (in the general 
algebraic sense). Theorems 3.16-3.18 extend to generalized cylindric alge- 
bras; obviously, formulas 3.17(ii) and 3.18(iii) have to be replaced by 
R,| Ri =R,| Ro. Theorem 3.18 can again be improved so as to admit a 
geometric interpretation. In this interpretation the set U is assumed to 
coincide, not necessarily with the whole two-dimensional space X x Y, but 
with a subset of X K Y (subjected to some additional conditions), while 
R, and R, preserve their old meaning. 

On the other hand, projective algebras (mentioned in the introduction) 
can be regarded as specialized cylindric algebras. In fact, a projective algebra 
can be characterized as an algebraic system 


f = <A, +, 0, Co, C;, ®» 


12In fact, the method used in Everett-Ulam [1], Section 4, pp. 85-88, can be 
applied here. 


4 
H 
| 
4 
d 
i 
/ 
i 


be 


BOOLEAN ALGEBRAS WITH OPERATORS. 


satisfying the conditions: 
(i) <A,+,0,+,1,Co,C1> is a cylindric algebra, 
(i1) ® is an atom in A, 
(iii) whenever ce A and r= (,(®@) or r= C,(@). 
In terms of Co, C;, and ® two further operations on A to A can be defined: 


Po(z) = Co(x)+C,(@) and = C,(x)+C(@) for every xe A. 


Conversely, Co, C1, and ® can be re-defined in terms of P, and P,; hence, 
projective algebras can also be characterized as Boolean algebras supple- 
mented by these two new operations. Again Theorems 3. 16-3.18 extend, 
with obvious changes, to projective algebras; and the extended Theorem 3. 18 
can be improved so as to admit a geometric interpretation (and thus to yield 
the natural representation theorem for these algebras). In this interpretation 
U, Ro, and R, have the same meaning as in the case of cylindric algebras. © is 
represented as the set consisting of a single couple <2, yo> for some 2 eX 
and y, € Y ; this couple can be regarded as the origin of the coordinate system 
in the space U = X & Y. Finally, Py and P, are represented as the operations 
of projection parallel to the axes XY and Y.* 


BROWN UNIVERSITY, PROVIDENCE, RHODE ISLAND, 
UNIVERSITY OF CALIFORNIA, BERKELEY, CALIFORNIA. 


*8 Our definition of projective algebras is essentially equivalent to the one given in 
Everett-Ulam [1] where, however, P, and P, (instead of (,, C,; and 9) are treated as 
fundamental operations. A definition of projective algebras in terms of C,, C;, and 0 
can be found in Chin-Tarski [2]; however, Mr. F. B. Thompson has pointed out to us 
that in this definition the postulates involving © are too weak and should be modified 
in the way indicated in the text. The improved Theorem 3.18 in its geometric form, 
when extended to projective algebras, essentially coincides with the representation 
theorem which has been established in Everett-Ulam [1] for complete atomistic pro- 
jective algebras and generalized in McKinsey [1] to all projective algebras. 
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ORTHOGONAL AND UNITARY GROUPS OVER THE RATIONAL 
FIELD.* 


By JEAN DIEUDONNE. 


1. Let # be an n-dimensional space over the field Q of rational numbers; 
let f be a non-degenerate symmetric bilinear form defined in £, and 
g(x) =f(x,x) the corresponding quadratic form. In a recent paper [2],’ 
I have proved that for n=, the commutator subgroup POQ,(Q,f) of the 
projective orthogonal group PO,(Q,f) is always simple, even when the 
index v of f is 0. By a modification of the argument used in the proof of 
that theorem, I shall now show that the result is still true for n —6. Using 
the well-known isomorphism between orthogonal groups on 6 variables and 
unitary groups on 4 variables, this enables me to prove that if K, is any 
quadratic extension of Q, H#, an n-dimensional space over K,, f, a non- 
degenerate hermitian form over HZ, the commutator subgroup of the projective 
unitary group PU*,(K,, f,) is simple for n= 5, even when the index of f, is 0. 


2. The proof given in [2] uses essentially a theorem of Meyer to the 
effect that a non-degenerate quadratic form in at least 4 variables over the 
rational field can take any rational value if it is indefinite, any positive (resp. 
negative) rational value if it is positive definite (resp. negative definite). In 
applying that theorem, I have to use repeatedly the assumption n = 6; how- 
ever, the assumption n => 7 is used essentially only twice, in steps 3° and 4° 
of the proof. I proceed to show that, by a modification of the argument, 
these steps too can be carried out for n 6. I keep the notation of [2]. 
G being a normal subgroup of 0,(Q,f) not contained in the center, step 1° 
of the proof shows that there exists in G a plane rotation wu distinct from 
the identity. If wu? is the identity, u is an (n— 2, 2)-involution in Q,, and 
therefore [2, n° 10] a special involution; in that case, step 3° is proved. If 
u is not an involution, let P be its plane, a and b two orthogonal vectors in P, 
and let u(a) =dAa + pb; let g(a), 8 = g(b) (which are positive rational 
numbers). If H’ is the space over the real field R obtained from EF by 
extension of the field of scalars, wu is extended to a plane rotation in XH’, of an 


* Received May 14, 1951. 
1Numbers in brackets refer to the bibliography at the end of the paper. 
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angle @ such that cos6 =A, sind —y(8/a«)*; replacing if necessary w by a 
power of u, it can always be supposed that 7/2 [2, n° 3]. 
Consider the vector c—4(a+ u(a)) —=4((1+A)a+ pnb); it is easily 
verified that wu = s’s, where s is the symmetry with respect to the hyperplane 
orthogonal to a, and s’ the symmetry with respect to the hyperplane orthogonal 
toc. Weare going to show that there exists a vector x such that g(r) = g(c), 
f(a,x) =f(a,c) and such that x and ¢ are orthogonal, that is, f(z,c) =0. 
To that purpose, let y be a vector in the hyperplane orthogonal to a, and 
write —43((1+A)a+ py); this already insures that f(a,c) =f(a,7). 
The relation f(z,c) then becomes a(1-+A)*-+ p?f(b,y) =0; write 
y = pb + z, where ze P* (orthogonal to both a and 6b) ; this yields 


p=— («@/B) (1 + A)?/p? = — (1+ cos 0)*/sin? 6 = — cotg* 0/2 


Finally, the relation g(x) ==g(c) is equivalent to g(y) =g(b), which 
in turn gives g(z) = (1—p?)g(b). Now, as 7/4 < 0/2 < 2/2, one has 
| cotg 6/2 | <1, and therefore p?<1; as P* is at least 4-dimensional, 
Meyer’s theorem shows that a vector z satisfying the preceding relation can 
be found in P*. 

It follows from Witt’s theorem that there exists an orthogonal trans- 
formation ve O, such that v(a) =a and v(c) = 2; the argument in [2, n° 5] 


(which only uses the assumption n = 6) proves then that there exists a trans- 

formation we OQ, leaving invariant a and z, and such that v; = wv is in the 

commutator subgroup Q,. The transformation wu; = wv,u-'v,71 belongs there- 

fore to G; but v,u-v,-1 = ss”’, where s” = v,s’v," is the symmetry with respect 


to the hyperplane orthogonal to z. Therefore u, = s’sss” = s’s” is a special 
involution in G (since x and c are orthogonal), and this proves point 3°. 


3. We now prove point 4°, which states that G contains every special 
involution. To achieve this, we notice that, in the preceding construction, 
we had g(c) AM 
we have to do is therefore to find a plane rotation u in G and a vector z in 
its plane such that f(z,u(z)) <0 and that $f(z,z2-+ u(z)) is equal to a 
given positive rational number y, multiplied by a square. We start from a 
special involution w in G, of plane R; let 6 be a vector in R, and consider 
all vectors ze H of the form z—a-+ b, where ae R*; we write a —f(a,a), 
8=f(b,b). For any such vector z, there exists in R* (which is at least 
4-dimensional) a vector y such that f(y,y) =f(z,2), by Meyer’s theorem. 
Let s,s’ be the symmetries with respect to the hyperplane orthogonal to z 
and y; they are conjugate in O, by Witt’s theorem, hence v =s’s is in Qn. 
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It follows that u—wv wv is in G; but as w(y) =y, wow? = 
where s” is the symmetry with respect to the hyperplane orthogonal to 
w(z) =a—b; therefore u=— ss is a plane rotation in G, z is in its plane, 
and u(z) =—s8”(z) =—2z- 2f(z,w(z))w(z)/g(z). This formula shows 
that the conditions we have to satisfy are (a—)*/(a-+ B) = yoé, where 
éeQ, and a+ B > 24(a—£). Now it is easily verified that the first require- 
ment is satisfied by taking é=—t—2B/(yot), a+ B=vyol?, «—B= yf, 
where ¢ is any positive rational number; the condition « >0 reduces to 
t? > B/yo, and the condition a + B > 24(a— B) to t? < 2(28)/(24— 1) - B/y. 
These conditions are therefore compatible, and with a value of ¢ which satisfies 
them, the rotation wu will satisfy our requirements, provided there is a vector 
ae R* such that f(a,a) —«; but since a >0 and &* is at least 4-dimen- 
sional, the existence of a is proved by Meyer’s theorem. 

We have thus proved the existence in G of a special involution conjugate 
(within O,) of any special involution. The end of the proof [2, end of n° 5 
and n° 6] only makes use of the relation n= 6, and we see therefore that 
for any form f of index 0 in E, the group PQ.(Q, f) is simple. 

Of course, the remarks made in [2, n° 7] still apply here, and PO,(K, f) 
is simple for any subfield K of R in which Meyer’s theorem is valid. For 
the field Q, the theorem is known to be false for n = 3 and n = 4 [1, p. 38]; 
the only case which remains open in that case is n=—5; an entirely new 
approach seems to be needed for that case, since the assumption n= 6 is 
essential to all but the first two steps of our proof. 


4. We now turn to the unitary groups U,(K,, f:) over quadratic number 
fields K,. For an hermitian non-degenerate form f, in an n-dimensional 
space HF, over the field K,, there is a basis (@) weieuns of H#, such that 


fi(z,2) => rs where the a, are rational numbers; if K,—Q(w), 
k=1 
where »* =p is rational, and ¢,—& + om, & and », rational, one has 
fi (2,2) = ox (&? — pm”). This, together with Meyer’s theorem, shows at 
k=1 
once that if n = 3, and either p > 0 or the a; have not all the same sign, then 
the form f, has an index = 1; I have shown that in such a case, the projective 
unitary group PU*,(K,,f,) is simple [1, p. 70]. The only remaining case is 
therefore that in which K, is an imaginary quadratic field and the form f;, 
is positive definite. 
We shall always suppose, in what follows, that n = 4 and the index » of 
fi: is 0. We begin by proving some preliminary lemmas. 
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Lemma 1. The commutator subgroup of ts identical with 
the commutator subgroup Y*n of U*n(K,, f:). 


One has obviously Yt, C Yn, and the only thing to prove is that every 
element in Y, belongs to Y*,. Let us call quast-symmetries the transformations 
in U, which leave invariant all elements of a hyperplane in H,; if (&%) _._. 
is an orthogonal basis of #, such that the e; of index = n—1 form a basis 
of a hyperplane H, e, being orthogonal to H, any transformation w leaving 
invariant every element of H and belonging to U,, is such that w(e) = e; for 
1=i1Sn—1 and w(e,) —S8e, with 83 a 1, and conversely. It follows 
immediately that every transformation in U, can be written sv where ve U*, 
and s is a quasi-symmetry of fixed hyperplane H ; we are going to see that it 
is enough to prove that every commutator svs‘v of a quasi-symmetry of 
hyperplane H and a transformation ve U*, belongs to Y*n. Indeed, let I be 
the subgroup of Y, generated by Y*, and these commutators; I is a normal 
subgroup in U,, for one has, for a quasi-symmetry s) of hyperplane H, 


So( 89°? = (S98) (SoS) + 


and for any v) ¢ U*, 


with sve Ut, In the quotient group U,/T, the classes of quasi- 
symmetries (of hyperplane H) commute therefore with all classes of ele- 
ments of U*, but these latter commute among themselves, and so do the 
quasi-symmetries of hyperplane H; therefore, as U,/T is generated by all 
these classes, it is an abelian group, and T contains Y,, which proves that it 
is identical to Y,. We thus have only to prove that svs*v-! € Y*n, or in other 
words, if s, and s, are two conjugate quasi-symmetries in U,, that s,s.-1 € Y*n. 
Suppose s, (resp. s.) is a quasi-symmetry of hyperplane H, (resp. Hz); by 
assumption, there is a vector a, orthogonal to H, and a vector a, orthogonal 
to H, such that a1) = f1 (de, and S2(d2) = a2, with 
aa@==1. The intersection H,) H, is at least 2-dimensional over K,, hence 
at least 4-dimnsional over Q; by Meyer’s theorem, there exists in H, Hz a 
vector such that f,(c,c) =f: (@2,d2). Let so be the quasi- 
symmetry of hyperplane H, orthogonal to c, and such that s)(c) = ac; one 
can write = 818989182"! = 8189 (S28))".. By Witt’s theorem, there is a 
transformation weU, such that w(a,) =d2, w(c) =c; if w has a deter- 
minant 6=£ 1, multiplying w by a quasi-symmetry of determinants 8, whose 
hyperplane contains a, and c, gives a transformation ve U*, such that 
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= 2, v(c) =c; therefore one has S28) = a8 8,89 belongs to 
U+,, this ends the proof of Lemma 1. 


5. Lemma 2. Let P and P’ be two planes in E, such that the restric- 
tions of f, to P and FP” are equivalent. Then, if n= 5, there ts a trans- 
formation v in the commutator subgroup Y, such that v(P) =P’. 


This is of course a reinforcement of Witt’s theorem, which merely asserts 
the existence of v in U, having the required property. Let a,b be an 
orthogonal basis of P, and a’, b’ an orthogonal basis of P’ such that f,(a’, a’) 
=f,(a,a) and f,(b’,b’) =f,(b,b). Let us prove first there is a wie Yp, 
such that w,(a) =a’. Indeed, the subspace M orthogonal to a and a’ is at 
least 2-dimensional over K,, hence at least 4-dimensional over Q; by Meyer’s 
theorem there is a vector ce M such that f,(¢c,c) —f,(a,a) =f, 0’). 
As a and ¢ are orthogonal, there is a symmetry s such that s(a) —c, namely 
the symmetry with respect to the hyperplane orthogonal to d—c—a; 
similarly, the symmetry s’ with respect to the hyperplane orthogonal to 
d’ = c—d’ is such that s’(c) =a’. Now, as f,(d,d) —f,(d’, d’), it follows 
from Witt’s theorem that s and s’ are conjugate in U,; therefore w, = s’s 
=s’steY,, and one has w,(a) =a’. 

We can now suppose that aa’, and show the existence of a trans- 
formation w,¢ Y, such that w.(a) =a and w,(b) =b’. If H is the hyper- 
plane orthogonal to a, H is at least 4-dimensional over K,, and contains 0 
and b’; the preceding argument may then be repeated in H instead of F,, 
and this proves the lemma. 


6. Lemma 3. Forn= 2 (and v= 0), the group U*,(K,, f1) 1s generated 
by plane rotations.” 


This is a simple consequence of Witt’s theorem. Let us apply induction 
on n, the result being trivial for n = 2. Let wu be any transformation in U*,, 
x any vector + 0; if u(x) — 2, the hyperplane H orthogonal to z is invariant 


? The statement made (without proof) in [1, p. 66] to the effect that every trans- 
formation in U*,(K,,f,) is a product of at most » symmetries, is not correct. For 
instance, if m = 2, and a is an element in K such that a* =—1, aa = 1, it is easy to 
verify that the transformation «a cannot be the product of 2 symmetries. I do not 
even know if in general (when » = 0) the group U* is generated by symmetries. This 
of course is equivalent to the following question: when # and y are two vectors such 
that f,(v,2) =fi(y,y), does there exist a product of symmetries sending # into y? 
Certainly one symmetry alone cannot do it, for the two vectors x+y and «—y are 
not orthogonal in general (in contrast to what happens for the orthogonal groups in 
similar circumstances). 
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by u, hence the restriction of u to H is a product of plane rotations by the 
inductive hypothesis, and so is wu itself. If u(x) ~~, let P be a plane con- 
taining « and ; as 2) (u(x), u(x) ), there is a transformation 
veU,, leaving invariant every element of P*, and such that v(rz) = w(z) ; 
if v has a determinant §=41, let y be a vector in P orthogonal to z, and 
consider the quasi-symmetry s of hyperplane orthogonal to y and such that 
s(y) = 8"y; w = vs is then a plane rotation of plane P, such that w(x) = u(z). 
Applying the inductive hypothesis to wu gives the result. 


Lemma 4. For n= 5, the commutator subgroup Yn(K,, f1) 1s generated 
by products of the type v,v21, where v, and vz are conjugate plane rotations, 
whose planes are both in a 4-dimensional subspace of E, such that the 
restriction of f, to that subspace has a square discriminant. 


It is easy to show that Y, is generated by products u,w.-' where u, and 
Uz are arbitrary conjugate plane rotations. Indeed, in any commutator 
uwu-'w-t of elements of U*,, u is a product of a certain number p of plane 
rotations (Lemma 3); the result being obvious for p—1, one has only to 
argue inductively on p (see [1], p. 23); if w—st, where s is a plane 
rotation and ¢ a product of p—1 plane rotations, one has 


= s(twt-*w")s*- sws*wt 
which proves our assertion. 


Let now wu, and wu, be conjugate plane rotations, and let M be a 5- 
dimensional subspace of containing the planes P,, of wu, and Let 
us remark that, given any positive rational numbers a, 8, and any 3-dimen- 
sional subspace N of £,, one can always find in N two orthogonal vectors a, b 
such that f,(a,a) = a, f(b, b) = B, by two successive applications of Meyer’s 
theorem. Therefore, we can first find in P*,1M a plane Q, such that the 
restriction of f,; to N, = P, + Q, has a square discriminant, and similarly we 
can find a plane Q, C P*.M M such that the restriction of f, to N, = P.+ Q2 
has a square discriminant. Now, as N, and N, are both in M and are 4-dimen- 
sional, their intersection N is at least 3-dimensional; therefore, there exists a 
plane P; C N such that the restriction of f, to P; is equivalent to its restric- 
tions to P, and P». There is therefore, by Witt’s theorem, a plane rotation us; 
having P; as its plane, and conjugate to both wu, and wu, in U,; as wu"? 
= (U,U3) (Ust2*), our lemma is proved. 


7. Lemma 5. Whenn=4 and f, has a square discriminant, the group 
PY,(K,, f:) ts simple, and Y, is generated by the squares of plane rotations. 


= 
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We can always multiply f, by a positive rational number a, and choose 
a basis in #, such that g, — af, is given by the expression 


91(2, z) + + dst bots + 


where @;, a2, dz are positive rational numbers. The well-known isomorphism 
between orthogonal groups in 6 variables and unitary groups in 4 variables 
([4, p. 24] and [3, n° 33]) is such that g, corresponds to the positive definite 
symmetric bilinear form g(z,y) in 6 variables over Q defined by 


9 (2, = — + — pare,” + — pas&e” 


in the following way; there exists an homomorphism of U*,(K,,9,) onto a 
subgroup T of O*.(Q,g) such that O*,/T is abelian (which means that 
Q,C I), the kernel © of that homomorphism consisting of the identity and 
the transformation z—»— z. The subgroup A of U*,(K;, g,) generated by the 
squares of the elements of U*, (or the group A/® if ®CA) is therefore 
isomorphic to the group generated by the squares of the elements of I’, hence 
to the commutator subgroup 2.(Q, 9), since that group contains the squares 
of the elements of O*, [1, pp. 23-24] and is simple over its center (n° 3). 
Therefore A is also simple over its center, and as it contains Y, (since U*,/A 
is abelian), Y, is simple over its center and identical to A. Moreover, Y, 
contains the squares of all plane rotations, hence is generated by them because 
of the simplicity of PY,. 


8. We can now proceed to the proof of our main 


THEOREM. For any positive definite hermitian form f, in n = 5 variables 
over an imaginary quadratic extension K, of the rational field, the factor 
group PYn(K,,f:) of Yn(Ki,f1) by its center YxNZy ts simple. 


We first remark that the square of every plane rotation belongs to Yn. 
Indeed, let P be the plane of a rotation v; by Meyer’s theorem, there is a 
4-dimensional subspace LZ containing P and such that the restriction f, of f; 
to LZ has a square discriminant. But the subgroup of U+,(K,,f,) leaving 
every element of Z* invariant is isomorphic to (and can be identified with) 
the group U*,(K,, fo) ; hence Lemma 5 shows that the square of v belongs to 
commutator subgroup of U*,(K,, f,), and a fortiori to Yp. 

Let now G be a normal subgroup in Y,, not contained in the center. 
Our first step consists in showing that if weG is not in the center, there 
exists a plane PC E, such that u(P) AP and M—P-4+ u(P) is 3-dimen- 
sional. Owing to the initial remark, this can be done by exactly the same 
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argument as in [2,n° 2], which we therefore suppress here (the only differ- 
ence consisting in replacing the bilinear form f(z, y) by $(f:(a, y) + filly, 2)) 
in the calculation). 

As the space M* is at least 2-dimensional, there exists, by Meyer’s 
theorem, a vector c ¢ M* such that the restriction f. of f, to the 4-dimensional 
subspace F generated by M and c has a square discriminant. Let v, be a 
plane rotation of plane P, such that v = v,? is not the identity ; v belongs to Y, 
and to the commutator subgroup of U*,(K;, f.). It follows that u, = vuvu 
belongs to G, is not in the center, and leaves invariant every element of M*; 
moreover, as wvu-' is the square of a plane rotation of plane u(P) CF, it 
belongs also to the commutator subgroup of U*,(K,,f2), and so does wu. 
Lemma 5 then proves that @ contains every element in that commutator sub- 
group, and in particular G contains every square of a plane rotation whose 
plane is contained in F. But if w is the square of any plane rotation of 
plane Q, there exists a transformation se Y, such that sws has its plane 
contained in F’: for Meyer’s theorem proves the existence in F of a plane Q’ 
such that the restriction of f, to Q’ is equivalent to the restriction of f, to Q, 
and then Lemma 2 provides a transformation se Y, such that s(Q) = Q’. 
Therefore, G contains the square of every plane rotation. 

Now let ¢, and ¢, be two conjugate plane rotations whose planes are 
contained in a 4-dimensional subspace N of EF, such that the restriction f; of f 
to N has a square discriminant ; Lemma 5 shows that the commutator subgroup 
of U*,(K,,f;) is simple over its center. Moreover, if w is the square of a 
plane rotation whose plane is in NV, w belongs to the commutator subgroup 
of U*,(K,,f;). But we have seen that w belongs to G, hence it follows from 
Lemma 5 that G contains the commutator subgroup of U*,(K;,f;), and in 
particular it contains ¢,¢,-! (for the restrictions of ¢, and f, to N are conjugate 
within the group U,(K,, fs) by Witt’s theorem, the restrictions of f; to their 
planes being equivalent). Lemma 4 proves finally that G is identical to Yn, 
and this completes the proof of the theorem. 

As a corollary, it follows from that proof that Y, is generated by the 
squares of the rotations in U*,. 

The theorem (and its proof) are of course valid for any subfield of R in 
which Meyer’s theorem is true. 


9. When a hermitian form f, has an index v= 1, it is known [1, p. 70] 
that, for any field K, and any dimension n= 2 (with the exceptions n — 2, 
K, =F, or K, =F,, and n=3, K,=—F,), the commutator subgroup Y*, 
of U*, is identical with U*,. That this is not always the case when the index 
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v=0O can be seen on the following example: consider, over the quadratic 
field K, = @Q(24), the hermitian form in 2 variables f,(z,z) = 4, + 5fo60. 
The unitary group U*,(K;,, f;) is then isomorphic to a subgroup TI of the ortho- 
gonal group O*,(Q, f) relative to the form f(a, x) = &,? + 2&? + 5(&?+2é,7), 
the isomorphism being defined in the well-known fashion which, to every 


unitary matrix 


(3 


in U*,(K,,f:) (with a&% + 588 —1) associates the orthogonal matrix of the 
corresponding linear substitution on the &;, related to ¢, and £ by £; = &: + w&, 
and + w&, with o7——2. Now, to the transformation z—>— z, 
which is in U*,(K,,f,), is thus associated the symmetry «> —z in T; but 
I have proved [2, n° 11], that that transformation does not belong to the 
commutator subgroup 0,(Q,f), and a fortiori it cannot belong to the com- 
mutator subgroup of I; hence U*,(K,,f,) is in that case distinct from its 
commutator subgroup. It would be interesting to know if, for n= 5, v= 

and K, an imaginary quadratic extension of Q, the commutator subgroup 
Y, of U*,(K,, f:) is or is not identical to U*,. I have not been able to find 


an answer to this question. 
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ON GEODESIC COORDINATES.* 


By Puitip HartMan.** 


1. The problem. Let §: X —X(u,v) be a surface of class 0”. That 
is, let X = (a, y,z) be a vector in 3-space, and X —X(u,v) a function 
of class C” in a vicinity of (u,v) = (0,0) such that the vector product 
(Xx, Xy) is not zero (the subscripts u, v denote partial differentiation). Let 
the squared element of arc-length on S be 


(1) ds? = gix,(u, v) dutdu*, u?) = (u,v), 
where, without loss of generality, it can be supposed that 
(2) 911 (0, 0) = 1, 912(0, 0) = 0, G22(0, 0) 


The functions 91:1, 912, 922, which are the scalar products X,-X,, X,-X», 
X,:Xy, respectively, are of class C’. 

It has recently been shown [1] that it is possible to introduce geodesic 
polar coordinates (r,¢) of class C’ at the point (0,0). By this is meant 
that there exist functions u—u(r,¢), v=v(r,¢) of class C’ on a set 
0=rSconst., —o< ¢ <<, with the properties that, for a fixed ¢, the arc 
u=u(r,>),v=v(r, o) is the unique geodesic satisfying the initial conditions 


(3) w(0, = 0, v(0, ¢) = 0 and ur (0, ¢) = COS v, (0, ¢) = sin 


r is the arc-length on this geodesic; the Jacobian 0(u,v)/0(r,p) does not 
vanish for r=+£ 0; finally, the transformation (u, v)—>(r cos ¢, 7 sin d) is one- 
to-one. It was also shown that the functions u,(r,), vr(r, @) are of class C’. 
It was left an open question whether or not the transformation (u, v)—>(r, ¢) 
is of class C’” (that is, whether or not the partial derivatives ugg, veg exist 
and are continuous; although it was pointed out that, for a fixed r, the arc 
u=u(r,¢), v=v(r, ¢) is of class C” in terms of its arc-length parameter). 

The object of this paper is to give an example showing that the answer 
to the question can be in the negative. The example S, to be given below, 
is curious for additional reasons. First, the coefficient functions gi, in (1) 
are of class 0”; cf. (4) and (5) below. Of course, § cannot be of class C’” 
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(by the remark preceding the statement of Theorem 2 in [1], p. 724), nor 
can the Gaussian curvature of S be of class C’ (by § 6 in [1] and the Lemma, 
§ 12, [4]). 

Another curious property of S is that, at the point (u,v) = (0,0), 
there exists one choice of geodesic parallel coordinates which is not of class 
OC”, while all other choices are of class C”. 

The example S turns out to be a surface of revolution and is only a 
slight modification of the one given in [1], p. 724, to show that if the 
functions gi in the Riemannian metric (1) are of class C’ (but (1) does not 
belong to a surface of class C”, nor does (1) possess a bounded Gaussian 
curvature; cf. Theorem (III) in [3], p. 133), then the geodesics need not 
be uniquely determined by initial conditions; cf. also the example in [2], 
p. 554 and the Remark in [3], p. 138. 


2. The example. Let h(v) > 0 be defined for small | v | by 


(4) h(v) =1+ |v], where 2<A<8; 
so that 
(5) h(0) =1 and h,(0) =0. 


It is clear that h(v) is of class C” and, in fact, its second derivative satisfies 
a uniform Holder condition of order A\—2 near v0. Consider the case 


(6) ds? = h(v) (du? + dv?) 


of (1). That (6) is the first fundamental form on a surface § of class C” 
follows from the Remark [3], p. 138. In fact, such an § is given by 
S: X = (f(v)cos u, f(v)sin u, g(v)), where 


f(v) =h8(v) and g(v) (h 


(the reality of f and g for small | v| follows from (5)). 
The differential equations of the geodesics, belonging to (6), are 


(7) (h(v)u’)’=0, (h(v) — fho(v) + = 0, 


where the prime denotes differentiation with respect to a variable which does 
not occur explicitly and which can be assumed to be the arc-length. In this 
case, one has the two first integrals 


(8) h(v)u’ = const., h(v) (uw? + =1, 
by (6). 
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3. Geodesic polar coordinates. In the case of the intial conditions (3), 
the first part of (5) shows that if ¢ 0 is fixed, the equations (8) become 


(9) h(v)du/cos ¢ = dr, (sgn d)h(v) (h(v)— cos? $)3 dv = dr; 


and that if ¢ = 0, the equations (8) have the solution 
(10) u=u(r,0) =r, v=v(r,0) =0. 

In order to avoid absolute value signs in what follows, it will be assumed 
that 6=0, r=0, hence v= 0. The definition (4) of h and the second 
part of (9) give 


0 


(11) f (1+ #) ¢)4 dt =r, where v = $). 


0 
It is clear from (10) that v(r,¢) =0(1), as 60, uniformly in r, say for 
0=rsSconst. Thus (11) implies that there exists a number 0 60(r, ¢), 
where 0 < 6 < 1, satisfying v(1 + 0(1)) sin? ¢)4—r. This relation 
can be written as v?(1 + 0(1) — rv?) =r’ sin? ¢. Hence, uniformly in r, 
(12) v=r(1-+o0(1))sin¢g, as ¢> 0. 
If one introduces ¢/sin @ as a new integration variable, (11) becomes 
v/sing 
f (1 + # sin’ (1 + sin? dt =r. 
0 


By (12), the second factor of the integrand can be written as 


1 — + 0(1) )sin* 9; 


hence, 
v/sind 


(1 — + 0(1) )sin®? dt =r. 


0 


Thus v/sin 4(A + 1)“v*4(1 + 0(1))/sin?¢—r or, by (12), 
v—rsing + + 0(1)) sin 
Since A— 1 < 2 and sing O(¢*), 
v(r,) =rsind + + 0(1)), a8 $0, 


uniformly in r. The last formula line shows that v¢(r,0) =r, but since 
A—1 < 2, the partial derivative vg¢(r, 0) fails to exist for r > 0. In other 
words, the transformation (u,v)—>(r,¢) is not of class C”. 
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4. Geodesic parallel coordinates. Let ¢ be fixed and choose as the base 
geodesic Kg: u—=u(r) =u(r,¢), v—=v(r) =v(1r,¢), where Kg is definea 
by (9) or (10) according as 0<¢<-2 or 6=0. Let o denote arc-length 
along the geodesic u = U(o,r), v= V(o,7) which, for = 0, is orthogonal 
to Kg at the point r—+7. Thus o,7 are geodesic parallel coordinates. 

It can be supposed that U,V satisfy the respective initial conditions 
U(0,7r) =u(r), V(0,7) = v(r) and Uo(0,7) =—,(r), Vo(0,7) = u,(r). 
Then (8) becomes the system of differential equations 


dU /da = dV /do = (h(V)— h?(v(r)) 


Since V(0, 0) = v(0) = 0 and v,(0) = sin 4, it follows that, at (a, r) = (0, 0), 
the square-root occurring on the right-hand side of the last differential equation 
is cos ¢, which is not 0 if 644. Thus, if ¢ 42, the functions of U, V, +r 
on the right-hand sides of the differential equations are of class C’” for small 
|U |, |V |, |r|, since v,(7) is of class C’” by (9) or (10). Consequently, 
V(o,r), V(o,7) are of class C” for small |o|, |7|. In other words, the 
transformation (u,v)—>(o,7) to geodesic parallel coordinates is of class C” 
when the base geodesic is Kg, where ¢ + 4. 
On the other hand, it will be shown that if the geodesic Kjz, 


(13) 0, where f hA(t) dt —r, 
0 


is chosen as the base geodesic, the resulting transformation (u,v)—>(o,7) to 
geodesic parallel coordinates is not of class C”. 

Let u = U(o,r), v= V(o,7) be the geodesic orthogonal to (13) at the 
point r+, when the arc-length parameter o is 0. As noted in [1], the 
methods there imply that the functions U(o,r), V(o,7) are of class C’ on 
some set | o | <const., | + | = Const. The assertion to be proved is that they 
are not of class C”. 

In what follows, the letter v denotes v(r), the function. in (13) at r—r; 
the letter V, the function V(o,7). In order to avoid absolute value signs, 
it will be supposed that c= 0,7 = 0, hence v=0, V2 0. All square roots 
will be non-negative. 

The functions U,V satisfy the respective initial condition U(0,r) —0, 
V(0,7) =v(r) and Uo(0,7r) =h4(v), Vo(0,7) =0. Thus, if r0 is 
fixed. (8) becomes 


(14) h(V)dU =hi(v)do, h(V)(h(V)—h(v))4dV = deo; 
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while if r 0, (8) has the solution 
(15) U(o,0) =o, V(o,0) =0. 


Consequently, (4) and an integration of the second relation in (14) give 


V 
(16) J (1+ =o. 


If (¢’—v)4 is introduced as a new integration variable, then (16) becomes 


L 
(12) J dt = be, 


where 
(18) L = 


The second relation in (15) implies that 
(19) V(o, 7) =7(V7(o,0) + 0(1)), as 0, 
uniformly in o, where 0 =o S const.; in particular, if c= 0, then by (13) 


and (4), 
(20) =7(1-+0(1)), where V,(0,0) —1. 


As ¢ varies from 0 to Z, the expression ¢?-+ v' in (17) varies from 
V*(0,7) to V\(o,r). Thus there exists a 0,—6,(0,7), satisfying 
0<6,< 1 and 

L(1 + 0(1)) V** (6,0, +) = $20. 


By (19), the last relation is equivalent to 


L = (6,0, 0) + 0(1)). 


The definition (18) of Z and the mean-value theorem of differential 
calculus give L? — —o)m*" for some number m satisfying v m < V. 
In view of (19), this m is of the form 7(V-(@.0,0) + 0(1)), where 
6, == 62(0,7) satisfies 0 1. Consequently, by the last formula line, 
V(o,7) is identical with 


U(r) + (A/4) (8,0, 0) (820, 0) (1 + 0(1)). 


If this is divided by r, and r—>0, it is seen that V;(c,0) =1. This is a 
consequences of (20) and the fact that A—1 > 1, while V;(c,0) keeps away 
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from 0 for all sufficiently small ||. Thus the representation of V(c, 7) by 
the last formula line simplifies to 


V(o,7) =v(r) + + 0(1)). 
Since A— 1 < 2 and v(r) =7r-+ O(7’), it follows that 
V(o,7) + 0(1)), as r 0. 


This equation and the inequality A— 1 < 2 make is clear that V,, fails to 
exist at any point (o,0) where a0. This completes the proof. 
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ON LINEAR SECOND ORDER DIFFERENTIAL EQUATIONS 
WITH SMALL COEFFICIENTS.* 


By Puitie HARTMAN.** 


Let f(t) be a (real-valued) continuous function for large ¢-values, say 
for T=t<oo. The differential equation 


(1) + fr=0 


is said to be oscillatory or non-oscillatory according as one (hence every) 
solution = x(t) 40 of (1) has or does not have an infinity of zeros on 
Ts=t<o. Since 

(2) 2’ + cxr/t? =0 


is oscillatory or non-oscillatory on 1 = t<oo according as or c=} 
(Kneser), the condition 


».¢ 
(3) F(t) —lim f(s)ds— ff f(s)ds is convergent 


is compatible with (1) being either oscillatory or non-oscillatory. 
The following result was proved in [2], §6: 


(*) If (1) is non-oscillatory and (3) holds, then, for any solution 
z= 2x(t) #0 of (1), the logarithmic derivative 1] (which exists for 
large t-values) satisfies the Riccati differential equation 


(4) V+P+f—0 


and the relations 


(5) f I2dt < 


and 


(6) I(t) = F(t) + L(t), 


* Received February 3, 1951. 
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where F(t) is given by (3), and L(t) by 


(7) L(t) ds. 


With the aid of (*), it was shown in [2], §%, that if (3) holds and 


x 


(8) Jf exp(—A ff F(s)ds)at 

T T 
where A = 2, then (1) is oscillatory. It was pointed out that, in view of 
the cases c > } of (2), it is not possible to replace A = 2 by any number A 
exceeding 4, and the question was raised as to whether or not A = 2 can be 
replaced by A —4. It will be shown in (I) below that the answer to this 
question is in the affirmative. 

The criterion (8) for an oscillatory equation (1) is complementary to 
the following criterion of [2], § 2, for a non-oscillatory equation (1) (or 
even for the non-existence of any solution « —2(t) +0 with two zeros on 
Ta=t<o): 

(9) — (t) =} for t=T, (T > 9), 


where (3) is assumed. If, in the proof given in [2], § 3, for the non-oscillatory 
character of (1) in the case (9), the function y = F(t) + 1/(4¢) is replaced 
by y= F(t) + y’/t, where y is a fixed number in the range 4 = y X11, it is 
seen that (9) can be replaced by 


(10) —y—Y StF (t) for t=T. 


The criteria (10), belonging to different values of y, are all distinct. But 
in a certain sense, the case y= 4 of (9) is “special.” First, the + on the 
right-hand side of (9) is the maximum value of y—y? for } Sy 1 and 
cannot be replaced by a larger number. in view of the examples (2). On the 
other hand, as will be shown in (III) below, (9) implies that no solution 
of (1) satisfies 


(11) | 2°(t)dt <a, 
J 


and, in this connection, the —#% on the left-hand side of (9) cannot be 
replaced by a smaller number, in view of the examples (2). This state- 
ment has applications in the study of self-adjoint boundary problems on 
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L.(T,«) associated with (1). (It will be seen that the proof of (III) 
below can be modified to show that (10) implies that no solution of (1) 
satisfies 


(11 bis) 0< f <0, 


and, in this connection, the number — y — y” on the left-hand side of (10) 
cannot be replaced by a smaller number; cf. the Remark following the proof 
of (III)). 

With the aid of (*), it was shown in [2], § 8, that if (3) holds and 
(1) is non-oscillatory, then 


(12) f eB 


where B = 2, implies that no solution of (1) satisfies (11). It was pointed 
out that, in view of the cases c << — # of (1), it is not possible to replace B 
by a number less than #, and the question was raised as to whether or not 
B= 2 can be replaced by B= $#; cf. also p. 370 of [2]. It will be shown 
in (III) below that the answer to this question is in the affirmative. (In 
particular, this implies the remark of the preceding paragraph concerning 


(11).) 

(1) Let f(t), where TSt <o, be a continuous function satisfying 
(3). Then (8), where A = 4, implies that (1) 1s oscillatory. This assertion 
is false if A > 4. 


It may be remarked that if (8) holds for some A, where 0< A < 4, 


t 
then it holds for A 4. In order to see this, let G(¢t) = exp(— f F@)as). 


Then (8) means that the A-th power, @4(t¢), is of class L,(T,0). It follows 
from the definition of G that G’/G—=—F=o0(1), as t-o. Hence, 
(G4)’ = AG4-1@’ = AG4(G@’/G) is AG4o0(1); so that (G4)’ is of class 
[,(T,). Consequently lim G4(t), as t->0o, exists and is 0; that is, 
G(t) =o0(1). Finally, Gt = G4G*4 = G40(1) is of class L,(T,), which 
proves the remark. 


Proof of (1). Suppose that the positive assertion in (I) is false. Then 
any solution z = x(t) #0 of (1) has only a finite number of zeros. It can 
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be supposed that 7 is chosen so large that a given solution r= <2(t) does 
not vanish for ¢=T (and that T >1); the change of the lower limits of 
integration on the left-hand side of (8) clearly does not affect (8). It can 
also be supposed that > 0 for (for otherwise z can be replaced 
by —a). Thus, if ]—2’/z, then (4), (5) and (6) follow from (*). 


The relations (4) and (6) imply that Z(t) satisfies the differential 
equation 


(13) 
and so, 
t 
(14) [’ + 4FL 0, that is, (Z(t) exp (4 f F(s)ds))’ =0 
T 


fort=T. Since L(t) = 0, by (7), it follows that 
t 


(15) 0< L(t) SL(T) exp (—4f F(s)ds) for t= T. 
“id 


It follows from the assumptions of (1) that f L(t)dt <<. The definition 
(7) of L(t) shows that this is equivalent to 


(16) <0. 


Since 1(¢) is the logarithmic derivative of z(t), 


(17) log (x(t) /2(T) ) -f l(s) ds. 


If 1(s) is written as the product of s#/(s) and s+, Schwarz’s inequality shows 
that 


(18) I(s)ds)?S sl*(s)ds)( sds). 
T T T 


Thus, by (16) and (17), log (x(t)/z(T)) SC (log t)* for += T(>1) if 
C? denotes the value of the integral in (16). Hence x(t) = 2(T) exp C(log t)}, 
which implies 


2*(t)dt=2x?(T) f exp (— 2C (log t)4)dt =o. 
T T 
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Since « = x(t) 0 is an arbitrary (non-trivial) solution of (1), this leads 
to a contradiction. For, according to [1], p. 703, every non-oscillatory 


equation (1) has a solution cz = x(t) #0 satisfying f z*(t)dt<o. This 


proves the positive assertion in (I). 
Since the negative assertion follows from the examples (2), the proof 


of (1) is complete. 
The inequality (14), deduced from (13), has a dual, namely, 


(19) +2(F?+ 1?) =0. 


It will be shown that this inequality and the main theorem of [2], § 1, lead 
to the following criterion that (1) be non-oscillatory: 


(II) Let f(t), where TSt<o, be a continuous function satisfying 
(3). If the differential equation 


(20) + = 
is non-oscillatory, then (1) 1s. 


It may be remarked that (II) is not a consequence of the Sturm com 
parison theorem. For example, if f(¢) —c/#?, as in (2), then 4F? = 4c?/??. 


Thus (20) is non-oscillatory if and only if | c| <4, but f(¢) S4F°? if and 
only if either c=0 or c=}. 


Proof of (11). It can be supposed that T is chosen so large that (20) 
has a solution z—2z(t) >0 for TSt<o. If h=2’/z is the logarithmic 
derivative of z, then h satisfies the Riccati differential equation h’ + h? + 4F? 
=0;cf. (4). Let g=th. Then g’ + 2(9?+ =0; cf. (19). 


Define y = y(t) for t= T by placing y= F(t) + g(t). Then y(t) has 
a continuous derivative and satisfies the differential inequality y’ + y? + f 
=—(F—g)*=0. According to [2], $1, the existence of such a function 
y=y(t) implies that a solution t—2(t) #0 cannot vanish twice for 
TsSt<o. This proves (II). 


(III) Let f(t), where TSt <<, be a continuous function satisfying 
(3) and, in addition, let (1) be non-oscillatory. Then, if (12) holds for 
B= #, no solution r= of (1) satisfies (11). This assertion becomes 


false if is replaced by any B < 


If (12) holds for some B > 4, then it holds for B= #. This can be 
verified as in the remark following the statement of (I). 
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Proof of (III). Suppose that the first assertion in (III) is false. 
Then (1) possesses a solution z = x(t) £0 which has only a finite number 
of zeros and satisfies (11). It can be supposed that the origin on the t-axis 
has been so chosen that z(t) ~0 for 0 t<o, and that z(t) has been 
normalized by 
(21) z(0) =1, so that z(t) > 0 for OS t<o. 


If <2’/z, a quadrature of (6) gives 


(22) log 2(t) = ff P(s)ds+-f L(s)ds. 


t 


t 
But L(s)ds = f +i f l?(s)ds, by (7); hence 


0 


(23) f s%(s)as for 1. 


By (17) and the case T —1 of (18), 
t 
(24) f = (log mz(t))*/log t, where m —1/z(1) > 0. 
1 


Hence, by (22) and (23), 


(25) Jf log z(t) — (log ma(t))?/logt for ¢>1. 


Since, by assumption, z = z(t) is of class Z,(0,00) and since (5) holds, 
the product is of class 1,(0,0). Hence limz(t), as 
exists and is 0. In particular, log mx(¢)< 0 for large ¢. Consequently, (24) 
implies that, for large t, 


log mz(t) = — (log f sl?(s)ds)8, 


and so 


o> m* f exp (2 (log 


The integrand of the last (convergent) integral is monotone decreasing and 
therefore is 0(1/t), as £->0 (Abel). Thus, as to, 


t t 
0 0 
0 t 
i t t 
0 1 
0 
t 
1 
= t 
1 
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t 
— 2(log t)#( f sl?(s)ds)4 + log ; 


in particular f sl?(s)ds = 4logt for sufficiently large ¢. Hence, by (22) 


and (23), 
t 
(26) F(s)ds 2(t) — log t for large t. 


Let t)(> 1) be chosen so large that the inequalities (25), (26) hold 
for ¢=t,. Let the half-line tf) = t < be divided into two mutually exclu- 
sive sets, R and S, by the requirements that 
(27) ma(t) Sti iftism 
and 


(28) maz(t) > if ¢ is in 8. 


In the first case, when (27) holds, log mz(t) [—4logt(< 0), which 
implies that (log mz(t) )?/log t= —4log mz(t). Thus, by (25), 


f F(s)as < log x(t) + log mx(t) = log 2(t) +4 log m 


if ¢ is in R. Consequently, an integration over the set R gives 


(29) exp(# | F(s)ds)dtS m* | 2?(t)dt 
Jont J J 


R 
On the other hand, (26) gives 


t 
f F(s)ds) dt < f 
8 8 


while the inequality of Hélder shows that 
( f f ean. 
8 8 


Finally, (28) implies that oo > m? f xdt = f tdt. Hence, by the last 
8 8 


961 
1 
1 
0 
t 
0 
t 


962 PHILIP HARTMAN. 


two formula lines, 


t 
(30) exp(* F'(s)ds)dt <o. 
Ager 


Since R+ S—[t,0), the assumption, that (12) holds when B= #, is 
contradicted by (29) and (30). This completes the proof of the first 
assertion in (III). 

Since the second assertion is a consequence of the examples (2), the 
proof of (III) is complete. 


Remark. The theorem (III) remains true if the number # and the 
formula (11), in the statement of (III), are replaced by the number (y + y?)7', 
where $ = y <1, and the formula (11 bis), respectively. 


In view of the examples (2), it is sufficient to consider the first assertion 
of the modified theorem (III). The derivation of (25) remains valid. A 
slight modification of the derivation of (26) leads to 


t 
(26 bis) P(s)as log x(t) —y* log for large ¢. 
0 


If ¢4, in (27) and (28), is replaced by ¢-¥, the modified version of (III) 
follows from (25) and (26 bis), as (III) does from (25) and (26). 


Paris, FRANCE. 
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